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Abstract

Physical computing systems exploit device dynamics for computation, but their gradient-based op-
timization is challenging: backpropagation through a digital twin suffers from a model-reality gap.
On-device gradient computation could resolve this issue, and a handful of theoretical and experimental
studies have proposed ways to achieve it. Yet a unifying theory identifying when a physical system
can compute the gradient of its own performance has been missing. Here we develop such a unification
based on the adjoint method: we identify sufficient conditions under which the adjoint field required for
formally exact gradients can be generated on the same hardware that performs the computation. Linear
and nonlinear systems obey fundamentally different conditions: for linear systems, damping or gain is ad-
missible provided reciprocity is preserved. For nonlinear trajectory systems, the sufficient conditions are
reciprocity of the linearized system and the existence of a time-reversal mirror. Algorithmically, the non-
linear case requires infinitesimal nudging, whereas linear systems admit a finite-amplitude experiment.
We recover (quantum) Equilibrium Propagation, Hamiltonian echo backpropagation, fully forward mode
training and in situ gradient methods in integrated-photonic and free-space-optical systems. Finally, we
show that reciprocity is a special case of more general intertwining conditions. For linear systems, these
permit exact on-device gradients in a class of non-Hermitian, non-reciprocal systems. For nonlinear tra-
jectories, they combine with generalized time-reversal mirrors to cover, e.g., PT-symmetric equations.
The framework also includes time-dependent parameters and Onsager-reciprocal dynamics, providing a
unified basis for formally exact physical learning.
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1 Introduction

Physical computing uses the controlled dynamics or steady-state response of a material or device for in-
formation processing [1-3]. Inputs may be encoded in initial or boundary conditions, external drives, or
programmable parameters, and outputs are measured from selected physical degrees of freedom. Repre-
sentative platforms include mechanical and elastic networks [4], analog electrical circuits [5], spintronic
and memristive devices [6, 7], integrated photonic circuits [8], nonlinear multimode fibers [9], free-space
optical systems [10-12] and programmable waveguide systems [13,14]. These platforms span transient,
fixed-point, and frequency-domain computations.

A common special case is Physical Reservoir Computing [15], in which the internal physical dynamics
is fixed and only a linear readout layer is trained. Here, instead, we address the optimization of parameters
that enter the physical dynamics itself, which remains a major challenge [16]. Training only a digital
twin [17] is vulnerable to a model-reality gap. Physics-aware training, in which the forward pass is
performed in the physical device but differentiation is performed using a digital model, can reduce this
gap, but still requires a differentiable surrogate for the backward pass and communication between the
physical and digital domains [18,19]. Over the past decade, in situ (equivalently, on-device) training
methods, in which the physical system participates in both the forward computation and the generation of
the learning signal, have emerged as a promising alternative [20]. These approaches range from heuristic or
approximate rules to methods that compute formally exact gradients. Approximate rules can be simple and
local, but their updates need not coincide with the true gradient, and their convergence and performance
can therefore be system dependent [16]. This motivates formally exact physical-gradient constructions,
which have been developed for free-space optics [21,22], integrated photonics [23], mechanics [24], resistive
electrical networks [25], and Hamiltonian systems [26], among other platforms.

In this article, we unify these formally exact physical backpropagation methods using the adjoint frame-
work of PDE-constrained optimization [27,28] and extend them to broader classes of physical systems. The
main contribution of this work is twofold. First, we show that seemingly disparate physical backpropaga-
tion algorithms are instances of a single adjoint construction: this common formulation lets us compare
and extend these algorithms. Second, we identify sufficient conditions under which the required adjoint
field, and hence the cost function gradient, can be obtained from a physical experiment that runs in the
same system. The only allowed modifications between the forward and adjoint experiments are changes of
initial conditions, external forces, and reversal of explicit time dependences.

We show that linear and nonlinear systems give rise to different physical experiments and different
conditions. Linear reciprocal systems admit direct, finite-amplitude adjoint experiments, and damping
or gain is compatible with exact physical gradients as long as reciprocity is preserved. For example,
trajectory gradients can be obtained physically even in linear reciprocal overdamped systems [20], whereas
the corresponding nonlinear trajectory construction is obstructed. Under suitable conditions, Equilibrium
Propagation [29] emerges for fixed-point engineering.

Nonlinear trajectory systems are more restrictive: they require infinitesimal nudging, a particular form
of time-reversal symmetry and reciprocity of the linearized dynamics. The latter two are independent
conditions. In the nonlinear regime, ordinary damping or gain is generically obstructive, and even the



ability to experimentally swap damping and gain does not in general restore a same-hardware adjoint
construction.

The adjoint framework recovers a broad range of formally exact physical backpropagation algorithms:
Equilibrium Propagation [29], the exact limit of complex-valued Near-Equilibrium Propagation [30], Quan-
tum Equilibrium Propagation [31-33], Hamiltonian echo backpropagation and its recurrent variants [26,34],
early reciprocity-based recurrent learning [20], and physical gradient algorithms from integrated photon-
ics [23,35], free-space and diffractive optics [21,22], linear wave scattering [36,37], static and topological
mechanics [24,38], and the projector-based analytical gradient for passive resistor networks [25]. For opti-
cal schemes with approximate gradients through the nonlinear subsystems [39-41], the framework recovers
only the exact backpropagation through the linear layers. We then show that ordinary reciprocity can
be generalized to an intertwining condition, in which the forward operator and its transpose are related
by a constant invertible transformation. This construction yields exact physical gradients in a class of
non-Hermitian and non-reciprocal systems. In the linear case, we call such systems “twisted reciprocal”
and illustrate them with a Hatano—Nelson chain [42]. Fully Forward Mode (FFM) training [43] is a special
case of this construction. For nonlinear systems, we combine intertwining with a suitable time-reversal mir-
ror and give examples involving nonlinear Hatano—Nelson chains and P7 -symmetric dynamics. Onsager
reciprocity provides another special case, with the intertwining transformation supplied by a physical mo-
bility (Sec. 9.3). We further establish sufficient conditions for physical backpropagation in non-autonomous
systems, making the temporal modulation of internal forces a trainable resource.

Disclaimer. In this article we do not cover coupled [5,44-48] and heuristic [49-51] physical learning
rules. We also do not discuss forward-forward and related local-learning schemes for physical systems,
which forgo gradients of a global loss function in favor of layer-local objectives [52-54]. Furthermore,
we do not cover probabilistic physical computing machines. Boltzmann machines [55] and score-based
generative models [56] have been shown to give rise to exact (unbiased) local learning rules, although
these do not derive from the adjoint method. We consider a setup where the gradient is calculated from
physically observed forward and adjoint fields. We are agnostic to how the parameter updates are then
applied and assume for simplicity that an external teacher does so. This means we do not cover the problem
of designing a physical system that adapts by itself [5,26,39,46].

Structure. In Sec. 2 we formally define the optimization problem and introduce the adjoint method us-
ing a second-order real-valued system. In Sec. 3 we precisely define which part of the gradient computation
is performed by the physical system and provide a summary of our results across various systems. In Sec. 4
we introduce the notion of local learning rules and discuss the difference between knowing the model and
knowing the parameters. In Sections 5—8 we present the main results: sufficiency conditions for obtaining
the adjoint fields physically in second- (Sec. 5) and first-order overdamped (Sec. 6) real-valued systems, in
Schrodinger-type complex-valued systems (Sec. 7), and in stationary problems (Sec. 8), including Equilib-
rium Propagation, Quantum Equilibrium Propagation (Sec. 8.3), and Helmholtz-type constructions. At
the end of each section we identify which existing physical learning frameworks are recovered by the adjoint
formalism. Section 9 treats general intertwiners and time-reversal mirrors, including fully forward mode
training and twisted-reciprocal Hatano—Nelson chains. Section 9.3 discusses Onsager reciprocity within
this construction.

A self-contained appendix derives and discusses each case in more detail. We also provide a notebook
for each section, with an implementation of the corresponding physical adjoint algorithm [57].

2 Introducing the adjoint method

We consider N-dimensional discretized systems governed by ODEs, though the theory also applies to fields
governed by PDEs. If the ODE resulted from discretizing a continuous PDE through, e.g., the finite element
method, then, in the language of PDE-constrained optimization, this would correspond to the principle of
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Figure 1: Conceptual overview of optimizing a physical system with the adjoint method. (1) The phys-
ical state u(t) evolves under the forward dynamics Mi + Du + Flu,p] = f(¢), with mass matrix M,
damping matrix D, internal forces F carrying the trainable parameters p, external drive f, and initial
conditions u(0) = ug, 0(0) = vg. (2) The recorded trajectory and terminal state determine the cost
x[u] = Y[Pu(T),Pu(T)] + fOT O[Pu(t)] dt, where P projects onto the measured output degrees of freedom
and Y and 6 are the terminal and trajectory losses. Evaluating the derivatives of the losses provides the
drive and initial conditions (ICs) for the adjoint field a(¢). (3) The adjoint dynamics involve the trans-
posed mass and damping matrices and the linearized internal forces F, evaluated along the time-reversed
forward trajectory u(7 — t). They therefore generally differ from the forward dynamics. A physical for-
ward pass combined with a backward pass through a differentiable digital model is known as physics-aware
training [18,19]. Here we ask under what conditions the same physical hardware can generate the adjoint
field, without a digital model for the backward pass. Finally, (4) the gradient dx/dp is evaluated from
overlap integrals of the recorded forward and adjoint fields, and the physical parameters are updated.

“discretize-then-optimize” [28]. We denote the physical state by u(t) € R and the trainable parameters
by p € RM. Inputs may be encoded in initial conditions, external drives [58], or directly in parameters.
The latter endows linear systems with nonlinear computing capabilities [36,59,60]. Suppressing explicit
encoders, decoders, and batch averages, we write the cost as

T
] = /0 0[Pu(t)] dt + o [Pu(T), Pa(T)], (1)

where P = P = P? projects onto the measured or output degrees of freedom (DOFs) which encode the
solution to the computation. The first term is a trajectory loss and the second a final-state loss.

We now introduce the adjoint method [27,61-68] that we will use throughout the text. The construc-
tions used here are rooted in PDE-constrained optimization, where an objective is minimized subject to
a governing equation enforced as a constraint through Lagrange multipliers [69]. A full, self-contained
derivation is given in Appendix A.

For concreteness, consider a second-order real-valued system

M(pa)u(t) + D(pp)u(t) + Flu(t),pr,t] — f(t,py) =0,  u(0) =ug(py,),  (0) =vo(pu,). (2)

4



Here M is the invertible mass matrix, D the damping or gain matrix, F the internal force, which carries
the constitutive law of the system and is in general nonlinear in u and explicitly time dependent, and f
the external drive; ug and vy are the initial state and its rate of change. We use mechanical language
throughout, but the same three operators appear as the inertial, dissipative, and restoring terms of elec-
trical, optical, and other physical platforms. Each operator carries its own block of trainable parameters,
collected into p = (Pa, PD, PF: P#, Pug, Pvy)- Lhe constrained optimization problem is

min y[u] subject to (2). (3)
P

The adjoint method replaces the differentiation of the full trajectory u(t; p) with respect to every parameter
by a single adjoint solve. Written in forward time, the adjoint field a(t) satisfies (see Appendix A)

M"a(t) + DTa(t) + FL [a(T — t), pr, T — t]a(t) + faa;(t) = 0, (4)

where (-)x denotes a partial derivative, i.e. F := OF /0u (in the parameters, px, the subscripts are labels).
The adjoint source is given by

Fuas(t) = BOu [Pu(T — 1)] (5)

and the adjoint initial conditions are
M a(0) = — Pyy, [Pu(T), Pa(T)], (6)
M”a(0) = — D a(0) — Pyu[Pu(T),Pa(T)]. (7)

The derivative of the trajectory loss, POy, is therefore a forcing term in the adjoint experiment. The

derivatives of the final-state loss, Py, and Py, set the adjoint initial displacement and velocity. If there

is no trajectory loss, the adjoint is unforced; if there is no terminal loss, the adjoint starts from zero.
Once a(t) is known, the gradient is obtained from overlap integrals (see Appendix A.9)

& - /OT (a(T — t), Mp,,(t)) dt, (8)
j;; _ /0 " (T — 1), Dy, a(0) (9)
B [ @l 0. By [a(0pr ] (10)
dd;(f:—/0T<a(T—t),fpf(t,pf)>dt, (11)
o = = ([MTA(T) + DTa(D)] ) (12)
o= = (MTa(T), v, ). (13)

where (x,y) = x'y is the Euclidean inner product. Thus the gradient with respect to dynamical parameters
is an overlap between the adjoint field and the parameter sensitivity of the respective forward operators.
The gradient with respect to initial-condition parameters is an endpoint overlap. In particular, if the initial
displacement and velocity themselves are trainable, then

dx

X — —M"a(T) - D"a(T), DX MTa(T). (14)
Up

dvg



Interpretation. The overlap integrals show that the time-reversed adjoint field a(T" — t) encodes the
sensitivity of the loss with respect to a force applied at time ¢ during the forward evolution. All parameters
act in this way. Writing the state equation as M+ Du+ F = f, a parameter change dp perturbs the net
force acting on the system along the forward trajectory by

of(t) = fo, 0Py — My, u(t) dpy — Dpu(t) opp — Fp,. [u(t),pp,t] opr, (15)

where the internal contributions enter with the opposite sign because they act against the drive. The
trajectory gradients (8)—(11) then collapse into the single statement dy = — f(;‘F(a(T —t),0f(t)) dt. If the
force change aligns with the adjoint field, the cost therefore decreases at the largest rate per unit of forcing,
while a force orthogonal to it leaves the cost unchanged. The endpoint overlaps (12) and (13) have the
same interpretation for the initial conditions.

The arrow of time. As discussed in Appendix A.10, the adjoint state as it emerges from the derivation
evolves backward in time. The equations above already incorporate the change of variable t — T — t that
recasts this evolution in forward time; this will become crucial for the physical realization of the adjoint
field in Sec. 5.

Algorithm. The algorithm is summarized in Fig. 1. One first solves the forward problem for the forward
field u(t), either digitally or, in physics-aware training, on the physical system itself. Next, the adjoint
problem, which in general differs from the forward problem through the transposes and the linearization,
is solved digitally for a(t). The gradient then follows from the overlap integrals in (8)-(13), and the
parameters are finally updated according to a chosen optimization algorithm.

A brief note on computational complexity. The advantage of the adjoint method in digital opti-
mization is that the cost of computing the gradient is essentially independent of the number of param-
eters [28,61,62]. Finite-difference methods and forward sensitivity analysis require a separate solve for
every entry of p, so their computational cost grows linearly with the parameter count dim(p). The adjoint
method, by contrast, requires only two trajectory solves regardless of how many parameters are trained:
one forward solve for u(t) and one adjoint solve for a(t). All gradient components are then read off from
the overlap integrals (8)—(13), which are cheap because the only ingredients they require are the parameter
sensitivities of the forward operators, such as My,,,, Dy, and Fp,,., which are typically sparse, structured,
and available in closed form from the model itself (see Sec. 4).

How to test the gradient? An adjoint gradient implementation can be checked with a Taylor test.
We detail this procedure in Appendix J. We provide a notebook for each section, with an implementation
of the corresponding physical adjoint algorithm and a Taylor test that numerically verifies the computed
gradients [57].

Forward and adjoint systems are different. The adjoint construction is exact and fully general: it
applies to any physical system, linear or nonlinear, conservative or dissipative. The adjoint problem (4)
involves transposes and derivatives of the internal forces, and is hence in general different from the physical
system that evolves with the forward state equation (2).

3 What is computed physically, under what conditions and how: an
overview

In this article we ask the following question (see Fig. 1):



Under what conditions, and by which experimental protocol, can the adjoint field be obtained in the
same physical system that performs the forward computation?

By the same system we mean the same hardware and trainable parameters; we may only change initial
conditions and applied sources, and reverse explicit time dependences.

With one exception in the readout, all constructions below have the same form: run the forward
dynamics and record u(t); construct adjoint sources (Eq. (5)) and initial conditions (Egs. (6), (7)) from
the loss derivatives; obtain the adjoint field a(¢) from a second physical experiment; then evaluate the
gradient by an overlap between the measured forward/adjoint fields and known parameter sensitivities
(Egs. (8)—(13)). Quantum Equilibrium Propagation (Sec. 8.3) obtains the gradient directly from changes
in operator expectation values without reading out the adjoint field. The distinction between linear and
nonlinear systems is the central organizing principle of the article. Across all systems we consider, the
conditions and algorithms can be summarized as follows:

Sufficient physical adjoint conditions and constructions.

e Linear systems: Reciprocity is sufficient; Hermiticity is not required, so loss and gain are
permitted. The adjoint field is obtained by a direct finite-amplitude run of the same physical
system with adjoint sources and initial conditions and any explicit time dependence played in
reverse.

e Nonlinear trajectory systems: The forward evolution must be recoverable by a time-reversal
operation solely on the final state and the linearized dynamics around the reversed trajectory
must be reciprocal. The adjoint field is then obtained as the infinitesimal response of a nudged
time-reversed trajectory. Explicit time dependences are played in reverse.

e Stationary linear problems: In linear reciprocal fixed-point or Helmholtz-type systems the
adjoint field can be obtained directly with a single finite-amplitude experiment.

e Stationary nonlinear problems: In nonlinear stationary systems, the exact adjoint is ob-
tained in the infinitesimal limit from the difference between a free solution and a nudged solution,
provided the system relaxes to the steady state and the linearized operator there is reciprocal.
This is Equilibrium Propagation [29].

Complex-valued systems require separate conditions on the two Wirtinger tangent operators. Sec-
tions 5-8 develop these basic constructions. Section 9 extends them through general intertwiners and
time-reversal mirrors; Onsager reciprocity is the mobility-weighted special case discussed in Sec. 9.3.

Table 1 organizes the cases treated in the remainder of the article along these lines. For each case,
it records whether the adjoint field is available on the device and which experiment or proposal in the
literature realizes it.

4 Local learning rules and “knowing the model” vs. “knowing the
parameters”

If the adjoint field can be observed physically and the parameter sensitivity is local, the remaining overlap
gives a local learning rule. Consider two coupled Duffing oscillators with internal force

~ [krug + Brud + c(ur — ug)

F u’ - b)
(u,p) kaus + Bou + c(ug — uy)

P = (k1)k2aB17/827C)' (16)



Table 1: The cases treated in this article. The trajectory constructions also cover non-autonomous dynamics with programmable internal forces: replay their schedules in reverse,
with the stated conditions holding throughout the run. “On device” denotes a construction under the stated conditions, allowing known invertible field transformations. A ¢ marks
an experimental realization; a % marks a case without a known realization. Prescribed trajectory compensation is excluded; see the second-order and first-order discussions.

