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I. HEISENBERG EQUATIONS OF MOTION

In this section, we present the Heisenberg equations of
motion in terms of flux variables [1, 2]. These equations
were derived before by the authors [3] (see App. A), but
the main steps are summarized below for clarity. The
flux variable is defined at any node n in terms of the
voltage at that node with respect to a fixed ground node

Φn(t) ≡
∫ t

0

dt′Vn(t′). (1)

The classical Lagrangian is the sum of the Lagrangians
for the Josephson junction, resonator, right and left
waveguides, capacitive coupling between the resonator
and the waveguides and the transmon-resonator capac-
itive coupling, respectively (let Uj(Φj) be the nonlinear
Josephson potential):

L =
1

2
CjΦ̇j(t)

2 − Uj(Φj(t))︸ ︷︷ ︸
Lj

+

∫ L−

0+
dx

[
1

2
c(∂tΦ)2 − 1

2l
(∂tΦ)2

]
︸ ︷︷ ︸

LRes

+

∫ ∞
L+

dx

[
1

2
c(∂tΦR)2 − 1

2l
(∂xΦR)2

]
︸ ︷︷ ︸

LRW

+

∫ 0−

−∞
dx

[
1

2
c(∂tΦL)2 − 1

2l
(∂xΦL)2

]
︸ ︷︷ ︸

LLW

+
1

2
CL

[
Φ̇L(0−, t)− Φ̇(0+, t)

]2
︸ ︷︷ ︸

LCL

+
1

2
CR

[
Φ̇R(L+, t)− Φ̇(L−, t)

]2
︸ ︷︷ ︸

LCR

+
1

2
Cg

[
Φ̇j(t)− Φ̇(x0, t)

]2
︸ ︷︷ ︸

LCg

,

(2)

From Eq. (2) one can derive, via a Legendre transforma-
tion followed by quantization [2, 4, 5], the Hamiltonian
operator associated with the quantum circuit. The quan-
tum Hamiltonian for CR,L → 0 is in Ref. 6. CR,L 6= 0
leave equations of motion unchanged, but change bound-
ary conditions (BCs) at x = 0, L. Importantly, Heisen-
berg equations of motion for the quantum flux operators

Φ̂j , Φ̂(x, t) and Φ̂R,L(x, t) turn out to be formally iden-
tical to Euler-Lagrange equations for (2) with classical
fields promoted to operators.

To express the Heisenberg equations of motion in a
compact way, we introduce the following notations. Φ0 ≡
h
2e is the superconducting flux quantum and Ej is the
Josephson energy. Cs ≡ CgCj/(Cg + Cj) is the series
capacitance of Cj and Cg and γ ≡ Cg/(Cg + Cj). There
is a modified capacitance per unit length in the resonator
due to the coupling to the transmon qubit at position x0:

c(x, x0) ≡ c+ Csδ(x− x0). (3)

c and l are the capacitance and inductance per unit
length in the resonator and the waveguides.

We pass to unitless coordinates and operators (vp ≡
1/
√
lc)

x→ x

L
, t→ t

L
vp

, ω → ω

vp
L,

ϕ̂ ≡ 2π
Φ̂

Φ0
, n̂ ≡ Q̂

2e

(4)

The newly introduced operators ϕ̂ and n̂ represent phase
and number and are canonically conjugate: [ϕ̂j , n̂j ] = i
and [ϕ̂(x, t), n̂(x′, t′)] = iδ(x− x′)δ(t− t′). Below we use
unitless capacitances χi ≡ Ci/(cL), i = R,L, j, g, s, and
the unitless capacitance per unit length becomes

χ(x, x0) ≡ 1 + χsδ(x− x0). (5)

In terms of the quantities introduced, the Heisenberg
equations of motion for the superconducting phase oper-
ators are:

ˆ̈ϕj(t) + (1− γ)ω2
j sin [ϕ̂j(t)] = γ∂2t ϕ̂(x0, t), (6a)