System Sufficient condition Adjoint construction Sec. On Representative realization
device
Reciprocal
Second order, real MT = M and DT = D, both constant in time, Forward drive and initial conditions (ICs) 5.1 yes ¢ acoustic proof of concept [20]; ¢ cou-
and K7 = K; damping is no obstacle swapped for adjoint source and ICs and pled RLC network [71], written there in
applied at full amplitude first-order form
" First order, real KT =K As above 6.1 yes Reciprocal dynamical construction [20]
g Schrédinger type KT = K reciprocity gr{d not Hermiticity, so As abO\{e;_ what propagates is the conju- 7.1 yes In situ optical backpropagation [21]; lin-
It gain and loss are admissible gate adjoint c =a ear layers of holographic networks [39]
(§> Stationary, Helmholtz KT =K Forward drive swapped for the adjoint 8.1 yes Photonic meshes [35]; ¢ Pai et al. [23].
: source; applied at full amplitude Wave scattering [36]; ¢ Guillamon et
8 al. [37]
g Intertwined reciprocity
= General intertwiner Known, time-independent, invertible S with One run with S-weighted sources and 9 yes Weighted stationary transpose access in
SK7S~1 = K; the same relation for M, D ICs; recover c =a = S~ 1d resistor networks [25]
when present
Hardware symmetry K7 = K and SKS~! = K with SPS—! = pin The error signal enters where the data 9 yes ¢ Fully forward mode training [43], in
does and propagates forward; recover static optics
c=a=S"1d
Twisted reciprocity Orthogonal S with SKS—1 = K7: eg. a One run with relocated sources; recover 9 yes % none
mirror-even Hatano—Nelson chain c=a=S"1d
Trajectories
Second order, real, un- D = 0, so a time-reversal mirror exists, and Infinitesimal response of a nudged time- 5.2 yes Hamiltonian echo backpropagation [26];
damped MT = M with FL = F, along the reversed reversed trajectory recurrent Hamiltonian echo learning [34]
trajectory
Second order, real, None: time reversal turns damping into gain Obstructed 5.2 no Contrastive trajectory rule [72], approxi-
damped but the adjoint requires damping mate
First order, real, over- None: reversal requires F +— —F, the adjoint Obstructed; only the steady state sur- 6.2 no Rayleighian trajectory rule [73], approxi-
damped +FT vives mate
Schrédinger Conjugation is a TRM; Fy is Hermitian and Infinitesimal response of a nudged 7.2 yes Hamiltonian echo backpropagation in
Fg symmetric along the trajectory conjugation-reversed trajectory gives nonlinear waves [26]
c=a
" Stationary problems
g Real fixed point (Equi- A stable fixed point, and FL = Fy there Difference between the free and the 8.2 yes Equilibrium Propagation [29]; ¢ Ising-
8 librium Propagation) nudged equilibrium machine implementation [74]
Eﬁa Complex steady state A stable steady state. For a: F, Hermitian Infinitesimal response; use the adjoint- 8.2 yes Near-Equilibrium Propagation (NEP)
« (Complex-valued EP) and Fg symmetric. For ¢ = a: Fy symmetric source nudge for a and its complex conju- recovers a in the exact limit [30]; ¢ ex-
E and Fg Hermitian gate for ¢ periment recovering ¢ = a with one
g nonlinear element [75]
= Quantum ground state Hermitian Hamiltonian with a nondegenerate, Adjoint source enters as a Hamiltonian 8.3 yes Quantum Equilibrium Propagation [31—
g (QEP) gapped ground state; tangent reciprocity holds  perturbation; measure operator expec- 33]
Z after normalization and phase fixing tations in the free and nudged states
without recovering the adjoint field
Non-reciprocal tangent Direct reciprocity fails, so the unweighted Unweighted nudge obstructed 8.2 no Approximate extensions [76, 77]; [78]
nudged response generally does not solve the modifies the learning dynamics
adjoint equation
Tangent intertwiners
Trajectories: second Known, constant invertible maps Q,S: Q gen-  Infinitesimal response with transformed 9.2, yes % no known realization in this generality;
order and Schrodinger erates a TRM, and S matches the adjoint to sources and ICs; undo 9S. For complex D.1, related PT-assisted Schréodinger protocol
the pulled-back tangent, including inertial and  fields the TRM is QK G with gain—loss compensation [79]
velocity terms
Stationary states A stable state with invertible full tangent; a Infinitesimal response to a transformed 9.3 yes EP derivation with Onsager mobility [25];
known invertible S maps the adjoint tangent nudge on the same solution branch; undo ordinary EP is the case S =1
onto the physical tangent S




For a parameter in the first oscillator, for example 1, the parameter sensitivity is given by

ui
Fpg, (u) = 0l (17)
The corresponding gradient contribution is therefore
d T
Aax :/ (T — t) u (£)% dt. (18)
dp 0

Only the forward and adjoint trajectories of the first DOF are needed. Similarly, dx/dk; = fOT ar (T —
t)ui(t) dt. The coupling parameter requires both oscillators:

T
‘fl’é:/o (a1(T — 1) — an(T — 1)) (un(t) — ua(t)) dt. (19)

These examples illustrate what we mean by a local learning rule (e.g. [5,29,45]): the gradient with respect
to a given parameter depends only on the forward and adjoint dynamics of the degree or degrees of freedom
to which this parameter couples. This locality follows because the parameter sensitivity of the internal
force F ), and likewise of the mass, damping, and drive operators, is supported only on those degrees of
freedom. The gradient overlap integral therefore reduces to those degrees of freedom.

Not knowing the parameters. A further simplification arises when the parameters enter the forward
operators linearly, as they do in Eq. (16). The sensitivity Fp,. is then independent of pr, so the overlap
integrals (18) and (19) are assembled entirely from the measured forward and adjoint trajectories and never
reference the parameter values themselves. In an experiment, the gradient is thus evaluated at the device’s
current parameter values, so slow drift, aging, and unknown calibration offsets are absorbed automatically
instead of biasing the gradient estimate.

But knowing the model. Knowing which observable to record, and which overlap integral belongs
to which parameter, is a statement about the structure of F and therefore still requires a model, unlike
self-learning schemes that avoid explicit knowledge of the detailed energy function or Hamiltonian [5,26,70].

5 Second-order real-valued systems

Consider a second-order, real-valued and non-autonomous system introduced in Sec. 2. The explicit time
dependence is assumed to be externally programmable, so that it can be replayed as t — T — t during
the adjoint experiment. We wish to shape its trajectory such that it minimizes the cost function (1). The
adjoint field required to compute the loss function’s gradients in Eqs. (8)—(13) can be obtained on the same
system under the following sufficient conditions:

Theorem 5.1 (Sufficient conditions for physical adjoints for second-order real-valued systems). The
adjoint field can be obtained on the same hardware in the following cases:

e Linear: Reciprocity. Suppose
F[u’ pPr, ﬂ = K(pK7 t)uv
and reciprocity holds, i.e.,

M = M, D’ =D, K(px,t)! = K(pxk,t), vt e [0,7], (20)




then the adjoint is propagated by the same linear hardware, with the explicit time dependence
replayed in reverse and with adjoint source (5) and initial conditions (6), (7).

e Nonlinear: Existence of a Time Reversal Mirror (TRM) and reciprocity of the lin-
earized dynamics. Suppose the time-reversed trajectory can be generated on the same hardware
by an operation on the final state only (applying the TRM), together with the reversal of explicit
time dependences. This means initializing with u(T) and —a(T). If, in addition,

D=0, M'=M, Fu[u(t),prt] =Fu[ut),prt] Vtel0,T], (21)

then the adjoint is obtained as the infinitesimal response of a nudged time-reversed trajectory.

Non-autonomous dynamics and reciprocity. In Theorem 5.1 we allow the internal force F to be a
function of time, i.e. the parameters may now specify a time-dependent schedule rather than being static.
The reciprocity condition is instantaneous, i.e. it must hold at every time step, and the explicit time
dependence must be replayed in reverse during the adjoint experiment. On the other hand, M and D need
to be constant in time because otherwise the adjoint state equation will include time derivatives of those
matrices and so the forward and adjoint systems will be fundamentally different.

5.1 Linear

The forward dynamics is
Mu(t) + Du(t) + K(t)u(t) — £(t) = 0. (22)

In the reciprocal case where MT = M, DT = D, and K(#)T = K(t), the adjoint equation (4) becomes
Ma(t) + Da(t) + K(T — t)a(t) + Py [Pu(T —t)] = 0. (23)

Thus the adjoint experiment has exactly the same damped second-order form as the forward experiment.
This proves the linear part of Theorem 5.1. O

Physical adjoint algorithm. One reuses the same hardware, sets the applied drive to —f.q;, replaces
the initial displacement and velocity by the cost-derived adjoint initial conditions (no nudging required),
and replays any explicit time dependence as ¢ — 1" — t. In this linear reciprocal regime the same damped
hardware propagates the adjoint field (see Fig. 2, a).

Remark. If the adjoint source or the initial conditions are too strong, they may excite the system into
a large-amplitude regime where the linear equations no longer hold. In that case, the adjoint source and
initial conditions can simply be rescaled by a constant, which rescales the norm of the gradient by the
same constant.

Literature. In numerical wave-based inverse problems, the same operator governs the forward and ad-
joint problems when reciprocity holds [28]. In physical learning, reciprocity was used for backpropagation
in early work by Hermans et al. [20]. Berneman and Hexner [72] study a contrastive trajectory rule for
damped reciprocal systems that uses nudged trajectories and applies to periodic steady states or resting ini-
tial conditions. Our linear reciprocal adjoint construction requires no nudging and accommodates arbitrary
initial conditions, including gradients with respect to them. Kwon et al. [71] experimentally realize the
time-domain adjoint in a coupled RLC network. They write the circuit in first-order voltage-current form;
eliminating the currents gives the damped reciprocal second-order dynamics treated here. In Sec. 7 and
Sec. 8 we discuss further references that use reciprocity for same-device gradient calculation in Schrodinger
(including free-space optics) and stationary (including Helmholtz) problems, respectively.
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record u(f)

Linear Device b) record u({) Nonlinear Device
Mi(t) + Du(t) + Ku(t) = f(t) \T Mi(t) + Flu(t)] = (1)
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{ R i T

= — g
Forward drive f(f) ICs u(0) = ug, U(0) = vo Forward drive (1) ICs u(0) = up, u(0) = vy
record we(f)
() — TRM to get
record a(t) a(t) = lim /a1 W(t)g
/\ﬁ e—0 €
fadJ([) TRM solirce - e nudged source
AN 1IN
{ : ] | |
Adjoint Adjoint via Nudging + Time Reversal
adjoint source — — POy[Pu(T — t)] TRM and Nudged source — f(T — t) — e POu[Pu(T — 1)]

TRM and Nudged ICs — w<(0) = u(T) — e M~ 1Py, We(0) = —t(T) — e M~ TPy,

adjoint ICs — Ma(0) = — Py, Ma(0) = — Da(0) — Py

Figure 2: A schematic illustration of the experiments to obtain the adjoint field physically. For the linear
devices (a), reciprocity allows the same device to be used, with the drive and I1Cs adjusted for the forward
and adjoint field propagations. Damping and gain are allowed, so long as reciprocity is preserved. In the
nonlinear case (b), the existence of a time reversal mirror (TRM) [80] together with reciprocity of the
linearized system provides indirect access to the adjoint field in the same hardware. To obtain the adjoint
field physically, simultaneously apply the TRM to the final state of the forward run and perturb the time-
reversed trajectory with the adjoint drive and ICs. The adjoint field is then obtained as the (infinitesimal)
differential response of the reverse trajectory to the nudge.

5.2 Nonlinear

The nonlinear case is more restrictive because the experiment must reproduce the reversed forward tra-
jectory before the infinitesimal nudge can reveal the adjoint. To see the obstruction, set w(t) = u(T —t).
Evaluating (2) at T' — t gives

Mvw (t) — Dw(t) + F[w(t),pp, T — t] —£(T —t,py) =0, w(0)=u(T), w(0)=—u(T). (24)

The damping term has the wrong sign for the same hardware. Reproducing w would therefore require
either D = 0 or an experimental replacement D +— —D, i.e. turning damping into gain. Even granting
such a gain-flipped run does not fix the adjoint problem. We perturb the time-reversed trajectory with the
adjoint ICs (6)—(7) and source (5):

w(0) = u(T) — e M~ TPy [Pu(T), Pi(T)], (25)
Wwe(0) = —(T) — eM~7T ( D”a(0) + Py [Pu(T), Pu(T)]) (26)
£(t) = £(T — t, py) — e PO [Pu(T — 1)), (27)

where |¢|] < 1. The perturbation éw = w® — w around the gain-flipped reversed trajectory due to this
small nudge obeys (see Appendix B)

Méw (t) — Déw(t) + Fu[w(t),pp, T — t]6w(t) + e POy [Pu(T — t)] + O(e?) =0, || < 1. (28)
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The adjoint equation, however, propagates with +D”a. For reciprocal damping, D” = D, the two tangent
operators differ by 2Da. The same hardware cannot simultaneously reproduce the reversed nonlinear
background trajectory and propagate the correct adjoint perturbation around it, except in the undamped
case.

For mass-proportional damping, if one can flip damping (gain) to gain (damping), then the adjoint
field can be obtained physically and the gradient can be calculated by exponential time weighting with the
known damping coefficient [81] (Appendix C). This, however, falls outside our setting, since flipping the
sign of the damping changes the hardware between the forward and the adjoint run.

If e = 0 and D = 0, the perturbation dynamics (28) recovers the adjoint state equation (4) provided
that FL = Fy (reciprocity along the forward trajectory). Then

€
a(t) = lim SV, WO = w(O) (29)

e—0 € e—0 €

which can therefore be extracted from the difference between the nudged and unnudged reversed trajectories
(see Eq. (31)). This proves the nonlinear part of Theorem 5.1. O

Remark: only the tangent condition is used. We require F{, = F, only along the visited trajectory;
no potential is needed for the construction. If this symmetry holds on an open neighborhood, the Poincaré
lemma gives F = E, locally there [82]; if it holds throughout a simply connected state space, a single
global potential exists. The same distinction applies in the complex case of Sec. 8.2: on an open set,
condition (64) is equivalent to closedness of 2 Re(F, du)c and hence locally to (72).

Physical adjoint algorithm. One first runs the forward dynamics and records u(t); the time-reversed
trajectory w(t) = u(T — t) is then available directly from this recording and need not be regenerated
physically. The adjoint requires only one further experiment, in which the TRM and the nudge are applied
together: On the same (undamped) hardware, initialize at the final state with the velocity flipped and
both initial conditions perturbed in the directions set by the terminal-loss derivatives,

we(0) = u(T) — e M~ 'Pey, we(0) = —(T) — e M~ 1Pify, le| < 1, (30)

drive the system with the reversed external drive superimposed with the adjoint source, f(7T' — t) —
ePly [IP’u(T — t)}, and evolve it forward while replaying the explicit time dependence of the internal forces
in reverse, F[-,pp,t] — F[-,pr,T — t]. From the recording of w(t), the adjoint field is recovered as the
infinitesimal differential response
(t) —wi(t
at) = lim YO =WO o wr -, (31)

e—0 €

and the gradient is evaluated digitally from the overlap integrals (8)—(13) (recall D = 0; see Fig. 2, b).

Damping compensation with external forces. The obstruction above can be bypassed if the damping
matrix or gain matrix D is known and one can apply additional forces at each damped DOF during the
nudged evolution. To do so, one applies an additional drive computed from D and the recorded, time-
reversed velocity:

f6(t) = (T — t,py) — ePOL[Pu(T — t)] + 2Dw(t). (32)

Then the perturbation evolves according to
MW + Dow + Fy[w]ow + Py + O(e?) = 0. (33)

Thus, if MT = M, DT = D, and FE = F, along the trajectory, the differential response recovers
the forward-time adjoint even in the presence of damping. The construction therefore remains a same-
device adjoint in our sense because it leaves the intrinsic dynamics unchanged. The compensating force
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2Dw(t) must be computed from the recorded trajectory and applied to every degree of freedom on which
D acts. This requires accurate knowledge of D, distributed actuation, and precise trajectory replay.
Moreover, the compensation must be prescribed from the reference trajectory; applying it as feedback
to the auxiliary trajectory would modify the tangent dynamics. The same damping compensation was
used in the concurrent work by Li et al. [79] for the nonlinear Schrodinger equation in combination with
PT-symmetry (see Sec. 9.2). We exclude such compensation from Table 1, because it requires calibrated
external force control at every damped DOF. It may nevertheless be practical when only a few DOFs are
damped and their damping is known.

Symmetric nudging. At finite € the extraction (31) is a forward difference, so the measured field is the
adjoint up to an O(e) bias from the second-order term of the perturbation expansion. Running instead
two nudged experiments with opposite signs and forming the central difference,

. W) — wE()
a(t) = lg% 2e

; (34)
leaves an O(e?) bias, at the cost of one additional experiment [34,83].

Literature. For time-reversible Hamiltonian dynamics, the construction above implements the echo prin-
ciple of Hamiltonian echo backpropagation [26] and its recurrent extension by Pourcel and Ernoult [34].
The latter was shown to be equivalent to the continuous adjoint method; the self-adaptation of the physical
parameters proposed by Lépez-Pastor and Marquardt [26], in which the parameters themselves become
dynamical, is outside our scope. Our formulation also covers time-dependent parameters of the internal
force. A complementary, variational route recasts the learning signal through the classical action: Mas-
sar [84] and Pourcel et al. [81] generalize Equilibrium Propagation [29] from energy-based fixed points
to full trajectories (Lagrangian Equilibrium Propagation), replacing its two-state energy contrast with a
contrast of Lagrangian parameter-derivatives integrated over the trajectory. Because this contrast follows
from an integration by parts, it carries boundary terms. Depending on the imposed boundary condi-
tions, these terms either vanish by construction (e.g. fixed or periodic endpoints) or persist as generally
intractable residuals. For time-reversible systems, Pourcel et al. [81] identify a Parametric Final Value
Problem boundary choice that renders these residuals tractable and recovers the recurrent Hamiltonian
echo rule [34] as the physically practical instantiation of this variational construction.

5.3 Summary: linear and nonlinear systems behave fundamentally differently

We have shown that linear systems require weaker conditions and allow simpler finite-amplitude physical
adjoint field constructions (Fig. 2). The simplicity of physical adjoint experiments for linear systems
makes a strong case for parameter encoding (structural nonlinearities) [53, 59, 60] and source-position
encoding [58], which give the linear system nonlinear computational capabilities. Yet physical gradients
are readily accessible with finite-amplitude constructions and in the realistic damped setting [36]. Damping
and gain parameters, whose gradients are available once the adjoint field is obtained (Eq. (9)), can also be
used to increase the expressivity of the physical device.

6 First-order real-valued systems

We next consider first-order, real-valued' and non-autonomous dynamics

u(t) + Flu(t),pr,t] — £(t,ps) = 0. (35)

'Here, we consider overdamped first-order systems. First-order reformulations of second-order systems that retain both
position and velocity are covered in Sec. 5.
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The corresponding adjoint equation, derived in Appendix E, is
at) + FL[u(T —t),pr, T — t]a(t) + faqi(t) = 0, (36)
with adjoint source and initial conditions given by
faqj(t) = POy [Pu(T — t)],  a(0) = — Pyyu[Pu(T)]. (37)

Again, we assume external control of the explicit time dependences of F and f, so that they can be replayed
as t — T — t during the adjoint experiment.

Theorem 6.1 (Sufficient conditions for physical adjoints for first-order real-valued systems). The
adjoint field can be obtained on the same hardware in the following cases:

e Linear: Reciprocity. Suppose
Flu,pr,t] = K(pk, t)u
and reciprocity holds, i.e.,
K(px,t)" =K(pk,t),  Vte[0,T], (38)

then the adjoint is propagated by the same linear hardware, with the explicit time dependence
replayed in reverse and with the adjoint source and initial conditions (37).

e Nonlinear, overdamped: trajectories are obstructed without prescribed compensa-
tion, the steady state is not.

6.1 Linear

The forward dynamics is
u(t) + K(t)u(t) — f(t) = 0. (39)

If the operator is reciprocal, K(t)T = K(t), the adjoint equation (36) becomes

a(t) + K(T — t)a(t) + POy [Pu(T —t)] = 0. (40)

Thus the adjoint experiment has exactly the same overdamped first-order form as the forward experiment
and can be performed on the same hardware. ]

Physical adjoint algorithm. One reuses the same hardware, sets the applied drive to —f.q;, replaces
the initial condition by the loss-derived adjoint initial condition, and replays any explicit time dependence
ast— T —t.

Literature. Hermans et al. [20] formulated physical backpropagation using reciprocal impulse responses,
explicitly including linear heat and diffusion equations. Here we recover this construction in the first-order
adjoint formulation and extend it to explicitly time-dependent coefficients. Berneman and Hexner [73]
proposed a Rayleighian learning rule that is approximate for general nonlinear trajectories.

6.2 Nonlinear

The first-order ODE of this section is the large-damping limit of the second-order ODE (Sec. 5). The nonlin-
ear adjoint construction is therefore obstructed for the same reason discussed there: time reversal requires
flipping damping into gain (here F — —F) while the adjoint requires damping. Trajectory gradients of
nonlinear overdamped dynamics are therefore not accessible through this reversed-drive construction.
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Trajectory compensation with external forces. For w(t) = u(T — t), the prescribed drive f¢(¢) =
£(T —t) + 2w(t) — efaq;(t) and initial state w(0) = u(T) + ea(0) yield the adjoint as an infinitesimal
response when FL = F,, along the trajectory. This requires accurate velocity recording and external force
control at each DOF with nonzero reference velocity, and is excluded from Table 1.

Without trajectory compensation, the steady state remains accessible. If F' and f are time-independent
and the dynamics converges to a linearly exponentially stable fixed point, the loss depends on the pa-
rameters only through that fixed point and the problem becomes stationary. That case is Equilibrium
Propagation, treated in Sec. 8.2; its relation to the trajectory adjoint of this section is derived in Ap-
pendix 1.3.

7 Schrodinger-type complex systems

We now consider complex fields governed by

iwa(t) + Flu(),ult),pr,t] — £(t,py) =0,  u(0) = uo(Py,)- (41)

Throughout this section derivatives are Wirtinger derivatives [85,86]: for z = z + iy, 9, = (0, — i0,) and
Oz = %(895 + i0y), and for vector fields we treat u and its complex conjugate T as formally independent
variables. Thus Fy and Fg denote the two Wirtinger Jacobians, and for the real-valued cost functions the
corresponding derivatives satisfy 8, = 0z and ¥, = g and similarly for y. As we will see, the physical

adjoint construction delivers the complex conjugate of the adjoint field. Writing c(t) = b(T —t), the
forward-time complex conjugate adjoint equation derived in Appendix F is

T
ie(t) + FL[u(T — ), u(T — t),pr, T — t]c(t) + Fa[u(T — t),9(T — t),pr, T —t| €(t) + fagj(t) = 0, (42)
where GT denotes the conjugate transpose. The source and initial conditions are

foaj(t) = POy [Pu(T — t),Pu(T — t)|,  ¢(0) = iPyyu[Pu(T),Pu(T)|. (43)

Taking the complex conjugate of Eq. (42) flips the signs in front of the Wirtinger Jacobians, which is why
c, rather than b, can be obtained physically in the same hardware.

Inner products now include complex conjugation, (x,y)c = X'y. The total variation of y is therefore
dx = (dx/du,du)c + (dx/du,dua)c = 2Re(dy/du, ju)c. The gradient overlap integrals expressed in terms
of ¢ then become (Appendix F):

d T,
d]TXF = 2Re/0 <C(T —1),Fp, [u(t)7ﬁ(t),pp7t]>c dt, (44)
dx r,
dp; = 2 Re/o (eT=1).5,(1))_dt. @)
di); = —2Re (ie(T). opu, ) (46)

The sufficient conditions under which ¢ can be obtained in the same hardware are as follows:

Theorem 7.1 (Sufficient conditions for physical adjoints for Schrédinger-type systems). The complex
conjugate of the adjoint field can be obtained on the same hardware in the following cases:

e Linear: Reciprocity. Suppose

F[uaﬁv pPr, t] = K(pKa t)u
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and reciprocity holds, i.e.,
K(pKat)T:K(pKut)7 Vite [O7T]7

then the complex conjugate of the adjoint is propagated by the same linear hardware, with the
explicit time dependence replayed in reverse, the applied drive —f.q;, and the initial condition in
Eq. (43).

e Nonlinear: Conjugation TRM and reciprocity of the linearized dynamics. Let K
denote complex conjugation. Suppose F is continuously Wirtinger differentiable on a conjugation-
mvariant operating domain and obeys

F[ﬁ, u,pp,t] = F[u,ﬁ, pF,t], Vit e [0,T]. (47)

Then IC is a TRM: the reversed background w(t) = u(T —t) is generated on the same hardware
by conjugating the final state, reversing the explicit time dependences, and applying the drive
f(T —t). Suppose, independently, that along the forward trajectory

FI = F,, (48)
Fz =Fg,  Vte[0,T], (49)

where both Jacobians are evaluated at [u(t),u(t), pr,t]. Then c is the infinitesimal response of
a nudged conjugation-reversed trajectory.

7.1 Linear

The linear case requires symmetry in the reciprocal sense, not Hermiticity: loss and gain are compatible
with the physical adjoint as long as reciprocity is preserved. For a complex-linear system, the forward
dynamics is

iu(t) + K(pk, t)u(t) — £(t,py) =0, (50)

where Fg = 0 by complex linearity and F, = K(px,t) is independent of the forward state. Then Eq. (42)
reads
ie(t) + K(pr, T — t) c(t) + Py [Pu(T — t),Pu(T — t)] = 0. (51)

Hence, if KT = K for all ¢, one can propagate both fields in the same device by setting the applied drive
to —f,q4j, imposing the adjoint initial condition, and replaying the explicit time dependence in reverse. [

Free-space diffractive optical systems. In Appendix H we show that replacing time ¢ by the propa-
gation coordinate z recovers free-space diffractive optical systems.

Holographic vs. intensity measurements. The physical algorithm above requires measuring both
u(t) and c(t) holographically (phase and amplitude), so that the gradient overlap integrals (44)—(46) can
be evaluated. Extracting the gradient from intensity measurements alone would be experimentally simpler.
In [23,35] this was achieved for Helmholtz systems by exploiting time reversal symmetry in addition to
reciprocity. The same construction applies to linear Schrodinger problems:

For two complex numbers = and y, 2Re(Ty) = |z + y|? — |z|> — |y|?, so Re(zy) follows from three
intensity measurements. Egs. (44)—(46) are instead of the form Re(zy), with x not conjugated, which
intensities do not give; one needs b physically in the system rather than c(t) = b(T —t). This can be
achieved if the system is time reversal symmetric and reciprocal: (i) evolve the forward state u from 0 to T’
and measure the intensity Iy(¢) = |u(t)|? and (ii) physically evolve c from 0 to 7" and measure the intensity

I.(t) = |c(t)|?. Then, (iii), apply the TRM of complex conjugating c(T') — c(T'), time reverse the adjoint
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source and add the forward sources and initial conditions so that the system now evolves the forward state
plus the actual adjoint state u(t) + c(T —t) = u(t) + b(t); and record Iy p(t) = |u(t) + b(t)|?>. The
instantaneous overlap can then be constructed as Iy p(t) — Iu(t) — Ic(T — t). The construction requires
time reversal symmetry, so that complex conjugating c(7') regenerates the adjoint state evolution, and
linearity, since step (iii) uses the superposition principle.

This gives the site-wise overlap 2 Re[b;(t)u;(t)], and time reversal symmetry makes K, and with it Ky,
real. Eq. (44) therefore follows when K, is diagonal in the measurement basis, as for an on-site potential,
but not for a coupling coefficient, which needs the cross-site overlaps 2Re[b7-uj]. The source and initial-
condition gradients (45)—(46) pair b with a known vector rather than with u and still require holographic
measurements.

Literature. For phase-only spatial light modulators (SLMs), the framework reduces to the in situ optical
backpropagation rule theorized by Zhou et al. [21]. Wagner and Psaltis proposed the same layerwise
adjoint structure in a holographic free-space optical network: reciprocal volume holograms propagated the
transpose of each linear interconnection, while a weak counterpropagating probe through nonlinear Fabry-
Pérot neurons was designed to approximate multiplication by the local activation derivative [39]. This is a
direct small-signal implementation of the nonlinear tangent rather than a contrastive nudging construction;
because the probe transmission only approximates the required derivative, the resulting physical gradient is
approximate through the nonlinear units. The same reciprocal linear-adjoint construction covers the linear
optical layers proposed in Guo et al. [40] and experimentally realized in Spall et al. [41]; in both cases, the
saturable-absorber response only approximates the nonlinear tangent required by backpropagation, so the
construction is exact for the ideal linear layers but approximate through the nonlinearity. Mididoddi et
al. [22] obtained the adjoint field experimentally to optimize the input field and suppress output fluctuations
in a dynamically varying medium. In the linear case, the adjoint source can be applied at full amplitude
and no nudging or difference of trajectories is required.

7.2 Nonlinear

Nonlinear Schrodinger systems require two independent ingredients. A TRM must regenerate the reversed
background, and the tangent dynamics about that background must match the adjoint dynamics. Here
the TRM is ordinary spinless time reversal, implemented by complex conjugation.
Let
w(t) :==u(T —t). (52)

Under condition (47), this field obeys

iw(t) FLw(t), w(t),pp, T —t| —£(T — t,ps) =0, (53)

w(0) =u(T).

+

Thus conjugating the final state and the drive, while reversing every explicit time dependence, regenerates
the reversed background on the same hardware.
Let

q<t) = laqj (t)a qr = Pyy [PU(T), (T>]
Run a nudged copy with

iw(t) + F[w(£), we (D), pr. T — t] = [T — £,py) — ea(t)| =0,
we(0) = w(0) + eiqr.

(54)

The physical nudge is —eq because the external drive enters the residual with a minus sign. Differenti-
ating condition (47) gives the tangent operators about w in terms of those along the forward trajectory.
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Conditions (48) and (49) then make the differential response obey Eq. (42). Therefore

. W (t) —w(t) —_
t) = lim ————= b(t) =c(T —1). 55
e(t) = tim Y= ) < o) (5)
The construction is exact in the infinitesimal-nudge limit. For a sufficiently smooth response, a one-
sided difference has an O(e) bias, while two opposite nudges reduce it to O(e?). Appendix F.4 gives the

calculation in the more general setting used in Sec. 9. 0

Example: local Kerr nonlinearity. Consider
Flu, 1] = Ku+gufou, geR. (56)
Conjugation is a TRM when K = K. The Wirtinger Jacobians are
Fu = K +2¢g diag(Jul*),  Fg= g diag(u?). (57)

The local terms satisfy the tangent conditions automatically. The linear term also requires K? = K. Thus
ordinary conjugation time reversal gives the physical adjoint for a real symmetric K and a real local Kerr
coefficient. Generalized mirrors and tangent intertwiners are treated in Sec. 9.

Literature. For autonomous Hamiltonian systems with a terminal-value cost, the nudged time-reversed
echo dynamics of Lépez-Pastor and Marquardt [26] transports the output perturbation backward and
yields the continuous-adjoint gradient. That work also constructs a self-adapting system in which the
trainable parameters are physical degrees of freedom updated by the same dynamics, without external
gradient computation.

8 Stationary problems and (quantum) Equilibrium Propagation

In the preceding sections, the computation was carried out along a trajectory. We now turn to stationary
problems, in which the result is read from a steady state, such as a fixed point of relaxational dynamics or
the steady state of a harmonically driven system. We allow complex amplitudes u € CV. We consider the
stationary problem

where u* denotes the steady state, and the cost function is defined on it as
x = ¢ [Pu*,Pu*]. (59)

The adjoint field a € CV associated with Eq. (58) satisfies the following equation (see Appendix I),
with both Wirtinger Jacobians evaluated at the steady state:

Fu a+Flatfy =0, (60)
where the adjoint source is given by

foqj = Pyg[Pu’, Pu¥]. (61)

Once a is known, the gradients are a single overlap of the two static fields,

dx . =
E:2R6<a,FpF[u ,u ,pF]>C, (62)
dx

dT)f :—2Re<a,fpf(pf)>c. (63)

The sufficient conditions mirror those of the trajectory case. The nonlinear construction nudges the
steady state instead of a time-reversed trajectory:
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Theorem 8.1 (Sufficient conditions for physical adjoints in stationary problems). The adjoint field,
or its complex conjugate, can be obtained on the same hardware in the following cases:

e Linear: Reciprocity. Suppose

and reciprocity holds, i.e.,
K(px)" = K(pk),

then the complex conjugate of the adjoint field, c = a, is generated by solving the same stationary
problem with the forward source f replaced by the adjoint source —Piy, in a single finite-amplitude
experiment and with no nudging.

e Nonlinear: Reciprocity of the tangent operators at the steady state. Suppose the steady
state u* is a linearly exponentially stable fixed point of a relaxation realized by the same hardware,
and that the full real-linear tangent operator of the stationary equation at u* is invertible. If the
Wirtinger tangent operators there satisfy

] T

—T
Fy [U*>pF] =Fy [U*7PF]7 Fﬁ[u*va = FH[U*apF} ’ (64)

then the adjoint field a is the infinitesimal response of the fized point under an adjoint source
nudge. If instead

—_—T
Fu[U*7pF]T:Fu[U*7pF]7 FH[U*,pF] :Fﬁ[u*apF]7 (65)

then ¢ = @ can be obtained on the same device using the complex conjugate adjoint-source nudge.

8.1 Linear

For a linear stationary problem
K(pk)u" = f(ps), (66)

with K invertible, the internal force F[u,u, pr] = K(pk)u is complex-linear, so its Wirtinger Jacobians
are constant, Fy, = K(pk) and Fg = 0. An example is a harmonically driven system at frequency w, for
which K = —w?M + iwD + Kg.i. The adjoint problem then becomes the Hermitian-adjoint system

K(pk)'a = —Pyg[Pu’,Pu’], (67)

whose conjugate reads
K(pk)' ¢ = — Pty [Pu*,Pu*], c=a. (68)

This is the same system if K(pk)? = K(pk). Hence, the adjoint field can be obtained by swapping the
external drive for the adjoint source. O

Comparison with EP. This is the linear, stationary (and complex-valued) counterpart of Equilibrium
Propagation (Sec. 8.2). Because the system is linear, the adjoint source is applied at finite amplitude
in a single experiment, without nudging. Damping or gain are permissible: reciprocity is required, but
Hermiticity is not.
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Holographic vs. intensity measurements. For complex amplitudes, holographic measurements are
required. Two distinct cases allow the gradients to be reconstructed from intensity measurements.

(i) If K is real-valued (and hence reciprocity implies Hermiticity), injecting —PP 4y in place of —P 1y
propagates a itself rather than ¢ = a. Three intensity distributions, Iyx, Iy and Iy+1a, the last with
the applied drive f — Piy, then deliver the site-wise overlaps 2Re[a; u}] = Iy+ya; — Tuxi — Iai. These
evaluate (62) whenever Ky is real and diagonal in the measurement basis, as for a local permittivity;
a non-local Ky, also needs the cross-site overlaps 2Re[a7u;], which intensity distributions alone do not
provide.

(ii) If K is complex-valued and propagation is reciprocal and lossless throughout the device, the analo-
gous procedure of Sec. 7, paragraph “Holographic vs. intensity measurements,” applies. It was developed
by Hughes et al. [35] and realized by Pai et al. [23] in silicon photonic meshes of Mach-Zehnder interfer-
ometers and programmable phase shifters. The conjugated adjoint field c is propagated from the outputs
to the inputs, measured holographically, and re-encoded as complex-conjugated input sources, so that a
further forward pass carries a rather than c; superimposing it on the forward field gives Iy«;a. Here K
may be complex on the diagonal, as for a phase shifter, which also requires Im[a; u}]. Re-encoding with
an extra factor i carries ia, for which Re[ia; u}] = Im[a; u}] and I;a = Ia, so a single further distribution
Iy~ 44a suffices.

Literature. Physical backpropagation in Helmholtz systems was theorized for feed-forward photonic
neural networks by Hughes et al. [35] and experimentally demonstrated by Pai et al. [23]. In these optical—
electronic-optical (OEQ) architectures, the optical output of each layer is detected, transformed by the
electronic nonlinearity, and re-encoded for the next layer. During backpropagation, the field returned by
each optical layer is multiplied electronically by the derivative of the intervening nonlinearity and re-encoded
as the adjoint input to the preceding layer, allowing the single-layer protocol to be chained across layers
(see Appendix 1.4). Ashtiani et al. [87] demonstrated a different on-chip backpropagation architecture with
separate forward and backward blocks and approximate physical nonlinear derivatives. For general wave-
scattering systems, the in situ physical adjoint computing protocol of Guillamon et al. [37] is equivalent to
the holographic formulation presented here; a mechanical equivalent was developed by Li and Mao [24, 38].
Closely related identities were derived by Wanjura and Marquardt [36] for neuromorphic systems based on
linear wave scattering. As shown in Appendix 1.5, their scattering-matrix gradient formulas follow from
the present adjoint identity.

8.2 Nonlinear: Equilibrium Propagation

Let u*® be the steady state reached under the drive f — Py,
F[u™, u™, pp| — f(py) + e Pyg[Pu*, Pu™| =0, le| < 1. (69)
Subtracting the free steady-state equation and linearizing in du = u*® — u* gives
Fyuou+ Fgou+ ePyg = O(€2). (70)

Divide by € and let € — 0. The rescaled response then obeys the adjoint equation (60) precisely when the
tangent operators satisfy condition (64), and by uniqueness

KE ok
a=lim— " (71)
e—0 €
This proves that conditions (64) are sufficient to obtain a. Taking the complex conjugate of the adjoint
equation (60) shows that conditions (65) are sufficient to obtain c¢. This proves the nonlinear part of

Theorem 8.1. O
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Physical adjoint algorithm. The device is run twice and the two steady states are subtracted. (i) Free
phase: let the system settle under the forward drive alone, record u*, and evaluate the loss derivative from
the measured output. (ii) Nudged phase: let it settle again under the drive f — ePiy, and record u*® to
extract the adjoint field via Eq. (71). The free and nudged phases must settle onto the same branch: e
must be small enough that the nudge neither crosses a basin boundary nor drives the system through a
bifurcation.

Complex-valued example. Condition (64) holds identically whenever the force is the complex gradient

of a real energy,
F=FE; EcR, (72)

the complex counterpart of F = FEy: reality of £ makes F, = Fg, Hermitian, and commuting partial
derivatives make Fg = Fgg symmetric. A concrete case is a lattice with a Kerr nonlinearity,

F=Ku+glu’ou  E=uKuc+§) |ul (73)
7

with K Hermitian and g real, for which F,, = K + 2gdiag(Ju|?) and Fg = gdiag(u?®). This example
recovers the exact limit of Near-Equilibrium Propagation (NEP) [30].

Comparison with the trajectory case. A trajectory construction must also regenerate the reversed
background. With the conjugation TRM of Sec. 7, the Kerr example requires K to be real, while tangent
matching requires it to be Hermitian; together these conditions make K real symmetric. With the gener-
alized PT mirror of Sec. 9.2, the two conditions are K = ITKII and K = K. The stationary construction
needs no reversed background and therefore requires only Hermiticity.

The real-valued case. For real fields, Fy is absent and Hermiticity is symmetry, so condition (64)
reduces to FZ = F, at the steady state. The adjoint and gradient are then real,

dx .
Fla+Pyy[Pu’] =0, dp — (@ Foe [0, pr] o, (pf), (74)
with ¢y, the ordinary real gradient; the factor 2 Re disappears together with the Wirtinger convention. The
construction is then Equilibrium Propagation [29]; Appendix 1.3 derives this static adjoint and relates it

to the trajectory adjoint of Sec. 6.

Literature. EP was first introduced by Scellier and Bengio [29], theoretically applied to nonlinear resis-
tive networks by Kendall et al. [88] and experimentally implemented on an Ising machine by Laydevant
et al. [74]. It was later extended by Laborieux and Zenke [89] to holomorphic networks, where exact gra-
dients can be recovered from finite-amplitude complex oscillations; there it is the nudge amplitude that is
complexified and the dynamics must be holomorphic, Fg = 0. A broad literature has clarified the relation
between EP and recurrent backpropagation [90,91], reduced finite-nudge bias via symmetric nudging and
scaled EP to deep convolutional networks [83], introduced frequency propagation as a related frequency-
multiplexed learning rule [92], studied EP in strongly multistable systems [93] and developed approximate
extensions beyond reciprocal energy-based dynamics [76,77]. In particular, Scurria et al. [78] generalize
to non-reciprocal systems by modifying the learning dynamics. Lin et al. [25] propose a generalized Equi-
librium Propagation that organizes two-phase rules by the perturbative order of the nudge at the free
equilibrium, recovering EP at first order and Coupled Learning at second, and apply it to linear resistor
networks.

Sajnok and Matuszewski [30] derived a complex-valued equilibrium-propagation rule for nonlinear net-
works and continuous fields. When their tangent conditions hold exactly, they coincide with Eq. (64),
and their update rule agrees with the direct-adjoint construction presented here. Recovering a in this
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way requires Hermiticity of Fy, which linear loss violates. Their NEP formulation treats this violation
perturbatively in weakly dissipative systems.

Guillamon et al. [75] experimentally implement the conjugated-adjoint construction, ¢ = @, in a lossy
reciprocal network with one localized nonlinear element. A global phase rotation makes its anomalous
tangent coefficient real, satisfying conditions (65). Here the symmetry condition on Fy is preserved by
reciprocal linear loss, so the construction remains exact in the infinitesimal-nudge limit despite damping.
For several local nonlinear elements, the same phase correction requires their nonzero anomalous coefficients
to share a phase modulo 7.

Dal Cin et al. [94] recover exact gradients in reciprocal linear systems, including dissipative systems,
as the nudge vanishes. Their nonlinear optical extension is perturbative in the nonlinear response.

8.3 Quantum Equilibrium Propagation

Quantum Equilibrium Propagation (QEP) trains the parameters of a quantum Hamiltonian through the
response of its equilibrium state [31-33]. We consider the normalized, nondegenerate ground state u* of
H(p) =>_ ;pjA;, with real parameters p; and fixed Hermitian operators A;. Inputs, when present, enter
through a further parameter block held fixed during each training step. Although the Schrédinger equation
is linear in the state, the energy expectation depends nonlinearly on the normalized state. QEP is therefore
a constrained version of the nonlinear stationary construction in Theorem 8.1.