[
∂2x − χ(x, x0)∂2t

]
ϕ̂(x, t) = χsω

2
j sin [ϕj(t)]δ(x− x0),

(6b)

∂2xϕ̂R,L(x, t)− ∂2t ϕ̂R,L(x, t) = 0, (6c)

with boundary conditions

− ∂xϕ̂|x=1− = − ∂xϕ̂R|x=1+

= χR∂
2
t

[
ϕ̂(1−, t)− ϕ̂R(1+, t)

]
,

(7a)

− ∂xϕ̂|x=0+ = − ∂xϕ̂L|x=0−

= χL∂
2
t

[
ϕ̂L(0−, t)− ϕ̂(0+, t)

]
,

(7b)
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ϕ̂(x = x−0 , t) = ϕ̂(x = x+0 , t), (7c)

∂xϕ̂|x=x+
0
− ∂xϕ̂|x=x−0 − χs∂

2
t ϕ̂(x0, t)

= χsω
2
j sin [ϕj(t)].

(7d)

In Eqs. (6a) and (6b), the oscillation frequency is unit-
less ω2

j = 8EcEj , in terms of unitless Josephson and charg-
ing energies

Ej,c ≡
√
lcL

Ej,c
~
, Ec ≡

e2

2Cj
. (8)

Equations (6a-6b) are Eqs. (2-3) in the main text.

II. SPECTRAL REPRESENTATION OF THE
GREEN’S FUNCTION

In this section we introduce a spectral representation
of the Green’s function. The Green’s function enters the
effective Heisenberg equation of motion for the super-
conducting phase of the transmon qubit (see Ref. 3 for
a complete derivation). The resonator Green’s function
appears if one follows this aim in Eqs. (6a) and (6b): one
has to solve for ϕ̂(x, t), which is driven by the qubit in
Eq. (6b), and substitute into (6a). The resonator Green’s
function is defined as the response of the resonator fields,
described by the left hand sides of Eqs. (6b-6c), to a δ-
function source in space-time[

∂2x − χ(x, x0)∂2t
]
G(x, t|x0, t0) = δ(x− x0)δ(t− t0),

(9)

obeying BCs (7a-7c) with ϕ̂(x, t) replaced by
G(x, t|x0, t0). Introducing Fourier transforms

G̃(x, x0, ω) =

∫ ∞
−∞

dtG(x, t|x0, t0)e+iω(t−t0), (10a)

G(x, t|x0, t0) =

∫ ∞
−∞

dω

2π
G̃(x, x0, ω)e−iω(t−t0), (10b)

Equation (9) becomes a Helmholtz equation[
∂2x + ω2χ(x, x0)

]
G̃(x, x0, ω) = δ(x− x0). (11)

while the BCs (7a-7c) are transformed by replacing ∂t →
−iω to

∂xG̃
∣∣∣
x=1−

= ∂xG̃
∣∣∣
x=1+

= χRω
2
(
G̃
∣∣∣
x=1−

− G̃
∣∣∣
x=1+

)
,

(12a)

∂xG̃
∣∣∣
x=0−

= ∂xG̃
∣∣∣
x=0+

= χLω
2
(
G̃
∣∣∣
x=0−

− G̃
∣∣∣
x=0+

)
.

(12b)

G̃
∣∣∣
x=x+

0

= G̃
∣∣∣
x=x−0

, (12c)

∂xG̃
∣∣∣
x=x+

0

− ∂xG̃
∣∣∣
x=x−0

+ χsω
2 G̃
∣∣∣
x=x0

= 1, (12d)

Lastly, outgoing BCs at infinity model the baths:

∂xG̃(x, x0, ω)
∣∣∣
x→±∞

= ±iωG̃(x→ ±∞, x0, ω). (13)

Excitations leaving the resonator never reflect back to-
wards it.