The outputs are expectation values y, = (u*, Oyu*)¢ of Hermitian observables, and the loss is x = ¥(y).
In the free phase, the device prepares the ground state and measures these outputs. The derivative,
Yy = dip/dy (with components 1,,), typically referred to as the error signal and evaluated from the
free-state readout, gives the adjoint source and its Hamiltonian implementation [31]:

fodj = xu = Z 1y, Opu’,
‘ (75)
H.=H-+ EZ¢WO@.
¢
Because the loss depends on operator expectation values, the source is the action of a Hermitian operator
on the state. It is therefore implemented as a Hamiltonian perturbation, whereas the preceding sections
add an external force. The error signal components are held fixed during nudging. The device must support
these Hamiltonian terms and prepare the ground state u™¢ of the nudged Hamiltonian.
Here, state variations must preserve unit norm. We fix the arbitrary global phase so that these variations
lie in the tangent space orthogonal to u*. Appendix 1.6 shows that, on this space, the Hermiticity of H
automatically gives both tangent reciprocity conditions of Theorem 8.1. The Hamiltonian nudge supplies
the adjoint source projected onto this space, so the infinitesimal state response is the adjoint. A positive
excitation gap makes this response unique. The appendix also relates this construction to the Onsager
reciprocity used by Wanjura and Marquardt [31].
Writing (Aj)e = (U™, Aju™)c, their gradient formula is our stationary adjoint overlap:

(Ajle = (Aj)o = 2Re(a, Aju”)c. (76)

The proof is given in Appendix L.6.

QEP obtains this gradient without reading out the adjoint field itself. It measures (A ;) in the free and
nudged states and divides their difference by €. This works because an expectation value is quadratic in
the state: its first-order change pairs the free state with the state response, which is the adjoint. Since
A; = OH/0pj, that pairing is exactly the overlap needed for the parameter gradient. No phase-resolved
field measurement is required. When A describes a local coupling, the readout is local in the sense of
Sec. 4; for a two-spin coupling it is the corresponding spin correlator.
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At finite €, the one-sided estimate has an O(e) bias. Opposite nudges reduce this to O(e?), while
repeated state preparations are needed to estimate the expectation values. The nudge must stay within
the linear-response regime and be large enough to resolve the observable differences above measurement
noise; Appendix 1.6.8 discusses this trade-off.

Literature. Wanjura and Marquardt [31] derive QEP from Onsager reciprocity and demonstrate it
numerically for many-body phase recognition, phase-diagram exploration, and sensitivity optimisation.
Quantum versions of EP were developed independently by Massar and Mognetti [32] and Scellier [33].

9 General intertwiners and twisted reciprocity

Reciprocity of the tangent operators is a sufficient condition for access to the adjoint on the same hardware.
More generally, an intertwiner can map the adjoint operators onto the forward operators. We state the
construction for Schrédinger-type systems. The forward-time conjugated Schrodinger adjoint ¢ of Eq. (42)
generally evolves under transposed Wirtinger tangent operators. A linear system needs only an intertwiner
S, whereas a nonlinear system also needs a TRM QK to regenerate the reversed background.

For both constructions below, let 7 denote time in the adjoint experiment and set

r:=T-—r. (77)

Write the distributed and terminal loss derivatives as

a(7) := Py [Pu(r),Pu(r)], ar := Py [Pu(T), Pu(T)]. (78)

Theorem 9.1 (Sufficient conditions for intertwined physical adjoints in Schréodinger-type systems).
Consider the Schrodinger system (41). The adjoint can be obtained on the same hardware in the
following cases:

e Linear. Suppose
Flu,u,pp,t] = K(pk,t)u

and, at the current parameter value, there is a known invertible matrix S that is fized over the
full time schedule and satisfies

SK(pk,t)"S™' =K(pk,t), Vte[0,T). (79)

e Nonlinear. Let K denote complex conjugation and
Og = 9K, (80)

where Q is an invertible complez-linear map. Suppose ¥ is continuously Wirtinger differentiable
on an operating domain invariant under u — Qu and obeys

F[Qu, Qu,pp,t] = QF[u,u,pp,t|, Vte[0,T], (81)

throughout that domain. Suppose, independently, that an invertible matriz S satisfies, along the
forward trajectory,

Fu, (82)
Fa Vtel[0,T], (83)

SFIs!
SF;' S ' =




where both Jacobians are evaluated at [u(t),u(t),pr,t].

Other equation classes. For real linear first-order systems, the same similarity condition gives d =
Sa. Real linear second-order systems also require SM?”S™! = M and SD7S™! = D. For example,
an additional gyroscopic term Gu, with GT = —G, is covered by S = II if a constant real mirror
IT = II7 = II~ ! preserves the symmetric mass, damping and stiffness operators and satisfies IIGII = —G.
Then II(D + G)'II = D + G. Appendix C treats the nonlinear, undamped case, where a PT-TRM must
also regenerate the background. Nonlinear real first-order dynamics have no generic unchanged-device
reverse trajectory.? Stationary systems need no TRM or schedule reversal: the same linear intertwining
condition applies, while nonlinear nudging requires a stable operating point and continuation on the same
solution branch.

9.1 Linear Schrodinger systems: spatial symmetries and twisted reciprocity
Using the notation above, the complex conjugate of the linear Schrédinger adjoint is
ie(r) + K(pg,r)'e(r) +a(r) =0,  ¢(0) =iqr. (84)
Set d = Sc and multiply this equation by S. Condition (79) gives
id(7) + K(pk,r)d(r) + Sq(1) =0,  d(0) = iSqr. (85)

This has the same dynamical operator as the forward system and proves the linear part of Theorem 9.1. [

Which S qualify, and at what cost? At each parameter point, a known S(px) must satisfy Eq. (79) at
all times during that experiment. A common S for the full trainable family avoids recalibration. Otherwise
S(px) must be recalibrated after every update. A signed permutation relocates ports and may add
sign flips. A unitary S preserves amplitudes but can require coherent source combinations. A diagonal
S preserves source support but rescales its amplitude. A general invertible S requires weighted source
synthesis and inverse weighting during recovery; its condition number sets the required dynamic range.
Parameter updates must remain within a family for which such a transformation is available.

Physical implementation. The experimenter must be able to apply the transformed drive and initial
condition and measure the complex field d. The experimenter applies the drive —Sq, prepares d(0) = iSqr,
and recovers the conjugate of the adjoint digitally as

c=S"d. (86)

This is one additional finite-amplitude run. The transformation does not appear in the forward equation.
If S is a spatial symmetry, these operations relocate or coherently combine source and measurement ports.

Reciprocal systems and fully forward mode training. For reciprocal hardware, K7 = K, the
identity S = I satisfies Eq. (79). This recovers the linear result of Theorem 7.1. Suppose the hardware
also has a spatial symmetry
SK(t)S™! =K(t), SPS~!=pi

which maps the output DOFs onto the input DOFs. The same S is then an intertwiner, so the adjoint
source and initial condition can be injected where the data enter. This is fully forward mode training [43].
Reciprocity supplies the transpose propagation, and the spatial symmetry routes the adjoint excitation.
The parameter updates must preserve that symmetry. The original derivation uses Green’s functions for
static Helmholtz propagation; Eq. (85) extends the construction to time-dependent Schrodinger trajecto-
ries.

2Here we exclude prescribed trajectory compensation; see the paragraphs on damping compensation in Sec. 5.2 and tra-
jectory compensation in Sec. 6.2.
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inversion center

Figure 3: The Hatano—Nelson chain of Eq. (88) for N = 4. The rightward hopping is amplified by e and
the leftward hopping is attenuated by e™", so KT # K. Transposition reverses every hopping arrow, and
spatial inversion reverses it again. For a mirror-symmetric on-site potential, €, = ex41_n, the chain obeys
SK”S~! = K. The transformed adjoint therefore propagates on the same chain with the same bias.

Non-reciprocal systems: twisted reciprocity. We call a non-reciprocal system twisted reciprocal if
an orthogonal transformation S satisfies Eq. (79). Write K = K, + K,, where K = K, and K! = —K,.
Then Eq. (79) is equivalent to

SK,S™! = K,, SK,S™! = —K,. (87)

The reciprocal part is even under the symmetry, while the non-reciprocal part is odd. Examples include
a hopping bias [42,95,96], a direction of rotation [97-99], or an in-plane magnetization. In the last case
the symmetry supplies the field reversal in the Onsager—Casimir relation K(B)? = K(—B) [100]. The
operator remains non-reciprocal, K7 # K. Equation (79) is related to the transpose-type symmetries in
the non-Hermitian symmetry classification [101], used here as a trainability condition.

Example of twisted reciprocity: a Hatano—Nelson chain. Consider N sites on an open chain with
asymmetric nearest-neighbor hoppings and a real on-site potential [42],

Kn—l—l,n = J€+h7 Kn,n—H = J67h7 Knp = €n, J7 h, En € R. (88)

For N = 4, the operator and spatial inversion Sy, = dm N+1—pn are

g1 Jeh 0 0 00 01

Jeth  eo  Jeh 0 0010
K= 0 Jeth g5  Je | S = 0100 (89)

0 0 Jeth ¢ 1000

The chain has an exponentially biased directional response and is a standard model of the non-Hermitian
skin effect [101]. Related platforms include feedback-biased active metamaterials [102,103], non-reciprocal
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topolectrical circuits [95], non-reciprocal photonic lattices [96], and acoustic circulators [98]. The untrans-
formed adjoint in Eq. (84) propagates under K”', which the hardware does not provide.

Spatial inversion gives Eq. (79) when €, = en4+1-,. The transformed field is obtained in one additional
finite-amplitude run with the same bias h. If the loss is measured at the right edge, the source —Sq and
initial condition iSqz are applied at the left edge. Since S™' = S, the adjoint is ¢ = Sd. Heterogeneous
profiles are allowed when J, = Jy_n, hy = hy_n, and €, = eny1-n. These parameter ties must be
preserved during training.

Literature. Fully Forward Mode training [43] is an example of the reciprocal spatial-symmetry construc-
tion above. For linear resistor networks, Lin et al. [25] obtain exact gradients from the weighted-reciprocity
identity RQTR™! = Q, with S = R, accessible through voltage- and current-mode measurements. To the
best of the authors’ knowledge, prior work has not exploited orthogonal transpose intertwiners to generate
physical adjoints on the same non-reciprocal hardware.

9.2 Nonlinear Schrodinger systems: time-reversal mirrors and intertwined reciprocity

The nonlinear part of Theorem 9.1 is proved in Appendix F.4.

Physical adjoint algorithm. The TRM generates the reversed background

w(7) = Qu(r). (90)

The experimenter must be able to apply the transformed drive and initial condition and measure the
resulting complex field. The transformations @ and S are known and constant during each experiment. If
either depends on the parameters, it must be recalibrated after an update. Run a nudged trajectory w¢
on the same hardware, with the explicit schedule evaluated at r and the applied drive

fe(r) = Of (r,py) — €QSq(7). (91)

The initial condition is

w(0) = Qu(T') + €iQSqr. (92)
The differential response gives the transformed adjoint,

d(7) := lim —WE(T) —w(r)

e—0 €

= 9Sc(7), c(t) =871 td(r). (93)
This construction is exact in the infinitesimal-nudge limit.

Example: PT7 symmetry. Let IT be a real signed-permutation parity involution. Parity enters through
the TRM, while no additional tangent intertwiner is used:

Q=1I, S=1, d = OSc =IlIc. (94)
Condition (81) is then the P7T covariance
F[IIu,ITu, pp,t| = OF[u, 1, pp,t]. (95)

The direct matching conditions between the physical tangent at the reversed background and the adjoint
tangent are

IIF , [IT4, ITu, pp, t]II = Fy[u, 4, pr, 17, (96)

IIF3[ITG, Iu, pr, (I = Fa[u, 0, pr, 1] . (97)
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Differentiating the P7T covariance shows that the left-hand sides are F, and Fyg, respectively. Equa-
tions (96) and (97) therefore reduce to conditions (82) and (83) with S = I. The covariance regenerates
the background but does not by itself impose these tangent conditions.

For the Kerr force in Eq. (56), the TRM condition requires K = ITKII, while tangent matching requires
Hermiticity, i.e. K = K”. The local Kerr terms satisfy both tangent conditions. The P7 mirror thus
permits a Hermitian coupling matrix whose complex coupling phases are reversed by the spatial inversion
I1. In contrast, with ordinary conjugation and S = I, background reversal requires K = K, while tangent
matching requires K7 = K; together they restrict K to be real symmetric. The recovered adjoint is
c =IId.

Example: a nonlinear Hatano—Nelson chain. Consider the open chain
KnJrl,n = Jnehn, Kn,n+1 = Jne_hn> Ky = Eny F, = (Ku)n + gn|un|2un7 (98)

with Jp, hn,€n, gn € R. Ordinary conjugation regenerates the nonlinear background, so @ = I. Define

Sun := diag(s1,...,SN), SZH = ¢2hn s1 > 0. (99)
n

The spatial inversion used above routes sources without amplitude weighting but requires mirror-tied
coefficients. In contrast, the diagonal choice satisfies SHNKTSIE%\I = K for arbitrary open-chain profiles
and commutes with the local Kerr terms, at the cost of site-dependent amplitudes. The Wirtinger Jacobians
are

Fy = K +2diag(gnlun|?),  Fa = diag(gauy)- (100)

The diagonal nonlinear terms commute with Sy, so Egs. (82) and (83) hold with S = Spn. The measured
perturbation is d = Syyc.

The diagonal intertwiner preserves the support of the nudge but rescales its amplitude at each site.
The adjoint is recovered as ¢ = Sﬁll\ld. If the hopping biases are trained, Syny must be recalibrated after
every update.

Literature. Dal Cin et al. [94] use an approximate intertwining relation for the scattering matrix lin-
earized about a nonlinear optical steady state; their two-measurement gradient is perturbative in both the
nonlinear response and the nudge amplitude. In concurrent numerical work, Li et al. [79] combine a PT
mirror with prescribed gain—loss compensation in nonlinear resonator chains, analogous to the damping
compensation in Sec. 5.2. Their gradients are exact in the infinitesimal-nudge limit.

9.3 Omnsager reciprocity

Omnsager reciprocity [104,105] is the special case in which the intertwiner comes from a physical mobility.
For real state variables, let the constant mobility satisfy V.= V7 = 0 and define the Onsager inner product

(x,y)y-1 =x ' Vly (101)
An operator K is V-reciprocal if it is self-adjoint in this metric,
VKTV~ =K. (102)

Equivalently, K = VH with H = H”. The same transpose identity gives S = V for linear Schrédinger
systems, including complex symmetric H. Here V is part of the dynamics. If the physical source enters as
f = Vj, setting j = —q produces the required applied drive —Vq. With d = V¢, the adjoint is recovered
as ¢ = V~!d. If the trainable parameters enter H and V is fixed, the weighting also cancels from the
gradient overlap,

2Re [¢"Kpu] = 2Re [d"Hpu] . (103)
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Natural source variables can therefore supply the Onsager weighting, and the overlap above does not
require explicit inverse weighting. For other parameter blocks, this cancellation need not hold. Symmetry
and positivity distinguish an Onsager mobility from a general intertwiner; neither is required by the linear
construction.

Nonlinear systems. A constant mobility also supplies a nonlinear tangent intertwiner. Let E[u,d] € R
be twice continuously differentiable and let V.= VT > 0 be constant. If

F = VFy, (104)

then Fy, = VEgy and Fg = VEgg. Reality of F makes Eg, Hermitian, while commuting Wirtinger
derivatives make Fyy symmetric. Hence

VFIV ' =F,, (105)
VF, V! = Fq, (106)

so Egs. (82) and (83) hold with -
S=V. (107)

For a real symmetric mobility, S = V. This supplies the tangent intertwiner; the TRM condition (81)
remains independent. The physical perturbation and adjoint recovery are given by Eq. (93). Constancy of
V is essential here, but positivity is not needed for the intertwining identities.

The nonlinear Hatano—Nelson chain (98) has the form (104) with V = Syn, while ordinary conjugation
independently supplies its TRM.

For real stationary gradient flows, F = VE, with constant V = V7 = 0, the nudge is ¢ VP, and the
adjoint is

u*é _ u*

a=V'lim—F. (108)
e—0 €
Positive definiteness makes both free and nudged relaxation descend the tilted energy in the V~! metric.
A stable operating point and continuation on the same solution branch are still required.
Appendices D.1 and D.2 derive the real second- and first-order constructions. Appendix D.2.1 gives

the RC-network realization, where current and charge ports supply the weighting.

10 Conclusions

We have unified a broad range of formally exact physical gradient methods [20-24, 26,29, 34-38, 43] using
the adjoint method from PDE-constrained optimization. We have clarified that linear and nonlinear
systems behave fundamentally differently and are governed by different sufficient conditions for obtaining
the adjoint field on the same hardware. For linear systems, reciprocity is sufficient and the adjoint follows
from a single finite-amplitude experiment, whereas nonlinear trajectory systems additionally require a
time-reversal mirror, reciprocity of the linearized dynamics, and infinitesimal nudging. For stationary
problems, the framework covers Equilibrium Propagation, Quantum Equilibrium Propagation, and in situ
gradients in Helmholtz-type systems.

We have further shown that reciprocity is only the simplest instance of more general intertwining
conditions. For linear systems, it suffices that the forward operator and its transpose are related by
a known, invertible transformation that is constant during each experiment. This recovers fully forward
mode training through spatial symmetries and permits exact physical gradients in a class of non-Hermitian,
non-reciprocal systems. For nonlinear trajectories, the construction also requires a generalized time-reversal
mirror to regenerate the reversed background and an independent intertwining condition that matches the
tangent dynamics to the adjoint. The gradient is then obtained in the infinitesimal-nudge limit. Examples
include PT-symmetric systems and linear and nonlinear Hatano—Nelson chains [42]. Onsager reciprocity is
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the special case in which a constant physical mobility supplies the intertwiner, for both linear and nonlinear
dynamics. It also covers stationary gradient flows near stable fixed points, where no time-reversal mirror is
needed. The constructions allow explicit time dependence, with schedules replayed in reverse for trajectory
adjoints.

Because on-device gradients are far easier to obtain in linear than in nonlinear hardware, parameter
encoding (structural nonlinearity) [59, 60] and source-position encoding [58] are particularly attractive
routes to physical computing: the device computes nonlinearly in its inputs, yet its adjoint field, and
with it the gradient, remains accessible at finite amplitude and with damping present [36,106]. The non-
autonomous generalization makes the temporal modulation of the internal forces itself a trainable resource
and may thereby enable novel ways of computing with physical systems.

As discussed in Sec. 4, when the parameters enter the forward operators linearly, the gradient overlaps
are assembled entirely from measured trajectories and never reference the parameter values, so slow drift,
aging, and calibration offsets are absorbed automatically. What must still be known is the structure of the
model: which measured signals to pair, and where the trainable parameters sit in the equations of motion.
How accurately that structure must be known and how the gradients degrade when it is wrong remain
open questions.

Remark on concurrent work. Shortly after our manuscript appeared on arXiv, three works addressing
specific cases of physical backpropagation covered by our framework were posted: nonlinear stationary
wave scattering with a single nonlinear element by Guillamon et al. [75], PT-assisted trajectory learning
in nonlinear resonator chains by Li et al. [79], and time-domain adjoint experiments in linear RLC circuits
by Kwon et al. [71]. We discuss their relation to our results in the corresponding sections.
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A Derivation of the adjoint state equation and the gradient formula

In this appendix we derive the adjoint state equation and the gradient formula through the Lagrangian
method of PDE-constrained optimization [61,69], in the Lagrange-multiplier form that is standard for
time-dependent inverse problems [62]. The derivation is organized around a single object, the Lagrangian
L[u, b, A, i, p], viewed as a functional of independent arguments: the state trajectory u, the multipliers
b, A, p, and the parameters p. Every ingredient of the adjoint method is one of its partial derivatives:

e stationarity with respect to the multipliers, £, = 0, Ly = 0, £, = 0, recovers the forward problem
(state equation and initial conditions);

e stationarity with respect to the state trajectory, £, = 0, defines the adjoint problem;

e at a point where all four conditions hold, the remaining partial derivative Ly equals the total deriva-
tive dx/dp of the reduced cost, and evaluating it yields the gradient as forward—adjoint overlap
integrals.
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A.1 State equation

Let V be a real Hilbert space with inner product (-,-). Here V = R (a discrete system with N degrees of
freedom),

N
<X, Y> = Z TnYn = XTY- (109)
n=1
Let u be a path
u e C*([0,7], V), (110)

so that each u(t) € V. The state equation is

with parametrized initial conditions u(0) = ug(pw,), 0(0) = vo(pPy,). Here M(pas), D(pp) : V — V are
linear operators, F[-, pr,t] : V — V is a possibly nonlinear operator, and f : [0, 7] x RMs — V. We assume
that M(pyy) is invertible for all visited py;. Each term carries its own parameters p, € RM= for z €
{M,D,F, f,ug,vo}, collected into a single vector p = [Par, PD, PFs Pfs Pugs Pup) € RM with M =" M,.

We use round brackets for explicit parameter dependence, e.g. M(pas), and square brackets for func-
tional dependence, e.g. Flu].

A.2 Cost function
Given a path u € C%([0,T], V), we define the cost x : C?([0,T], V) — R by

T
x[u] = /0 o[Pu(t)dt + $[Pu(T), Pa(T)], (112)

where P is an orthogonal projector of the state onto output degrees of freedom, i.e. P = P = P2, and
0:V —-Rand¢:V xV — R are possibly nonlinear functionals.