A. Spectral representation of Green’s function for
χR,L = 0

Setting χR = χL = 0 (amounting to a closed res-

onator) imposes Neumann BC ∂xG̃|x=0,1 = 0 and the

problem for G̃ is Hermitian. G̃ can be expanded in terms
of a discrete set of normal modes satisfying

∂2xϕ̃n(x) + χ(x, x0)ω2
nϕ̃n(x) = 0, (14a)

∂xϕ̃n(x)|x=0,1 = 0. (14b)

An important feature of the modes is that their derivative
is discontinuous

− ∂xϕ̃n(x)|x
+
0

x−0
= χsω

2
nϕ̃n(x0), (15)

Physically, this is the continuity equation at x0, or cur-
rent conservation. The mode amplitude at x0 is sup-
pressed. These observations lead us to name this set of
resonator eigenmodes the current-conserving (CC) basis.

The CC basis eigenfrequencies obey a transcendental
equation

sin (ωn) + χsωn cos (ωnx0) cos [ωn(1− x0)] = 0, (16)

while the eigenfunctions read

ϕ̃n(x) ∝

{
cos [ωn(1− x0)] cos (ωnx), 0 < x < x0
cos (ωnx0) cos [ωn(1− x)], x0 < x < 1

(17)

and the basis is orthonormal over [0, 1]:∫ 1

0

dxχ(x, x0)ϕ̃m(x)ϕ̃n(x) = δmn. (18)

Equation (16) can be solved numerically or asymptoti-
cally as n→∞, as we do in Sec. V.

The spectral representation of G̃(x, x′, ω) [7–9] is

G̃(x, x′, ω) =
∑
n∈N

ϕ̃n(x)ϕ̃n(x′)

ω2 − ω2
n

=
∑
n∈Z
n 6=0

1

2ω

ϕ̃n(x)ϕ̃n(x′)

ω − ωn
,

(19)

since ω−n = −ωn and ϕ̃−n(x) = ϕ̃n(x).
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B. Spectral representation of Green’s function for
χR,L 6= 0

If the resonator is open, χL,R 6= 0, we resort to a
spectral representation in terms of a discrete set of non-
Hermitian modes [3] that carry constant flux away from
the resonator, Constant Flux (CF) modes [10]. CF modes
satisfy the homogeneous wave equation

∂2xϕ̃n(x, ω) + χ(x, x0)ω2
n(ω)ϕ̃n(x, ω) = 0, (20)

with BCs (12a)-(12c) and (13). Both the modes ϕ̃n(x, ω)
and their frequencies ωn(ω) depend on the source fre-
quency ω.

An outgoing plane wave solution for the left and right
waveguides obeying (13), is

ϕ̃n(x, ω) =


A<n e

iωn(ω)x +B<n e
−iωn(ω)x, 0 < x < x0

A>n e
iωn(ω)x +B>n e

−iωn(ω)x, x0 < x < 1

Cne
iωx, x > 1

Dne
−iωx, x < 0

(21)

Applying BCs (12c-12b) leads to a transcendental equa-
tion analogous to the closed case which fixes the para-
metric dependence ωn(ω) [3].

The CF modes satisfy now a biorthonormality [10] con-
dition ∫ 1

0

dxχ(x, x0) ¯̃ϕ∗m(x, ω)ϕ̃n(x, ω) = δmn, (22)

where { ¯̃ϕm(x, ω)} obey the Hermitian adjoint of (20).
ϕ̃n(x, ω) and ¯̃ϕn(x, ω) are right and left eigenfunctions
and obey ¯̃ϕn(x, ω) = ϕ̃∗n(x, ω).

The CF mode spectral representation of the Green’s
function of the open resonator is

G̃(x, x′, ω) =
∑
n

ϕ̃n(x, ω) ¯̃ϕ∗n(x′, ω)

ω2 − ω2
n(ω)

. (23)

There are two sets of poles of G̃(x, x′, ω) in the com-
plex plane. When the denominator of (23) vanishes,
ω = ωn(ω), which corresponds to quasi-bound eigenfre-
quencies that obey[

e2iωn − (1− 2iχLωn)(1− 2iχRωn)
]

+
i

2
χsωn[e2iωnx0 + (1− 2iχLωn)]

× [e2iωn(1−x0) + (1− 2iχRωn)] = 0.