A.3 Differentiability assumptions

The dynamics may be non-autonomous, so F carries an explicit time argument alongside its state and
parameter arguments. We require F to be C? in the latter two and continuous in ¢, and f to be C? in p.
The derivatives below are taken at fixed ¢, which we suppress in this subsection. Concretely, for each fixed
p the map u — F[u, p| has a Fréchet derivative Fy, : V' — V', a bounded linear operator satisfying

Flu+ ¢h, p| = Flu,p] + e Fy[u, p| h + O(£?) VheV, (113)

where Fy[u, p] € RVXN

is the Jacobian with entries <gi> Its adjoint FZ : V' — V is defined by

(x, Fuh) = (FIx, h) Vx heV. (114)

This identity is purely algebraic in V', so no boundary terms arise.
Analogously, for each fixed u the map p ~ F[u,p] has a derivative Fp(u,p) : R¥ — V (the N x M

matrix (gg)), and for each fixed ¢ the map p + f(¢,p) has a derivative f,(t,p) : R® — V. All these

derivatives exist and depend continuously on their arguments. By the Picard-Lindel6f theorem, the state
equation (111) then has a unique solution u(-; p) for each p, and this solution depends smoothly on p.
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A.4 Constrained optimization problem

The constrained optimization problem is the following.

Problem A.1 (Constrained optimization of a second-order ODE). Find

M(pu) a(t) + D(pp) u(t) + Flu(t), pr, 1] = £(t,ps), t€[0,T],
prené%[ X[u] subject to u(0) = up(puy),
il(O) = v0<pvo)‘
(115)

The adjoint method computes the gradient of the cost function, dx/dp, at the cost of one additional ODE
solve, independent of the number of parameters M. We can then solve the optimization problem, for

example, by gradient descent:

p%p—a;bgv (116)

where a > 0 is the learning rate.

A.5 The Lagrangian

We enforce the state equation with a multiplier path b € C2([0,T], V) and the two initial conditions with
multiplier vectors A, u € V', and define

T
Llu,b, A, p, p] 12/0 (b(t), M(par)u(t) + D(pp)u(t) + Flu(t), pr,t] — £(t, py)) dt
+ (A u(0) = ug(pug)) + (1, 1(0) = vo(puy)) + x[u].  (117)

This is a functional £ : C2([0,T],V) x C%([0,T],V) x V x V x RM — R,

The five arguments of £ are independent variables: L is defined on the full, unconstrained product
space. In particular, u is an arbitrary path and is not assumed to solve the state equation, while p enters
only through the explicit dependencies M(par), D(pp), F[-,pr, ], £(-;P), u0(Pug);: Vo(Pu,)- We may
therefore differentiate £ with respect to each argument separately, holding the other four fixed. These
partial (Fréchet) derivatives are denoted Ly, L, Ly, Lu, and L. We compute these derivatives in turn.

A.6 Stationarity with respect to the multipliers: the forward problem

The Lagrangian is affine in b, A, and u, so these three derivatives can be read off directly. Identifying
them with elements of the respective spaces through the inner product,

Lp(t) = Mu(t) + Du(t) + Flu(t), pr, i] — £(¢, py), (118)

and
Ly = u(O) - uO(p?m)v ﬁu = u(O) - VU(pUO)v (119)

so Ly = 0 holds if and only if u satisfies the state equation (111) on [0,77], and L) =0, £, = 0 if and only
if u satisfies the initial conditions.

Stationarity with respect to a multiplier thus recovers the constraint that the multiplier enforces, which
is the generic mechanism of Lagrangian relaxation. The three conditions together state that u = u(-; p) is
the forward solution.
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A.7 Stationarity turns the partial derivative into the gradient

Fix p and evaluate £ at the forward solution u = u(+; p). The constraint terms in (117) vanish, so

x(p) = Llu(:;p), b, A, u, p] Vb, A, . (120)

Since the multipliers are arbitrary in (120), we may let them, too, depend on p: pick any assignments b(-; p),
A(p), p(p) that depend differentiably on p (the adjoint state constructed below does). Differentiating (120)
with respect to p by the chain rule, one term per argument of £, gives

dx du db dA dp

=Luy—+Lp—+Lrx—+L

= —+ L 121
dp dp dp dp Hdp thp (121)

with every partial derivative evaluated at the point (u(-;p), b(:;p), A(pP), u(p), p). The left-hand side is
the total derivative of the reduced cost. The right-hand side contains partial derivatives of £ multiplying
the sensitivities of its arguments.

Now inspect (121) term by term. The three multiplier terms vanish because u(-;p) is the forward
solution: by Sec. A.6, Ly, = 0, Ly = 0, £, = 0 at this point, whatever the sensitivities db/dp, dA/dp,
dp/dp may be. The remaining obstruction is the first term. Computing the sensitivity du/dp requires
differentiating through the differential equation solver, with one linearized solve per parameter. The M
solves are in general prohibitively expensive. But it enters (121) only multiplied by £, and the multipliers
b, A, p are still free. If we choose them such that

Ly=0 at u=u(-;p), (122)

then du/dp is never needed, and
d
dx _ .
dp
the total derivative of the cost equals the partial derivative of the Lagrangian, which involves only the
explicit parameter dependence of M, D, F, f, ug, vo and is inexpensive to evaluate. The condition (122)
is a linear equation for (b, A, u). We now show that it has exactly one solution, the adjoint state.

b (123)

A.8 Stationarity with respect to the state: the adjoint problem
Let h € C%([0,7],V) be an arbitrary test path with no constraints at either endpoint, and compute

e Tim Llu+¢eh, b, A, u, p] — L[u, b, A, u, p] |
e—0 e

(124)
The Lagrangian (117) has three groups of terms. We vary each in turn.

(i) The constraint integral. Replacing u — u + ch and using the linearity of M, D and the differen-
tiability (113) of F gives the following variation of the first term of (117) (the drive f has no u-dependence
and does not contribute):

T . .
/ (b, Mh + Dh + Fh) dt. (125)
0

To read off conditions on b, all terms must appear as (-,h): we move the operators across the inner
product using (x, My) = (M”x,y) (and (114) for Fy), and move the time derivatives off h and onto b
via integration by parts, twice for the mass term and once for the damping term:
T . T . . X T
/ (M™b, h) dt :/ (M™b, h) dt + [<MTb, h) — (M”b, h>}0, (126)
0 0
T . T . T
/ (Db, h) dt = — / (D™b, h) dt + [<DTb, h>}0 (127)
0 0

40



Combining these terms gives the variation of the constraint integral:

T .. . . . 1T
/ (M7H — DTb + FZb, h)dt + [(D”b — MTb, h) + (M”b, h>}O (128)
0
(ii) The initial-condition multiplier terms. Under u — u + ¢h, the variation is simply

(A, h(0)) + {u, h(0)). (129)

(iii) The cost. The differentiability of # and 1, together with PT = P, gives the cost variation:

T
| B0 )+ (P, b)) + (P (). (130)
0

The full variation. Adding Eqgs. (128), (129), (130) and grouping terms by where h and h are evaluated
gives

T
Lyh = / M”b — Db + FLb + Pb,, h)dt
0

+ (DTH(T) — MTB(T) + Py, h(T)) + (MTb(T) + Pipy, h(T))
+ (MTb(0) — DTb(0) + A, h(0)) + (~MTb(0) 4 u, h(0)). (131)

Reading off the conditions. Since h is arbitrary and unconstrained at both endpoints, the values
h(t), h(0), h(0), h(T), h(T) can be chosen independently, so Ly = 0 requires each inner product in (131)
to vanish separately. The bulk term and the two terms at ¢ = T involve only b. Together they form a
terminal-value problem that determines b uniquely and defines the adjoint state.

Definition A.2 (Adjoint state for the second-order problem). The adjoint state b(t) € V associated
with Problem A.1 is the solution of the adjoint ODE

MTb(t) — DTb(t) + FL[u(t), pr,t] b(t) + Poy[Pu(t)] =0,  t€[0,T], (132)
a second-order ODE requiring two conditions, with the terminal conditions

MTb(T) = —Pipy[Pu(T), Pa(T)], (133)
M”b(T) = D'b(T) + Py [Pu(T), Pu(T)]. (134)

We solve the adjoint ODE (132) backward from 7' to 0 using these terminal conditions. This produces
b(0) and b(0), which in turn determine the multipliers via the two terms at ¢ = 0 in (131):

A =-M"b(0) + DTb(0), (135)
u=MTb(0). (136)

The adjoint ODE is linear in b (the nonlinear forces enter only through their Jacobian, evaluated along
the forward trajectory), its coefficients depend continuously on p, and (135)—(136) are explicit. Hence
(b, A, i) is the unique solution of £, = 0 and depends smoothly on p, as required in Sec. A.7.

A.9 The gradient

The gradient follows by evaluating the remaining partial derivative of £, namely Lp.
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Theorem A.3 (Adjoint gradient for the second-order problem). Let u = u(-;p) solve the forward
problem of Problem A.1 and let b be the adjoint state of Definition A.2. Then the gradient of the
reduced cost with respect to p is

dx T . .

% = /0 <b(t), My, i(t) + Dpyu(t) + Fpp[u(t), pr,t] — fpf (t, p)>dt
duo

" dpu,

(137)

dVO >

+(M”"b(0) - D"b(0) I

) — (M"Db(0)

Proof. With (b, A, ) chosen as in Definition A.2 and Eqs. (135)—(136), we have £, = 0, and the key iden-
tity (123) gives dx/dp = Lp. The explicit p-dependence of £ enters through M(pys), D(pp), Flu, pr, 1],
f(t,ps) in the constraint integral and through ug(py,), vo(Py,) in the initial-condition terms. The cost x
has no explicit parameter dependence. Differentiating each term at fixed u, b, A, p gives

duo dVo

m> — (K, m>- (138)

T

Lp = /0 (b(t), Mp,,u(t) + Dpyu(t) + Fpp[u(t), pr, t] — fp, (¢, p)) dt — (A,
Substituting the expressions (135)—(136) for A and p gives (137). O
Every quantity on the right-hand side of (137) is known: u(t) from the forward solve, b(¢) from the
backward solve, and the partial derivatives My, , Dp,, Fp, fp,, dug/dpy,, dvo/dpy, from the model.
The cost of evaluating (137) is one forward solve plus one backward solve, independent of the number of

parameters M.

If M and D do not depend on p and the initial conditions are p-independent, Eq. (137) reduces to

T
o= [ (0. By )~ (e p) . (139)

Interpreting (b,Fy). Recall that Fy, : RM — V is a linear operator, not an element of V', so the symbol
(b,Fp) is a shorthand for an M-component vector, to be read componentwise: for each parameter p;,
the partial derivative OF /Op; € V is a vector, and the j-th component of the gradient is the scalar inner

product
dx /T < OF of >
= = b(t), —[u(t),p| — =— (¢, dt. 140
pl) AR CCRS S OROR S (R) (140)

Equivalently, using the adjoint operator Fg : V — RM defined by (b, Fpq)v = (ng, q)gwm for all q € RM
the compact form is

dx T

i /0 (FLb(t) — £flb(t)) dt € RM. (141)
Hence ng is the M-vector obtained by multiplying the transpose of the N x M Jacobian by the N-vector
b. The same interpretation applies to the Fp,, M Dy, and £, terms in the full gradient (137).

Py PPD>
Direct optimization of initial conditions. Suppose a subvector of p encodes the initial state itself,
ie. up(Puy) = Puy With py, € V. Then duy/dpy, = Iy and dvg/dp,, = 0, so the ug-block of Eq. (137)
identifies the gradient directly:

dx

—= =MTb(0) — DTb(0). (142)
dllo

Analogously, if a subvector of p equals vy, then dvy/dp,, = Iy, dug/dpy, = 0, and

dx T
—— = —M"*b(0). 14
ve (0) (143)
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A.10 Integrating the adjoints forward in time

The adjoint problem of Definition A.2 is posed backward in time: the data (133)—(134) are imposed at
the final time and the ODE (132) is integrated from 7" down to 0. Physical hardware, by contrast, runs
forward. The change of variable t — T — ¢ removes the mismatch.

Define the forward-time adjoint field

alt):=b(T —t), alt)=-b(T—1t), Aa(t)=b(T 1), (144)

so that odd derivatives flip sign under the reversal and even ones do not. Evaluating the adjoint ODE (132)
at time T — ¢ and substituting (144) gives the forward-time adjoint equation

M7"a(t) + D a(t) + FL[u(T — t), pr, T — t] a(t) + Py [Pu(T — t)] = 0, t € [0,7]. (145)

Among the operators only the damping changes, —D7 — +D7, with mass and stiffness untouched. This
sign flip is the entire algebraic effect of time reversal on the dissipative term, and it is the origin of the
obstruction to a physical realization in dissipative systems studied in Appendix B. The linearization and
the source are now read along the reversed trajectory u(T" —t).

The terminal data are imposed at the reversed time ¢ = 0. With b(T) = a(0) and b(T") = —a(0), the
terminal conditions (133)—(134) become initial conditions,

M7a(0) = —Pyg[Pu(T), Pa(T)], (146)
M7a(0) = —DTa(0) — Py [Pu(T), Pu(T)). (147)
Likewise b(0) = a(T) and b(0) = —a(T), so substituting b(t) = a(T — t) throughout the gradient (137)

gives

dx T . .
= /0 (a(T = ), Mp,,ii(t) + Dy, (t) + Fp,[u(t), pr.t] -, (t,p) ) di

. duo dVO
— (MTa(T) + D a(T), >—<MTaT, > 148
(MTa(r) + DTa(r), G 1), o) (149)
Passing to forward time therefore does three things: it flips the sign of the damping operator, it reverses
the trajectory argument u(t) — u(7" —t) feeding the linearization and the source, and it turns the terminal
data at ¢t =T into initial data at ¢t = 0.
Egs. (145)—(148) are the adjoint problem and gradient formula quoted in the main text.

B Physical adjoint for nonlinear second-order systems: time reversal
and the damping obstruction

This appendix derives the nudged time-reversed dynamics quoted in Sec. 5, in particular the gain-flipped
perturbation equation (28), and proves the nonlinear part of Theorem 5.1. Throughout we use the forward-
time adjoint equation (4), which propagates with a damping term +D74, an internal-force linearization
FI evaluated along the time-reversed trajectory u(7T —t), the source (5), and initial conditions (6)—(7) set
by the terminal-loss derivatives Py, and Piy.

B.1 Time reversal requires removing or flipping the damping

Unlike the linear case, in the nonlinear adjoint (4) the field a propagates under F7 evaluated along the
reversed trajectory u(T —t). To access this linearization physically, we must first reproduce the reversed
trajectory on the device. Define

wt) =l —1t), wt)=-aT—t), wt) =alT—1. (149)
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Evaluating the forward state equation (2) at 7' — ¢ and using (149) gives the reversed state equation (24),
M (t) — Dw(t) + F[w(t),pr,T — t] — £(T —t,py) = 0, (150)

with initial conditions
w(0) =u(7), w(0) = —u(7T). (151)

The only difference from the forward equation (2) is the sign of the damping term: time reversal sends
Du — —Dw, because the first derivative is odd under ¢ — T — ¢ while the second derivative is even.
Reproducing w on the same hardware therefore requires either D = 0 or an experimental replacement
D — —D that turns damping into gain. We grant the latter possibility in the next subsection and show
that it still fails to deliver the adjoint.

B.2 The nudged response on the gain-flipped device

Suppose the gain flip D — —D can be realized, so that (150) runs on the device and produces the reversed

background w. On this same gain-flipped device we superimpose an infinitesimal nudge: a source in the

direction of the adjoint source (5) and a perturbation of the initial conditions in the directions of the

adjoint terminal data (6)—(7). The nudged field w® obeys
Mw(t) - DW(t) + F[w(t),pp,T —t| — £(T — t,ps) + POy [Pu(T — t)] =0, (152)
with initial conditions
we(0) = u(T) + ea(0), we(0) = —u(T) + €a(0), le] < 1, (153)
where a(0) and a(0) are obtained by solving the adjoint initial conditions (6)—(7):

a(0) = =M~ "Pyy, (154)
a(0) = —M ' [D"a(0) + Pipy] = M [DTM Py — Piy], (155)

where we set M? = M. The velocity nudge carries the damping contribution D”a(0) demanded by (7),
which drops out when D = 0. Write the differential response

dw(t) :=we(t) —w(t) = O(e). (156)
Expanding the internal force to first order,
Fw'pp, T —t] =F[w,pp,T —t] + Fu[w(t), pr,T — t] w(t) + O(||ow|), (157)

and subtracting the reversed state equation (150) from (152) gives the gain-flipped perturbation equa-
tion (28),

MéW (t) — DoW(t) + Fy[w(t), pr, T — t]6w(t) + e POy [Pu(T — t)] + O(€?) = 0, (158)
with initial conditions obtained by subtracting (151) from (153),
ow(0) = ea(0), dw(0) = ea(0). (159)

Because w(t) = u(T — t), the linearization Fy[w(¢t), pp,T — t] in (158) is precisely the time-reversed
Jacobian Fy[u(T —t), pr,T — t] appearing in the adjoint equation (4).
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B.3 Comparison with the adjoint equation: the damping obstruction

Introduce the rescaled response a(t) := dw(t)/e, which is O(1). Dividing (158)—(159) by € and letting
€ — 0 gives ) .
Ma(t) — Da(t) + Fu[u(T — t),pr, T — t]a(t) + POy [Pu(T —t)] =0, (160)

with a(0) = a(0) and a(0) = a(0), given by (154)—(155). We compare this term by term with the forward-
time adjoint equation (4),

MTa(t) + DTa(t) + FL [a(T — t), pr, T — t]a(t) + POy [Pu(T — t)] =0, (161)

whose initial conditions (6)—(7) the nudge (153) reproduces by construction. Matching the propagators
in (160) and (161) requires:

e Mass. M” = M, so the inertial operators agree.

e Stiffness. F. = F, along the reversed trajectory, so the two internal-force linearizations agree, i.e.
the tangent dynamics is reciprocal.

e Damping. The rescaled response carries —Dg, whereas the adjoint carries +D”a. For reciprocal
damping DT = D the two terms differ by 2Da, and they coincide only when D = 0.

Even after granting the gain flip needed to reproduce the reversed background, the damping enters the
nudged perturbation with the sign —D, the opposite of the +D” demanded by the adjoint. A discrepancy in
the propagator cannot be repaired by any choice of source or initial condition, so the same hardware cannot
simultaneously carry the reversed background and propagate the correct adjoint perturbation around it
unless the damping vanishes.

B.4 The undamped reciprocal case

Set D = 0 and assume M” = M together with FZ = F, along the trajectory. Then the reversed
background (150) runs on the same hardware, and the rescaled perturbation equation (160) coincides with
the adjoint equation (161), whose initial conditions the nudge already carries. Here (154)—(155) reduce to
a(0) = —M~!'Pyy and a(0) = —M~!Pt)y, the nudge quoted in the main text. By uniqueness of solutions,

a=a,i.e.
(t) —w(t
a(t) = lim YO =W Ly C -, (162)
e—0 €
The adjoint field is therefore the infinitesimal differential response of the nudged time-reversed trajectory,
and the gradient follows from the overlap integrals (8)—(13). This proves the nonlinear part of Theorem 5.1.

O]

C Mass-proportional damping

The obstruction established in Appendix B forbids damping in the nonlinear case because the nudged
response on the gain-flipped device propagates with —Da, while the adjoint requires +D”a. The special
case of mass-proportional damping reconciles the two. The construction still flips damping to gain, so the
adjoint propagates on a device other than the one that ran the forward pass, which places it outside the
same-device constructions of this article. The mechanism is instructive nonetheless.

Mass-proportional damping means

D =~M, ~v € R a known scalar. (163)

Because the damping operator is now a scalar multiple of the inertia, a single scalar exponential weighting
in time interchanges the damped and anti-damped equations while leaving M and the stiffness untouched.
We assume, as in Appendix B, reciprocity along the reversed trajectory, M7 = M and F. = F,. Note
that (163) makes D automatically reciprocal, D = yM7” = D.
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C.1 Exponential weighting interchanges damping and gain

With D = yM the forward-time adjoint equation (4) reads
Ma(t) +vMa(t) + Fy[u(T — t),pp, T — t]a(t) + POy [Pu(T — t)] =0, (164)

i.e. a damped linear oscillator for a. The gain-flipped device of Appendix B, by contrast, can only realize
the anti-damped perturbation dynamics

Ma(t) — yMa(t) + Fu[u(T — t),pp, T — t]a(t) + o(t) = 0, (165)
where o is the source we are free to apply. Substitute the exponential ansatz
a(t) =e a(t) (166)
into (164), using a = e "(a—~a) and & = e (a — 2va + v%a). The v2M contributions cancel and the
coefficient of a flips from 4+~ to —v, leaving

e~ [MA — M3 + Fuﬁ} + POy [Pu(T — t)] = 0. (167)

Multiplying by €7 shows that a obeys the anti-damped equation (165), provided the applied source is the
exponentially weighted adjoint source

o(t) = e POy [Pu(T —t)]. (168)

The mass and stiffness operators in (165) are identical to those of the device. The gain flip reverses the
sign of the damping, and the source carries the known scalar weight e’*. For an objective with only a
terminal loss (6 = 0), the source vanishes and no weighting of the drive is needed.

C.2 Initial conditions, recovery, and the physical algorithm

The ansatz (166) also maps the adjoint initial conditions (6)-(7) (with D = vM) onto conditions of the

undamped form for a. From a(0) = a(0) and a(0) = a(0) — va(0), the terms proportional to v cancel and
Ma(0) = ~Pya,  Ma(0) = ~Pyy, (169)

i.e. the same nudge directions as in the undamped case of Appendix B.4. The physically measured field
a is therefore obtained as in the undamped nonlinear construction, with the single modification that the
adjoint source is applied with the weight e?*. The true adjoint is recovered by undoing the weighting,

a(t) = e a(t) = et lim LD =WO Loy o, (170)

e—0 €

before substitution into the gradient overlaps (8)—(13). Equivalently, the weight can be carried directly into
the overlaps: since a(T —t) = e "T=Y&(T — t), each integrand acquires the known scalar factor e~7(T—%)

e.g.

dx T e
A [C T G 1), B[00, ], a7

which realizes the exponential time weighting referenced in Sec. 5. Concretely:
1. Run the forward dynamics and record u(t), then form w(t) = u(T —t).
2. Flip the damping to gain, D = yM +— —~yM, so the device reproduces the reversed background w.

3. On the same gain-flipped device, apply the TRM and nudge together: initialize with w¢(0) = u(7T") —
eM 1Py, and w(0) = —0(T) — eM~!Piy, drive with £(T — t) — €e?'POy[Pu(T — t)], and reverse
the explicit time dependence of F.

46



4. Measure a(t) = lim._o[w*(t) — w(t)]/e and form the adjoint a(t) = e~ 7*a(t).
5. Evaluate the gradient from (8)—(13), equivalently (171).

Two remarks. First, the construction requires 7 to be a known scalar: only then is e a scalar weight
that commutes with M and Fy, and leaves the stiffness untouched in (167). A damping operator D that is
not a scalar multiple of M would require a matrix exponential e~M7'Dt that does not, in general, commute
with F, and the obstruction of Appendix B returns. Second, as in the undamped case, this still requires
the gain flip to reproduce the reversed background. Mass-proportional damping only makes the subsequent
adjoint extraction exact, through the known exponential reweighting [81].

D Onsager reciprocity

Section 9 identifies Onsager reciprocity as a special case of the general intertwining construction. Here we
derive its second- and first-order real-valued forms. The physical field is the weighted adjoint d = Va.
Whether the gradient requires explicit recovery of a = V~!'d depends on how the trainable parameters
enter the dynamics.

D.1 Second-order real-valued systems
D.1.1 Assumptions

Consider the second-order system of Sec. 2, with constant mass and damping operators. Let V. = V7 » 0
be a constant Onsager mobility. We assume that all three forward operators are V-reciprocal,

vMTv—t =M, vD!v~! =D, VFIV-l=F,, (172)

with the last condition evaluated along the (time-reversed) forward trajectory. In the common symmetric
case M7 = M and D? = D, the first two conditions are the commutation relations MV = VM and
DV =VD.

The condition on Fy is the linearized form of an Onsager-symmetric gradient flow: if the internal force
derives from a scalar energy through the mobility,

F(u,pr) =V Ey(u,pr), (173)

then Fy = VEu, with the Hessian FEy, symmetric, so VFEV‘1 = VE?;HVTV_1 = VEuu = Fy, as
required. For a quadratic energy E = %(u, Hu) with H” = H this is the linear Onsager-reciprocal case
F = VHu. For nonquadratic F the dynamics is nonlinear, but the mobility is still constant and reciprocal.

D.1.2 The weighted adjoint
Recall the forward-time adjoint equation (4),
M"a(t) + DTa(t) + FL [u(T — t),pr, T — t]a(t) + POy [Pu(T — t)] = 0. (174)
Define the transformed field
d(t) := Va(t), equivalently a(t) =Vv7ld(). (175)
Substituting a = V~'d into (174) and multiplying on the left by V gives

(VM?'V1d + (VD'V ) d + (VFLV ) d + VPO, [Pu(T - t)] = 0. (176)
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By the V-reciprocity assumptions (172), the three conjugated operators collapse to the forward operators
M, D, Fy, leaving

Md(t) + Dd(t) + Fu[u(T — t), pr, T — t]d(t) + VPO, [Pu(T - t)] = 0. (177)

This is governed by the same linearized operator that the physical device realizes around the (time-reversed)
forward trajectory, as in the Euclidean case V = I, but with the adjoint source now carrying the weight
V.

The adjoint initial conditions (6)—(7) transform the same way. Substituting a = V~'d and multiplying
by V gives

Md(0) = — VP¢y [Pu(T),Pu(T)], (178)
Md(0) = — Dd(0) — VP [Pu(T),Pi(T)], (179)

again using (172). Thus d solves the forward-operator problem (177)-(179), with every adjoint source and
initial-condition kick simply pre-multiplied by V.

D.1.3 Physical realization and gradient recovery

Eq. (177) has the structure analyzed for V = I: it propagates under the forward M, D, F,,. The physical
constructions therefore apply unchanged to d:

e Linear V-reciprocal (F = VHu, with V-reciprocal M and D): d is obtained by a direct finite-
amplitude run of the same hardware, driven by the V-weighted adjoint source and initialized by (178)—
(179). As in the Euclidean case, V-reciprocal damping is permitted.

e Nonlinear gradient flow (F = VE,;, D = 0): d is obtained as the infinitesimal response of the
nudged time-reversed trajectory (Appendix B), now with the source and initial-condition nudges
pre-multiplied by V. If instead D = vM, the exponential reweighting of Appendix C also applies.

In both cases the measured physical field is d = Va. The Euclidean adjoint is
a(t) = v id(t), (180)

so the force-parameter gradient can be written directly in terms of the measured field as

d T
X = / (V'A(T —t), Fp, [u(t), pr, t]) dt. (181)
dpr 0
If F = VE, and V is independent of the parameters pr being differentiated, then Fp,. = VE,p,. Since
V is symmetric, the weighting cancels:

dx

R
dpr - /0 (V7HA(T —t), VEup,[u(t), pr.t]) dt

' (182)
N /0 (A(T —t), Eupy[u(t),pr,1]) dt.

These gradients therefore do not require explicit recovery of a. The same cancellation applies to source
parameters when f = Vj with fixed V, and to mass or damping parameters when their sensitivities carry
the same left factor V. Other parameter sensitivities and initial-condition gradients retain the weights in
the general formulas. If the differentiated parameter changes V itself, its derivative must also be included.
This distinction depends on the parameterization, not on the order of the dynamics.

This proves the second-order Onsager-reciprocal extension stated in Sec. 9 and generalizes Theorem 5.1.
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D.2 First-order real-valued systems

For the first-order system u + F[u,pp,t] — f = 0, assume VFEV‘1 = F, with constant V. = VT = 0.
Substituting d = Va into the first-order adjoint (211) and its initial condition gives

d(t) + Fu[u(T —t),pr, T — t]d(t) + VPO,[Pu(T — t)] = 0, (183)
d(0) = —VPy,[Pu(T)]. (184)

For linear F = K(¢)u, the device propagates d in one additional finite-amplitude run with applied drive
—VP0,, initial condition (184), and any explicit schedule reversed. The force-gradient cancellation (182)
applies here as well.

For nonlinear trajectories, Onsager reciprocity does not remove the time-reversal obstruction of Sec. 6.2.
At a linearly exponentially stable fixed point, the weighted nudge of Sec. 9.3 gives

Flu™,pr] — f + eVPYy[Pu™] = 0. (185)
Linearizing at the free fixed point and using V-reciprocity shows that

d* = lim - % — Va*, (186)
e—0 €
where a* is the static adjoint (282). For F = V E,, the static force-gradient overlap likewise reduces to
(d*, Eup) when V is independent of pp.
For F = VE, with constant V = VT = (0 and constant drive f, the free and nudged relaxations obey
1= —V(E), and descend the tilted energy in the V—! metric:

Ef(u) = E(u) —ul V7If 4 ep[Pu],

€ 187
o EvE) <0 e

A nondegenerate local minimum of E€ is a linearly exponentially stable operating point. Both phases must
still settle on the same stable branch.

D.2.1 Example: resistor—capacitor networks with heterogeneous capacitances

Let u(t) denote the node voltages of a passive resistor network with external current injections j(¢). Kirch-
hoff’s current law gives

Cu(t) + Gu(t) —j(t) = 0, c=c? o, G=GT, (188)
where C is the diagonal matrix of node capacitances and G is the conductance matrix. Define
V:=C, K:=VG. (189)

Then Eq. (188) becomes u+ Ku — Vj = 0. For heterogeneous capacitances, K is generally not symmetric,

but it is V-reciprocal:
VKTV =VvGT = VG =K. (190)

Write the distributed and terminal loss derivatives as
q(t) == Pby [Pu(T —t)], ar := Py [Pu(T)]. (191)

The transformed adjoint d = Va then obeys the circuit equations

Cd(t) + Gd(t) +q(t) =0,  Cd(0) = —qr. (192)
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Thus the physical adjoint run uses the current j(¥(t) = —q(t) and an initial capacitor-charge kick —qr-.
The circuit itself supplies the factors of V. The Euclidean adjoint is recovered as a = V~!d = Cd.

For the conductance gradients, hold the capacitances fixed and let g. be the conductance of an edge
e = (m,n). With the incidence vector £, = e, — e, and G, = £.£., Eq. (182) becomes

d T
X _ / a(T — 1)'VG, u(t) dt
dge 0

T (193)
= /O [di (T — t) = dp (T — t)] [um (t) — un(t)] dt.
Thus neither source preparation nor evaluation of the conductance gradients requires digital multiplication
by V. Gradients with respect to the capacitances must be treated separately.
The same metric applies to reciprocal nonlinear circuit elements whose current—voltage laws derive from
a co-content function £(u) [46]:

Ci+&(u)—j=0, F(u)= V&) (194)

Under the fixed-point assumptions above, the V-weighted nudge (185) is implemented by changing the
applied current to j¢ = j — ePyy[Pu*]. This gives the Onsager-weighted Equilibrium Propagation con-
struction. It does not provide a same-device adjoint for nonlinear first-order trajectories.

E Adjoint state equation and gradient for first-order systems

We derive the first-order adjoint equation (36) and the associated gradient formula quoted in Sec. 6.
The derivation follows Appendix A step for step: the Lagrangian is again a functional of independent
arguments, and each of its partial derivatives supplies one ingredient of the method. Stationarity in the
multipliers returns the forward problem, stationarity in the state defines the adjoint problem, and the
remaining explicit parameter dependence is the gradient. Two things are simpler here. The first-order
problem carries a single initial condition, hence a single initial-condition multiplier, and its constraint
integral needs only one integration by parts. We reuse the differentiability assumptions of Appendix A.

E.1 Constrained optimization problem
The forward dynamics is the first-order system (35),
u(t) + F[u(t), pp,t] —f(t,ps) =0, t €[0,T], u(0) = up(Puyy), (195)

with u € C1([0,T],V). The cost has trajectory and terminal parts. The terminal part depends on u(7T)
alone, since the full state of a first-order system is the position itself:

T
X[u] = /0 0[Pu(t)] dt + o [Pu(T)]. (196)

The cost evaluated on the forward solution defines the reduced cost x(p) := x[u(-; p)], and the optimization
problem is the following.

Problem E.1 (Constrained optimization of a first-order ODE). Find

u(t) —iF[u(t),pF,t] —f(t,py) =0, te[0,T7, (197)

min x[u] subject to {
u(0) = uo(Puy)-

pERM
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E.2 The Lagrangian

We enforce the state equation with a multiplier path b € C*([0,T],V) and the initial condition with a
multiplier vector A € V', and define

T
Llu,b, A, p] := /0 (b(t), u(t) + Flu(t), pr,t] — £(t,ps)) dt + (X, u(0) — uo(puy)) + x[ul. (198)

As in Appendix A, the four arguments of £ are independent: u is an arbitrary path, not assumed to
solve the state equation, and p enters only through the explicit dependencies F[-,pr, -], f(-,pf), uo(Pu,)-
We may therefore differentiate with respect to each argument separately, and the derivation consists of
computing the four partial derivatives Ly, Lx, Ly, Lp in turn.

E.3 Stationarity with respect to the multipliers: the forward problem

The Lagrangian is affine in b and A, so both derivatives can be read off directly. Identifying them with
elements of the respective spaces through the inner product,

Ly (t) = u(t) + Flu(t), pr,t] — £(t, py), Lx =u(0) —up(pPuy), (199)

so Ly, = 0 holds if and only if u satisfies the state equation (195) on [0,7], and £ = 0 if and only if u
satisfies the initial condition. Stationarity with respect to a multiplier again recovers the constraint that
the multiplier enforces. Together the two conditions state that u = u(-; p) is the forward solution.

E.4 Stationarity turns the partial derivative into the gradient

Evaluated at the forward solution, the constraint terms in (198) vanish, so x(p) = L[u(:;p), b, A, p] for
every b and A. Letting the multipliers also depend differentiably on p and differentiating gives one term

per argument of L:

dx du db dA

The two multiplier terms vanish by Sec. E.3, whatever the sensitivities db/dp and dA/dp may be. The
expensive sensitivity du/dp is multiplied only by Ly, while b and A are still free. Choosing them such
that £, = 0 therefore leaves the identity

dx
1 = Lo (201)

in which only the cheap explicit parameter dependence of F, f and ug appears.

E.5 Stationarity with respect to the state: the adjoint problem

Let h € C([0,T],V) be an arbitrary test path with no constraints at either endpoint. Varying u — u+ch,
and noting that the drive f has no u-dependence and does not contribute,

T T
Lyh = / (b, h+ Fyh)dt + (X, h(0)) + / (PO, h) dt + (Pipy, h(T)). (202)
0 0

The second-order case needed two integrations by parts; here, a single integration moves the derivative off
h:

T . T .
/ (b,h)di = — / (b, h) di + (b(T), h(T)) — (b(0), h(0)), (203)
0 0

and moving Fy across the inner product gives (b, Fyh) = (F1b, h). Grouping by where h is evaluated,
T
Lyh = / {(=b + FLb +Pby, h)dt + (b(T) + Pipy, h(T)) + (=b(0) + X, h(0)). (204)
0
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Since h is arbitrary and unconstrained at both endpoints, £, = 0 requires each inner product to vanish
separately. The bulk term and the term at ¢t = T involve only b. Together they form a terminal-value
problem that determines b uniquely and defines the adjoint state.

Definition E.2 (Adjoint state for the first-order problem). The adjoint state b(t) € V associated
with Problem E.1 is the solution of the adjoint ODE

—b(t) + FL [u(t), pr,t]b(t) + POy [Pu(t)] =0,  t€[0,T], (205)
with the single required terminal condition

b(T) = —Pyu[Pu(T)]. (206)

We solve the adjoint ODE (205) backward from T to 0 using this terminal condition. This produces b(0),
which in turn determines the multiplier via the term at ¢t = 0 in (204),

A =Db(0). (207)

The adjoint ODE is linear in b, its coefficients depend continuously on p, and (207) is explicit. Hence
(b, A) is the unique solution of £, = 0 and depends smoothly on p, as required in Sec. E.4.

E.6 The gradient

Both remaining partial derivatives are now in place, and evaluating £, gives the gradient.

Theorem E.3 (Adjoint gradient for the first-order problem). Let u = u(-; p) solve the forward problem
of Problem E.1 and let b be the adjoint state of Definition E.2. Then the gradient of the reduced cost
with respect to p s

d T
%: /0 (b(t), Fpp[u(t),pr, 1] — o, (t, py)) dt — (b(0), F5). 2,

Proof. With (b, A) chosen as in Definition E.2 and Eq. (207), we have £, = 0, and the key identity (201)
gives dx/dp = Lp. The explicit p-dependence of £ enters through F[u, pr,t] and f(¢, py) in the constraint
integral and through ug(py,) in the initial-condition term. The cost x has none. Differentiating each at
fixed u, b, A and substituting A = b(0) gives (208). O

As in the second-order case, every quantity on the right-hand side is known: u(t) from the forward
solve, b(t) from the backward solve, and the parameter sensitivities from the model. The computational
cost is one forward solve plus one backward solve, independent of the number of parameters M.

Direct optimization of the initial condition. Suppose a subvector of p encodes the initial state
itself, i.e. ug(Puy) = Pu, With py, € V. Then dug/dp,, = Iv, and the ug-block of Eq. (208) identifies the
gradient directly:
dx
duo
that is, minus the initial-condition multiplier, which is the M = 0, D =T case of Eq. (142).

= —b(0), (209)
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E.7 Integrating the adjoint forward in time

The adjoint problem of Definition E.2 is posed backward in time, while physical hardware runs forward.
As in Sec. A.10, the change of variable ¢t — T — ¢ removes the mismatch. Define the forward-time adjoint
field .

a(t) :=b(T —t), a(t)=—-b(T —1t). (210)
Evaluating the adjoint ODE (205) at time 7" — ¢ and substituting (210) gives the forward-time adjoint

equation
at) + FL[u(T —t),pr, T — t]a(t) + POy [Pu(T —t)] =0,  te€0,T]. (211)

Under the reversal the derivative term changes sign, —b — 4a. This is the M = 0, D = I instance
of the flip —D? — +DT of Sec. A.10, and it gives Eq. (211) the same sign pattern as the state equa-
tion (195). Apart from this, the reversal only means that the linearization and the source are read along
the reversed trajectory u(7 — t), with the explicit time dependence of F replayed as t — T — t. The
terminal condition (206) becomes an initial condition at the reversed time ¢ = 0:

a(0) = =Py [Pu(T)]. (212)
Likewise b(0) = a(T'), so substituting b(¢) = a(7" — t) throughout the gradient (208) gives

d T
i = /0 (alT — 1), Fp.[u(t), pr.1] — fp, (1, pf)) dt — (a(T), o). (213)

Eqgs. (211) and (212) are the adjoint equation (36) with the source and initial condition (37) quoted in
the main text. They are likewise the first-order analogues of the second-order results of Appendix A, and
follow formally from them by the overdamped reduction M =0, D = 1.

F  Wirtinger derivation of the Schrodinger adjoint

We derive the Wirtinger adjoint state, gradient, and forward-time conjugated field used in Sec. 7 from an
augmented Lagrangian in which u and U are treated as independent variables [107]. The derivation paral-
lels the real first-order case of Appendix E. The only new ingredient is Wirtinger calculus [86]. Wirtinger
variables are natural here because real-valued objectives of complex fields are generically non-holomorphic:
the variation of the cost depends on both du and éu. This viewpoint is standard in complex optimiza-
tion, where one treats a complex variable and its conjugate as formally independent variables to obtain
stationarity conditions and descent directions [66—68]. For time-dependent complex dynamics, the same
variational structure appears in quantum optimal control, where the Schrodinger equation is imposed by a
complex Lagrange multiplier and stationarity of the augmented functional yields a terminal-value adjoint
equation [64]. A rigorous PDE-constrained optimization formulation in complex Banach spaces, including
semigroup Schrodinger equations and first- and second-order optimality conditions, was developed in [65].
Our derivation follows this complex Lagrangian/Wirtinger viewpoint, but is specialized to the adjoint field
and forward-adjoint overlap gradients needed for the physical backpropagation constructions in Sec. 7.

F.1 Problem and conventions

The state obeys the Schrodinger-type system (41),

ifl(t) + F[u(t)aﬁ(t)a Pr, t] - f(ta pf) = Oa u(O) = uO(puo)v (214)

with u € CV, real parameters p, and a real-valued cost
T
x[u] = / 0[Pu(t), Pu(t)] dt + ¢ [Pu(T), Pu(T)]. (215)
0
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We use the Hermitian inner product (x,y)c = X'y, treat u and U as independent, and write the two
Wirtinger Jacobians Fy and Fgy. Since 6 and 1 are real, 6y = 0 and ¥y = g, and, for an arbitrary
variation h of u, the first variation of the (real) cost is

T
6x = 2Re| /0 (Pl h)g dt + (P, h(T))c|. (216)

Problem F.1 (Constrained optimization of a Schrédinger-type system). Find

ia(t) + Flu(t),a(t), pp,t] — £(t,ps) =0, te[0,T),

217
u(0) = ug(Pup)- )

min x[u] subject to {
P

F.2 Augmented Lagrangian and the Wirtinger adjoint

Introduce a complex adjoint field b € C1([0,T],C") and an initial-condition multiplier A € C", and pair
the complex constraint against them through 2 Re so that the Lagrangian is real,

T
L=x+ 2Re/ (b(t), iu+F — f>(C dt + 2Re(X, u(0) — u0>(c. (218)
0

The Lagrangian is affine in b and A, which enter only through the real pairing, so those two derivatives
can be read off as the residuals they multiply,

Ly (t) =iu(t) + F[u(t),ﬁ(t),pp,t] —f(t,py), Lx =u(0) —up(puy)- (219)

A real pairing 2 Re( -, X)¢ that vanishes for every complex direction forces X = 0, since a direction and its
multiple by i recover the real and imaginary parts separately. Hence £, = 0 holds if and only if u satisfies
the state equation (214) on [0,T], and £ = 0 if and only if it satisfies the initial condition. Stationarity
in the multipliers returns the forward problem, as in the real case.

Evaluated on that forward solution, the two constraint pairings vanish and £ = x(p). Letting the
multipliers also depend differentiably on p and differentiating gives one term per argument of £, with each
product denoting the real pairing of a derivative with a sensitivity:

g; _ﬁugg+£bf£+£>\$+ﬁp' (220)
Here L, is the state derivative: its real pairing with a variation h gives the first variation computed
below. Because that pairing is taken under 2 Re, it includes both the u and the u contributions, and no
separate condition in U is needed. The two multiplier terms vanish by the previous paragraph, whatever
the sensitivities db/dp and dA/dp may be, and the expensive sensitivity du/dp is multiplied only by L.
Choosing b and A so that £, = 0 therefore leaves the key identity

dx _

=Ly. 221
o = Lo (221)

To impose stationarity of £, we vary u — u +ch (with the accompanying conjugate variation h). The
first variation 0L is the coefficient of €. The linearized residual is ih + Fyh + Fgh. Combining this with
the cost variation (216) gives

T
L =2 Re/ (b, th 4+ Fyh + Fgh) dt + 2Re(X, h(0)) . + 0x. (222)
0
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To read off the stationarity conditions we move every term onto h. The h contribution is folded onto h

under the real part, B B
2Re(b,Bh). = 2Re(B"b,h), (223)

applied with B = Fy, while the holomorphic term moves through the Hermitian adjoint, 2 Re(b, Fyh)¢ =
2 Re(ﬁTb, h)c. The only time derivative is integrated by parts. Writing (b, ih)¢ = (—ib, h)c,

T ) T
2Re / (b,ih)c dt = 2Re / (ib, h)¢ dt+2Re[(—z’b(T),h(T))C —(—ib(0),h(0))c|.  (224)
0 0

Every surviving factor of i originates from this step. Substituting (216)—(224) into (222) and grouping by
where h is evaluated,

T
oL = 2Re/ (ib+ Fy b+ FLb + Py, h) . dt
0
+ 2Re(—ib(T) + P, h(T)). + 2Re(ib(0) + A, h(0)).. (225)

Since h is arbitrary and unconstrained at both endpoints, £, = 0 requires each bracket to vanish separately.
The t = 0 term fixes the multiplier A = —ib(0), while the bulk and ¢ = T" terms define the adjoint state.

Definition F.2 (Wirtinger adjoint state). The Wirtinger adjoint state b(t) € CV associated with
Problem F.1 is the solution of the backward-time ODE

ib(t) + Fu b(t) + FLb(t) + Pog[Pu(t), Pu(t)] =0, (226)

with the Wirtinger Jacobians evaluated at (u(t),u(t)), and the terminal condition

b(T) = — i Pyg[Pu(T), Pu(T)]. (227)

Theorem F.3 (Wirtinger adjoint gradient). Let u solve Problem F.1 and b be the adjoint state of
Definition F.2. For real parameters p, the gradient of the cost is

dx B . .
0 2R / (b(t), Fp, [u(t), W(t), pr. ] — £, (£ Py))g dt + 2Re(ib(0), ugp, Yoo (228)
P 0

Proof. With b and A chosen as in Definition F.2, we have £,, = 0, and the key identity (221) gives
dx/dp = Lp. The explicit parameter dependence of (218) enters only through F(pr) and f(py) in the
constraint pairing and through ug(p,,) in the initial-condition pairing, giving £, = 2Re fOT (b,Fp, —
fp;)cdt — 2Re(X, ugp,, )c. Substituting A = —ib(0) yields (228). The external drive enters the residual
as —f, so its gradient carries the opposite sign to the internal force, and the initial-condition term carries
the explicit factor ¢ inherited from A = —ib(0). O

F.3 Forward-time conjugated adjoint

The adjoint of Definition F.2 runs backward. For a physical realization, we use the conjugated time-reversed

field c(t) := b(T —t). Evaluating (226) at T' — ¢, using b(T" — ¢t) = —¢(t), and complex conjugating the
entire equation gives the forward-time equation (42),

ie(t) + FL[u(T —t),u(T —t),pp, T — t]c(t)

T (229)
| <(t) + POy [Pu(T —t),Pu(T —t)] =0,

+ Fg[u(T —t),u(T —t),pr,T —t

95



where we used 0z = 6y, with initial condition
c(0) = b(T) = i Pyy [Pu(T), Pu(T)]. (230)

Conjugating term by term flips the signs in front of the Wirtinger Jacobians, which is why the conjugated
field ¢, rather than b, can be propagated on the same hardware. The raw adjoint is recovered by b(t) =

c(T —t). Substituting into (228) gives the gradient overlaps quoted in Sec. 7 in terms of the measured
field,

de — 2Re / (T 1), Fp, [u(t), u(t), pr. ) dt, (231)
dT)f = —2Re/ <c fo,(t, Py >(c dt, (232)
diio = 2Re(ic(T), upp,, )e- (233)

F.4 Proof of the nonlinear intertwined-adjoint construction

We prove the nonlinear part of Theorem 9.1. Let 7 denote time in the reversed experiment and set
r =T — 7. Use the loss data q(7) and qr from Eq. (78), and abbreviate the forward-trajectory Jacobians
by

A(r):=Fy [u(r), u(r), pp,r], B(r) := Fﬁ[u(r), u(r), pF,r]. (234)
The forward-time conjugated adjoint (42) is

ic+ A(r)Tc+B(r) c+q=0,

) (235)
c(0) = iqr.
Set d = QSc. Multiplying Eq. (235) by QS and using Eqgs. (82) and (83) gives
id+ QA(r)Q 'd+ QB(r)Q 'd+ QSq =0, (236)

No time-reversal identity has been used in this step. The matrix S acts only on the adjoint tangent
equation.
Condition (81) now supplies the TRM. Define

w(T) := Qu(r). (237)

Evaluating the forward equation at r, complex conjugating it, and multiplying by Q gives

iw(r) + F[w(r),w(r),pr,7] — Qf (r,ps) = 0,

238
w(0) = Qu(T). (238)

The two Wirtinger variables are independent. Differentiate Eq. (81) first with respect to @ and then
with respect to u. Evaluated along the forward trajectory, the two derivatives are

Fu[w(r),w(7),pr, 7| Q = QA(r),
Fg|w(r), w(7),pr,7|Q = OB(r).

(239)

The force covariance must therefore hold on an operating domain rather than only at isolated points of
one trajectory.
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Run the same system with

iw (1) + F[w(r),w(r), pr, 7]

— [Qf(rpy) - €@Sq(r)| = 0, (240)
w(0) = w(0) + €iQSar.
The applied nudge is —e9Sq because the external drive enters the residual with a minus sign.
Let 0w := w®—w. Subtract the unnudged equation and expand F to first order. Continuous Wirtinger

differentiability implies differentiable dependence on € on every interval where the perturbed trajectory
remains in the operating domain. Using Eq. (239),

iow + QA(r)Q *ow + OB(r)Q 'dw + €QSq + o(e) = 0,

(241)
dw(0) = €iQSqr.
Divide by € and take the limit. The resulting initial-value problem is Eq. (236), so uniqueness gives
€ —
d(r) = lim WD =W oge(r),  e(r) = S-10ld(r). (242)
€E—> €

Thus both transformations are undone, in reverse order, when the adjoint is recovered from the measured
response. ]

G Second-order systems: gyroscopic P7 mirrors

For an undamped gyroscopic system, the background mirror and tangent matching can also be treated
separately. Let r := T — 7 and consider

Mii + Gu + Flu,pp,t] =f(t), M =M, G =-G. (243)

Gyroscopic terms describe Coriolis forces, Lorentz forces on charged lattices, and the dynamics of gyroscopic
metamaterials [97]. Let II = II” = IT~! be a real spatial mirror. Suppose

IIMII = M, IIGII = -G, F[IIu(t),pr,t] = OFu(t), pr,t] (244)
along the forward trajectory. Then
w(7) = ITu(r), w(0) = IMu(7), w(0) = —IIu(T) (245)

is generated on the same hardware by reversing the explicit schedule and applying the drive ITf(r).
Let N
J(t) := Fylu(t), pr,t, J(t) := Fy[ITu(t), pr, t].

With no additional tangent intertwiner, the required matching condition is
L) ()T = J(¢)”. (246)

If the force covariance in Eq. (244) holds throughout an invariant operating domain, differentiating it gives
J = IIJII, and Eq. (246) reduces to J* = J.
Define the adjoint source locally by

£oaj(7) = POy [Pu(r)].

The nudged drive is
£e(7) = IIf (1) — ellf,q;(7).
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The endpoint perturbations are
we(0) = w(0) + eITa(0), we(0) = w(0) + eITa(0),
where the gyroscopic adjoint data satisfy
Ma(0) = —Puy, Ma(0) = Ga(0) — Piy,. (247)
The loss derivatives are evaluated at the terminal forward state. The differential response is

d(7) = lim —We(T) —w()

e—0 €

= ITa(7), a =IId. (248)

This is a separate extension of the second-order adjoint derivation, not an application of the nonlinear
branch of Theorem 5.1.7
An additional tangent intertwiner can be included by setting d = IISa, where S is known, real,
invertible, and constant during the experiment. Under force covariance throughout an invariant operating
domain, the following conditions must hold for all £ along the forward trajectory and throughout the visited
trainable family:
SM”s™! =M, SsGTs ! = —@q, SJ's—!1=17.

The corresponding drive and endpoint perturbations are
£¢(1) = IIf (1) — elISE,qi(7),
we(0) = w(0) + eIISa(0), w(0) = w(0) + eIISa(0).

The adjoint is recovered as a = S™'IId.

H Free-space optics

Free-space diffractive optics. In the scalar, monochromatic, paraxial, and thin-element approxima-
tion, a free-space diffractive optical system is a linear Schrédinger-type system of the form considered in
Sec. 7, with the propagation coordinate z playing the role of time [109]. Starting from the scalar Helmholtz
equation and writing the field as a slowly varying envelope,

(V3 + 02 +kin(ri,2)) E(r1,2) =0,  E(ri,2z)=u(r;,2)e™, k= kono, (249)

the paraxial approximation neglects 9?u relative to 2ikd,u, giving

1
i0,u + ﬁvi + koAn(ry,z)| u =0. (250)

An ideal SLM plane at z = z; is modeled as a thin local transmission
u(zh) =mi(e)u(zy),  my(ry) = pi(ry)e® T = ¢l (251)

or equivalently as a delta-function potential, the form underlying split-step beam propagation [110],

i 1
i0,u + ﬁVi + Z aj(r1)é(z —zj)| u=0. (252)
J

3For the IT-only construction, a parity-odd velocity coupling N must satisfy both TINII = —N to reverse the background
and TINTII = N to match the adjoint. Together these imply N7 = —N. This excludes dissipative balanced gain and loss
from the IT-only construction [108]; an additional intertwiner may admit special cases.
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After transverse discretization this has the form treated in Sec. 7,

iu(z) + F(u,a,pr) =0, F(u, 1, pr) = K(z;px)u, (253)
with
1 iA .
K(zpx) = 5 Lo+ D Aj(pj)i(z—z),  Dj=e =diag(mji, ..., mn). (254)
J

The internal force (253) is linear and holomorphic: it does not depend on U, so Fig = 0 and the second
Wirtinger Jacobian drops out of every formula in Appendix F. Equivalently, the input—output map is the
usual free-space/SLM cascade [11]

A
U=P,,D,,Py_1Dm1--P1D;Py, P;=exp <i2:le> . (255)
For a reciprocal scalar discretization,
LT=L,, Aj=A; D]=D, (256)

Reciprocity therefore requires complex symmetry, not Hermiticity or unitarity. In particular, lossy or
linear-gain pixels with [mj;| # 1 are admissible even though generally

=T
D,D; #1L (257)

Accordingly, the physical adjoint experiment is the c-adjoint run of Appendix F, not a direct integration
of the backward Wirtinger adjoint b. In the linear reciprocal case the c-field obeys

i¢(2) + KT(L — z;pr)c(2) + Phu[Pu(L — 2), Pa(L — z)] =0, (258)

with initial condition

c(0) = i Py [Pu(L), Pu(L)] . (259)

Since KT = K, this is implemented by the same reciprocal optical system traversed in the reverse direction,
with the adjoint source and initial condition applied at the output side. The operator K” (L — z) places
the modulator planes at L — z;, in the element order realized by reverse traversal. The backward adjoint
is then recovered as

b(z) = ¢(L — 2). (260)

For parameters that enter only through the optical operator, the gradient of Theorem F.3 becomes

il;; =2Re /OL <m, Kp(z;pK)u(z)>(C dz. (261)

Pixel gradients. Each SLM pixel carries two trainable parameters, a phase and a log-amplitude,
mj; = eVt = pieidii, pji = €, aji = Gji — 1Vji, (262)

so that 7v;; < 0 describes an attenuating pixel, 7;; > 0 a linear-gain pixel, and a phase-only device is the
special case v;; = 0. Both gradients are obtained from the same pair of runs. We use the cascade to derive
the gradient because it exhibits the pixel dependence directly [21]. Letting E; be diagonal with a single
nonzero entry at pixel 1,

oU
0¢;i

Pm s Pj (l mﬂEz) Pj—l ce Po7 (263)
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and since E;D; = D;E; the phase and amplitude gradients are the two parts of one complex overlap at
plane 7,

Ix

a(ﬁji = 2Re [bz ul}z]’"’ (264)
Ox _ D w
e 2Im[b; ;] o+ (265)

Both fields must be evaluated on the same side of plane j, here the output side zj. The assignment of the
real and imaginary parts follows from the factor —i in b(L) = —i Pt¢g of Definition F.2, which rotates the
overlap by a quarter turn.

I Details for stationary problems
This appendix gives the derivations behind Sec. 8. The setting is the stationary problem
Flu, 1 pr] - f(ps) =0, (266)

with an invertible tangent operator at the solution. This includes static linear elasticity, linear resistor
networks, and frequency-domain scattering at a fixed drive frequency. We keep the complex-valued notation
throughout. Real problems are the special case treated in the last subsection. The loss is a real-valued
function of the measured field,

X=v []P’u, ]P’ﬁ]. (267)

Problem I.1 (Constrained optimization of a stationary system). Find

min w[Pu,}Pﬁ] subject to F[u,ﬁ, pF] = f(py), (268)
P

over the parameters p = [pr, pg] € RM.

The derivation follows the preceding appendices: the field equation is imposed as a constraint with an
adjoint multiplier. Stationarity with respect to the multiplier returns the field equation, while stationarity
with respect to the field yields the adjoint equation. The remaining explicit parameter dependence gives the
gradient as a forward—adjoint overlap. For frequency-domain problems this is the standard adjoint-variable
sensitivity construction used for Maxwell and Helmholtz systems [63].

1.1 The stationary adjoint

There is no time, hence no integration by parts and no boundary term, and the single algebraic constraint
carries a single multiplier. Pairing the residual through 2 Re gives

L[u,u,a,a,p|]=x+ 2Re<a, F[u,ﬁ, pp] — f(pf)><C’ (269)

a real-valued function of independent arguments in which u is an arbitrary field and is not assumed to
solve (266). The partial derivatives of £ below include the loss contribution.
Stationarity in the multiplier returns the constraint,

Ea:F[u,ﬁ,pF} —f(py), (270)
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s0 L4 = 0 holds if and only if u solves (266), since a real pairing that vanishes in every complex direction
forces the residual to vanish, as in Appendix F. At the solution, the constraint term vanishes and £ = x(p),
so differentiating with one term per argument of £ gives

dx du dua da da

:Lui"_ﬁﬁ +Ea%+£5%

= —_— . 271

The two multiplier terms vanish by (270), whatever the sensitivities of a may be. Computing du/dp would
otherwise require one stationary solve per parameter. It appears only multiplied by £, and its conjugate.
Choosing a so that Lz = 0, which by conjugacy also gives Ly = 0, therefore leaves the key identity
dx/dp = Lp, and that condition is what defines the adjoint. Writing the real pairing out,

2Re(a,F—f). =a' (F—f)+a’ (F—f), (272)

and collecting the terms that carry @, through the Wirtinger Jacobian Fy in the first term and Fg = Fy,
in the second,
Lg =Pyg[Pu,Pu] + Fy a+Fla (273)

Setting it to zero gives the adjoint.

Definition 1.2 (Stationary adjoint state). The adjoint state a € CV associated with Problem I.1 is
the solution of Li = 0, that is
Fu a+FLla—= —Pyqy[Pu,Pul, (274)

with both Wirtinger Jacobians evaluated at the solution of (266).

Theorem 1.3 (Stationary adjoint gradient). Let u solve Problem 1.1 and a be the adjoint state of
Definition 1.2. Then, for each parameter pp,,

dx
% = 2R,e<a, Fpm — fpm>(C‘ (275)

Proof. With a as in Definition 1.2 we have L5 = 0 and hence £, = 0, so (271) leaves dx/dp = Lp, and the
explicit parameter dependence of the Lagrangian (269) sits in F and f alone. O

1.2 Linear systems

For F = K(pk)u with invertible K, the Wirtinger Jacobians are F, = K and Fg = 0, and the adjoint
equation (274) becomes the Hermitian-adjoint system

K(pk)'a = — Pyg[Pu, Pal, (276)
and the gradients of Theorem 1.3 are
dx
— = 2 K 277
de Re<a’ PKU‘>(C7 ( )
dx
——= =-2R f, . 278
dpf e<a’ Pf>(C ( )

The conjugated equation (274) becomes

K(pk)' ¢ = — Py [Pu,Pu]. (279)
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For a reciprocal system, K” = K, so c is obtained by solving the same forward problem with the source
replaced by —Pvy, applied at the measurement degrees of freedom. In terms of that physically generated
field the gradients read

dx T

= 2 K 2
. Re[c pKu], (280)
dx T

—— =2 f,.|. 281
dpf Re[c Pf] ( 8 )

Eq. (279) is Eq. (68) of the main text, and (280)—(281) are the gradients (62)—(63) specialized to F = Ku.

1.3 Real fields: the static adjoint at a fixed point

When F is real and nonlinear, the trajectory-based construction is obstructed (Theorem 6.1 and Sec. 6.2).
What remains accessible is the fixed point of the relaxation

u(t) + Flu(t), pr] — f(ps) = 0,

with a time-independent drive and a terminal-cost-only objective (# = 0). We assume that the relaxation
converges to a linearly exponentially stable fixed point u*(p). The loss [Pu*| is measured after settling.
The relevant parameters are those entering the fixed-point equation. Parameters affecting only the initial
condition leave u* unchanged as long as the trajectory stays in the same basin of attraction. For real fields
the conjugations in the derivation above drop and the factor 2 Re becomes the Euclidean inner product,
so the adjoint equation (274) reduces to the following.

Definition 1.4 (Static adjoint state). The static adjoint a*(p) is the solution of

FI[u*(p), pr] a* + Py [Pu*(p)] = 0. (282)

No separate invertibility hypothesis is needed. Linearizing the forward dynamics about the fixed point
gives du = —F0u, so linear exponential stability of u* places the spectrum of Fy[u*, pr| in the open right
half-plane, Re \(Fy) > 0. In particular Fy is invertible, a* is the unique solution of (282), and u*(p),
a*(p) depend smoothly on p by the implicit function theorem.

Theorem 1.5 (Static adjoint gradient). Let u* be the linearly exponentially stable fixed point above,
so that Fy[u*, pr] is invertible, and a* the static adjoint of Definition I.4. Then

—~ = (a", Fp.[u"(p), pr] — fp,(Py))- (283)

Proof. The real instance of Theorem [.3. O

Relation to the time-dependent adjoint. The static adjoint is the time integral of the forward-time
adjoint of Appendix E. Take the forward system to be settled, u(t) = u* on the whole window, which
is the free phase of the protocol below. The linearization is then constant along the trajectory, and with
6 = 0 the running source vanishes, so (211) is the homogeneous relaxation

a(t) + FL[u*, prla(t) =0,  a(0) = —Pyy[Pu*],  a(t) = e Fula(0). (284)
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The spectrum of Fy, lies in the open right half-plane, so a decays to zero and its late-time value carries no
information. Its time integral does:

/ h a(t)dt = Fyla(0) = —F, T P, = a*, (285)
0

which is (282). Over a window long compared with the decay time, truncating the integral to [0, 7] makes
no difference. The two gradient formulas agree for the same reason: on the settled trajectory the second
factor in the integrand of (213) is the constant Fp.[u*, pr| — fp,(Py), so the time integral falls entirely
on the adjoint and returns a*, recovering (283). The initial-condition term drops out because a(7") has
decayed, matching the remark above that parameters entering only ug leave u* unchanged.

Physical realization: Equilibrium Propagation. The static adjoint (282) requires the transpose F,
which is generally not realizable on the same device. Reciprocity removes it: for FL = Fy, ie. F = Ey,
the static adjoint is the infinitesimal difference between the free fixed point and one nudged by the adjoint
source, a* = lim._,o(u* — u*)/e, the real-valued instance of Eq. (71). Both relaxations descend the energy
F tilted by the drive, with the second additionally tilted by ey. This gives the two-phase energy contrast
of Scellier and Bengio [29]. Substituting the difference of equilibria into Theorem 1.5 gives the learning
rule.

1.4 Layered photonic networks

Integrated photonic neural networks can be described as a sequence of frequency-domain optical solves and
elementwise activations. For £ = 1,..., L, write

Ky(p)ur = BeXy-1, (286a)
Z[ = Pgllg, (286b)
Xg = fg (Zf,i@). (286C)

Here K is the reciprocal frequency-domain operator of layer ¢, By injects the incoming modal amplitudes
into the device, and Py projects the internal field onto output modes. Eliminating the field gives the usual
layer transfer matrix

Zo=W/ X, 1, W;:=PK;'B,. (287)

Applying the Lagrangian construction to the three constraints in Eq. (286) gives three adjoint variables:
the optical adjoint field ay, the pre-activation error d;, and the output error «y,. Here we pair each residual
bilinearly, through 2 Re[a” ()] rather than through the Hermitian 2 Re(a, - )¢ used above. The two differ
only by conjugating the multiplier. The bilinear choice produces transposed rather than Hermitian-adjoint
operators, as realized by a reciprocal device. It is the layered counterpart of passing to ¢ = a in Eq. (279).
The backward equations are

Kja, =P[dy, (288)
—T

8= (fozve+ (fz e (289)

Y1 =Bia, v, =—vx,. (290)

Applied from ¢ = L down to 1, these equations implement physical backpropagation [23,39]: begin at
the output error 7v; = —ix,, pull it through the activation (289) to obtain dy, solve the adjoint field
equation (288) for ay, and read off the preceding layer’s output error v,_; = B] ay.

If the optical layer is reciprocal, K! = Ky, then Eq. (288) is a physical solve in the same device, excited
from the output side with source P} §,. Combining Egs. (288) and (290) gives

Y1 = B%KZTP?(SZ = WeT(sé- (291)
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Thus the physical adjoint solve implements the transpose of the forward optical map.
The parameter gradient follows from the explicit parameter dependence of the layer residuals:

=
M=

—— =2 Re

. a7 ((Ke)ppue — (Be)p, Xe-1) — 67 (Pe)p, e — 7 (fo)pra] - (292)

=1

When the trainable parameters enter only through the optical operators Ky, this reduces to the local field
overlap

L
dx T

—— =2 Re a; (Ky)p,, ue. 293

iy, ~ 2R D0 (<0, (209)
For a local permittivity perturbation in a phase shifter region, (Ky).,, is supported only on that region, so
Eq. (293) is measured by a local product of the forward and adjoint optical fields.

1.5 Equivalence with scattering-matrix learning rules

The learning rules derived for linear wave-scattering networks by Wanjura and Marquardt [36] express each
parameter gradient as a product of two measured scattering responses. We show that these two responses
are the forward and adjoint fields of Appendix 1.2, so that their rule is the adjoint identity evaluated at
individual ports.

Their neuron modes obey the coupled-mode and input—output equations

Ku = —iI'q, q°"" = Sq, S=1+TIgr, (294)

with q the probe amplitudes, I' = diag(,/k1, . .., /&N) the couplings to the probe waveguides, K = wI-H
and G = —iK~!'. The dynamical matrix H collects the detunings and couplings together with the decay
rates —%IQ, so K is symmetric without being Hermitian: the network is reciprocal, KT = K and G = G,
and the conjugated adjoint equation (279) applies.

Both fields are probe responses. Probing port p with unit amplitude, q = e,, the forward field is the
p-th column of G,

u=,/kp,Gep. (295)
The network output is a quadrature of the scattering amplitude recorded at port r, y = Re(ei¢Sr7p),

and Sy, = d,p + /Kr Uy, SO with the real weight X := 0x/0y the loss derivative entering (279) is ¢y =
%ei‘i"/ﬁr e,. Reciprocity then delivers the adjoint field as

N
c=-K iy, = —%e"z’\/ﬁger, (296)

the r-th column of the same G. The adjoint field is the device’s response to a probe at the readout port,
so both factors of the gradient are scattering measurements on the same hardware.

The gradient is their product rule. Let §,, be a trainable parameter of H, so that Ky, = —Hp,,.
Substituting (295) and (296) into the gradient (280) and using G* = G,
d 4
% = 2Re[c"Ky, u] = ARe [ewi, JFpfin (gHemg)W} . (297)
The bracket is the sensitivity of the scattering matrix itself: differentiating S = I+ I'GT with 9y, K~! =
K~ 'Hy, K~! gives
S,y .
877: = i\/Rphr (gHng)T’p, (298)

so (297) is the chain rule dx/df,, = (0x/0y)(dy/06,), with contributions from several outputs summed.
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Read at single ports. Inverting the input-output relation gives Gy, n = (Smn — Omon)//Embn, so the
overlap in (298) is a product of measured amplitudes. Writing E;, for the matrix whose only nonzero
entry is a unit entry at (j,£), an on-site detuning has Ha; = E; ; and

8S,, i
M; ~ (Srj = 0r3)(Sjp = Gjp), (299)

the response from the probe port to the perturbed site times the response from that site to the readout
port, while a reciprocal coupling has Hy,, = E; + Ey ; and

S, i

NG [(Srj = 0r3)(Sep = Oep) + (Sre = 6r0)(Sjp = 65p)], (300)
Js J

the sum over the two paths through the coupled pair. These are the learning rules of Ref. [36], written
here in terms of the measured amplitudes Sy, , — 6. Their rule is therefore an instance of the adjoint
method, in which the drive and the measurement each address a single port and the backward pass is a
second scattering experiment on the same device.

1.6 Tangent-space adjoint for quantum equilibrium states

Quantum Equilibrium Propagation (QEP) obtains a loss gradient from the response of ground-state ob-
servables to a Hamiltonian perturbation. The derivation below identifies this response with the constrained
stationary adjoint and relates its tangent reciprocity to the Onsager symmetry used in Ref. [31].

1.6.1 State equation and readout

Consider a quantum system with Hilbert space CV and Hamiltonian

——T
H(p)=> pjA;, p R, A; =Aj (301)
J

where the operators A; are independent of the trainable parameters. Inputs may enter through additional
parameters held fixed during a training step; these are suppressed here. Assume that H has a nondegenerate
normalized ground state u* with energy Ey and a positive gap A = E; — Ej to the first excited state. We
use (x,z)c = X' z.

The ground state satisfies the stationary equation
Flu,u,p] = H(p)Ju— E(u,u,p)ju=0, E=u"H(p)u, |[u|=1 (302)

On normalized states, F is the Rayleigh quotient. Its dependence on the state makes F nonlinear even
though H is a linear operator. Ground-state preparation selects the solution used for the computation.
The readout consists of expectation values of fixed Hermitian observables Oy:

ye(w, W) = (u,0pu)c €R,  y=19(y), O =0, (303)

The real, differentiable loss v has no explicit parameter dependence. For a rank-one projector onto a
measured degree of freedom, y, is the probability of that measurement outcome. In the first step of the
training, we evaluate the real-valued error signal v, := 99 /dy, at the free-state readout y(u*,u*). The
chain rule gives the adjoint source at the free state:

fagj = xu = Y 1y, Ou" =Bu*,  B:=) 1,0, (304)
)4 )4

Thus the source is the action of a Hermitian operator on the state. Its realization as a Hamiltonian
perturbation requires the system to implement the operators in B.
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1.6.2 Projected stationary adjoint

We introduce the real Lagrangian B
L=x+a'F+alF. (305)

To differentiate, we extend the polynomial expression for F to independent ambient Wirtinger arguments,
then restrict physical variations to the normalized state with its arbitrary overall phase chosen consistently
for nearby states.

Normalization imposes Re(u*, du)c = 0. Choosing the phase locally so that Im(u*, du)c = 0 removes
the unobservable phase, leaving

T={ueCV:(u* du)c=0}, Pr=I—uuw' . (306)
Consequently, the state and conjugate variations obey
du = Prdu, 6u = du = Prou = PLsu, (307)
where ET = Pr and Py = ]P’%F-.
Using the source (304), the constrained Wirtinger variation is
- 7 \T o
Sull = (fadj I Fﬁa) PY st
- 7 \1T
- []PT (fadj Y F. adt Fﬁa)} 5. (308)

All Jacobians here and below are evaluated at the free state unless otherwise specified. Requiring station-
arity for every admissible variation gives

P (ﬁTa 4+ Fla fadJ) —o0. (309)

Because L is real, the conjugate stationarity condition follows as well. The adjoint is chosen in 7, so
a = Pya: the component along u* does not contribute to its pairing with the tangent residual variation, as
the Jacobians below verify. This removes the multiplier redundancy; uniqueness also requires invertibility
on 7. Inserting this restriction and its conjugate gives the equivalent form

—_ T
PrF.Pr a+ (PrFaPL) &+ Prfy = 0. (310)

1.6.3 Projected Wirtinger Jacobians
At fixed parameters, the independent variations of E = u! Hu are
6uF =u'Héu, OgF = (Hu) ou (311)
The product rule gives the ambient Jacobians
Fo=H-FI-uu’H, Fyg=—u(Hu). (312)
Since Hu* = Eu*, Hermiticity also gives v H=FEw",so
T

Fo.=H-FI- Fu*v*', Fyg=-Fu'u’l. (313)

The constrained linearization projects the output onto 7 and restricts the two inputs to 7" and 7T, respec-
tively. Since P7u* = 0, both rank-one terms disappear:

P;F Py = Pr(H — EI)Pr,

314
PrFsPL = 0. (314
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The first projected Jacobian is Hermitian, because H and P7 are Hermitian and E € R; the second is the
zero matrix, which is symmetric. Explicitly,

1
Pr¥ P =PrF P, (315)
(PrFaPL)" = PrFgPL.

These are the tangent reciprocity conditions (64) of Theorem 8.1, restricted to the physical tangent space.
Substituting into (310) yields

Pr(H— ED)a+Prf,; =0, acT. (316)

1.6.4 Spectral-gap invertibility

Let {un}fyz_ol be an orthonormal eigenbasis, ordered by energy:
Hu,, = F,u,, up = u*, Ey=FE. (317)

For a nondegenerate ground state, 7 is spanned by the excited eigenvectors. Every du € 7T therefore
expands as du = ) - ¢y, and

Pr(H — E)Préu =Y (E, — Eo)cpuy. (318)
n>1

In particular, H — ET preserves 7T, so its restriction equals that of the projected operator. With A :=
FE, — Ey > 0, its spectrum and inverse norm are

spec( (H = ET)|p) = {Ey — Eohuz,  [|(H = EDI) 7| = a7 (319)

The inverse multiplies each u,, by (E, — Eg)~!, and its induced Hilbert space norm is the largest of these
positive inverse eigenvalues. The adjoint is then unique and can be written as

<un,fadj>(c -1
a= —; B la]] < AT Py faqll- (320)

The gap controls the inverse norm; the condition number of the restricted operator is (Enx_1 — Ep)/A.
A physical implementation also requires ground-state preparation for the free and nudged Hamiltonians.
The spectral gap of H does not by itself establish the exponential stability of that preparation dynamics
on physical states.
1.6.5 The Hamiltonian nudge generates the adjoint
With the error signal components fixed at their free-state values, the nudged Hamiltonian of Eq. (75) is
H =H+eB=H+e) 1,0,
¢

Let u®™* be its normalized ground state and write (C). := (u™*, Cu*)¢ for an operator C. The nudged

eigenvalue equation reads
(H+eB — EI)u™* =0, E. = (H).. (321)

Since E. = (H) + ¢(B),, this is equivalently

Flu"‘, u"¢ p] +¢B — (B) I)u™ = 0. (322)
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The expectation value subtraction accounts for the change in the ground state energy and projects the
nudge onto the normalized state’s tangent space.
The nondegenerate ground state and positive gap ensure a smooth branch for sufficiently small e. We

choose its phase smoothly so that (u*, u*€)c is real and positive. This is possible locally because the

overlap equals one at ¢ = 0. Differentiating the normalization gives Re(u*, d‘(‘l—?ém = 0, and the phase

S « dutcy
choice gives Im(u*, ®3—)c = 0, where

du*e du™€
i O(é?), v=2
€ de |,

eT. (323)

u"=u*+e

Subtracting the free stationary equation from Eq. (322) and retaining first-order terms yields

du®*® du**
F-
de + de

F. + (B — (B)oI)u* = 0. (324)

Projecting onto 7 and using Eq. (314) gives

*,€

du
Pr(H — EoI)Pr o

+ Pyfoq; = 0. (325)

This is the reduced adjoint equation (316). Invertibility on 7 therefore gives

*,€ K€ ok
az —lm T (326)
de |._g €0 €

The plus sign in the Hamiltonian perturbation agrees with the adjoint-source sign in the stationary La-
grangian.
1.6.6 The gradient overlap is an observable response

At the constrained stationary state, the adjoint cancels the state variation of £, so dx/dp; = 0L/0p;. The
loss has no explicit parameter dependence, and differentiating the residual at fixed state gives

Fp, = (A; — (Aj)oDu’. (327)
Hence, the stationary adjoint gradient is

9X _ 9Re(a, (A; — (A,)ol)u), = 2Rela, Aju’)c. (328)

dpj

The second equality uses (a,u*)c = 0. Hermiticity of A; and Eq. (326) give

d(A;)e du™e du™*
- Aju* “ A,
de e=0 < de e=0 i >C " <u Y de (5:0>C
dx
= 2Re(a,A;u’)c = -~ 329
(o, A} = X (329)
This proves the observable gradient formula (76) and the QEP rule of Ref. [31]:
d d{A ;). AHde— (A,
X _ < J> _ < ]) ( ])0 + 0(6) (330)
dp; de . €

The experiment measures the change in (A;), so it does not require phase-resolved measurements of either
the state or the adjoint. The gradient readout is local whenever A; is local: a two-site coupling requires
the correlator of the two sites it couples.
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1.6.7 Omnsager reciprocity

The static susceptibility symmetry was derived in the Supplementary Information of Ref. [31]. Here, we
recast this derivation in terms of the two projected Wirtinger conditions. Since IP)TFHIP’; = 0, the tangent
response has no conjugate-variation term and is governed solely by PrF,P7. We first define the reduced

resolvent operator:

G == [(PrFuPr)|,] ™ = [(Bol—H)|] ' =G, (331)

where the existence of the inverse follows separately from the positive gap (319) and Hermiticity follows
from that of the tangent operator P+F,P7. The Onsager reciprocity condition used in Ref. [31] is

O(Ay) _ O(A))
Op;j Ipy

(332)

where the expectation values are evaluated in equilibrium. To derive this reciprocity from the projected
tangent conditions (64), we choose the phase locally so that du*/dp; € T, and differentiate the ground-state
equation Hu* = Fyu* with respect to p;. Since 0H/0p; = A, this gives

ou* 0Ey ou*
= —u"+ F :
apj 8pj 0 8pj

Aju"+H (333)
Projecting onto 7 removes the energy derivative term because P7u* = 0. Using Prou*/0dp; = 0u*/0dpj,

we obtain .

ou
Pr(E I — H)P
7(Eo )Tapj

On T, the operator on the left has the inverse G defined in (331). Applying this inverse therefore yields

= PrAu*. (334)

ou*
— GPrA u*. 335
8pj J ( )
For the parameter-independent Hermitian operators A;, differentiating (A;)o = (u*, Aju*)c and us-

ing (335) gives

9(Aj)o . <au* A'u*> i <u* A8u*>
Opr, opr”" 7 /¢ Ok /¢
:2Re<Aju*,au>
Opx, C
= 2Re (P7A;u", GPrA u). (336)

The projector in the first argument may be inserted because the state derivative lies in 7. Hermiticity of
G on this space then allows it to be moved between the two arguments. Taking the real part and using
conjugate symmetry of the inner product yields

9{Aj)o
——— =2Re (GPrA;u*,PrA u*
apk e< T ]u , FrAagua >(C
= 2Re (PrA u*, GPrAu)
O(Ak)o
= . 337
o (337)

1.6.8 Finite nudges and measurement noise

A sufficient condition for staying in the perturbative regime is |e|||B|| < A, where the norm is the induced
Hilbert space operator norm. The free and nudged preparations must follow the same smooth ground-state
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branch. The inverse-norm bound (319) allows a larger response as the gap closes, so smaller nudges may
be needed near a phase boundary. Centered nudging reduces the finite-difference bias:
ax (A (A)

_ 2
T = o +0(e?). (338)

Both nudges use the same error signal from the free state. This requires two nudged preparation settings
in addition to the free preparation used to determine those coefficients.

For fixed error signal, independent estimates of each expectation value from M measurements with
single shot variance of order o? give a gradient estimator variance of order ¢?/(e?M). Decreasing |e|
reduces the finite-nudge bias but increases this variance.

J How to test a gradient: the Taylor test

The Taylor test provides a simple, model-agnostic check of an adjoint implementation and is widely used
in PDE-constrained optimization [111,112].

Let g := dy/dp denote the gradient produced by the adjoint procedure, and let v € RM be a random
direction (e.g. a Gaussian vector). For a small step size h > 0, define the zeroth- and first-order remainders

Ro(h) := |x(p+hv) — x(p)], (339)
Ri(h) = |x(p+hv) — x(p) — hig,V)|. (340)

A Taylor expansion of y about p gives
Ro(h) = hlg, V)| + O(h?),  Ru(h) = O(h?). (341)
The diagnostic is a log—log plot of Ry(h) and Ri(h) as h is swept through several decades:
e Ry should decrease with slope 1 in log h.
e R; should decrease with slope 2, provided g is the true gradient.

o If g is wrong, R; instead decreases with slope 1, and the curve typically transitions from a slope of 1
at large h to a noise-dominated floor at small h, producing the characteristic “hockey-stick” shape.

For very small h, R; becomes dominated by floating-point round-off in the forward evaluation. The Taylor
test should therefore be assessed using the slope over the regime where R; still decreases monotonically.

Figure 4 shows the test for the nonlinear Schrédinger example in the accompanying notebooks. Here
Ry(h) decreases with slope 1 as required by Eq. (341). For the correct, physically obtained gradient, Ry (h)
decreases with slope 2 over eight decades in h before saturating at the round-off floor of the forward solve.
For a gradient computed with the tangent reciprocity condition (A1) deliberately violated, R (h) decreases
with only slope 1, remaining parallel to Ro(h) rather than curving down to match the correct-gradient trend.
Each accompanying notebook reports this diagnostic for its adjoint implementation.

70



0 4
10 O Ro(h)
_o | 78 Ri(h), correct gradient
10759 —a— R, (h), (A1) broken
o 10—4 _
[}
E
=i —6
= 10
g
£ 1078 -
—
2
> 10—10 -
o]
&=
10712 -
10714 o evaluation noise floor

step size h

Figure 4: Taylor test for the nonlinear Schrodinger example, following Eqgs. (339)—(341). Circles: Ro(h),
decreasing with slope 1. Blue squares: R (h) for the correct, physically obtained gradient, decreasing with
slope 2 until it saturates at the round-off floor of the forward evaluation (faint markers). Red triangles:
Ry (h) for a gradient computed with condition (A1) broken, which decreases with only slope 1 and never
curves down to the correct gradient trend. Dashed lines are slope-1 and slope-2 references.
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