(24)

The solutions reside in the lower half of complex ω-plane
and come in symmetric pairs with respect to the ={ω}
axis, i.e. if ωn satisfies (24), so does −ω∗n. Therefore the
eigenfrequencies are

ωn =


−iκ0, n = 0

+νn − iκn, n ∈ +N
−νn − iκn, n ∈ −N

(25)

where νn > 0 and κn > 0 are the oscillation frequency
and decay rates of quasi-bound mode n, respectively.
The dependence of κn on mode number n is plotted in
Fig. 2 of the main letter. Note the existence of a pole at
ω = 0, which comes from the ω-dependence of CF states
ϕ̃n(x, ω) [10].

III. MULTIMODE JAYNES-CUMMINGS
HAMILTONIAN

The classical Hamiltonian for the cQED system can be
found from the circuit Lagrangian (2) [6]

Hsys = 4Ecn2j (t)− Ej cos [ϕj(t)]

+

∫ 1

0

dx

{
n2(x, t)

2χ(x, x0)
+

1

2
[∂xϕ(x, t)]

2

}
+ 2πγznj(t)

∫ 1

0

dx
n(x, t)

χ(x, x0)
δ(x− x0),

(26)

where z ≡ Z/RQ where Z ≡
√
l/c is the character-

istic impedance of the resonator and RQ ≡ h/(2e)2 is
the superconducting resistance quantum. The modifica-
tion in capacitance per length originates from the sys-
tem Lagrangian that contains the gauge-invariant qubit-
resonator coupling χg[ϕ̇j(t) − ϕ̇(x0, t)]

2/2. In contrast,
a phenomenological product coupling χgϕ̇j(t)ϕ̇(x0, t)
would yield a Hsys with χs = 0 which results in bare
resonator modes.

For the purpose of quantizing Hsys, we find the spec-
trum of the resonator by solving the corresponding
Helmholtz eigenvalue problem that has been discussed
in Sec. (II A). We find

Ĥsys ≡
ωj
4

{
Ŷ2
j −
√

2

ε
cos
[
(2ε2)1/4X̂j

]}
+
∑
n

{νn
4

[
X̂ 2
n + Ŷ2

n

]
+ gnŶjŶn

}
,

(27)

where have defined the canonically conjugate variables

X̂l ≡ (âl + â†l ) and Ŷl ≡ −i(âl − â†l ), where âl repre-
sent the boson annihilation operator of sector l ≡ j, c.
Moreover, ωj ≡

√
8EjEc and ε ≡

√
Ec/Ej is a measure

for the strength of transmon nonlinearity. For ε = 0, we
recover ωj(X̂ 2

j + Ŷ2
j )/4, the Hamiltonian of a simple har-

monic oscillator. In the transmon regime where ε � 1,
the leading contribution is −

√
2εωjX̂ 4

j /48. The coupling
between qubit and the nth CC mode of the resonator is

gn =
1

2
γ
√
χj
√
ωjνnϕ̃n(x0). (28)

There are typically two approaches to diagonalize
Eq. (27). In the first approach, assuming that the qubit
nonlinearity is strong, one performs a two level reduc-
tion. Then, the multimode Rabi Hamiltonian can be
derived from Eq. (27) by projecting the quadratures to
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Pauli sigma matrices, X̂j → σ̂x and Ŷj → σ̂y, which
yields

ĤRabi =
ωj
2
σ̂z +

∑
n

νnâ
†
nân

−
∑
n

gn(ân − â†n)(σ̂− − σ̂+).
(29)

In the rotating wave approximation, Eq. (29) transforms
into the multimode Jaynes-Cummings Hamiltonian

ĤJC =
ωj
2
σ̂z +

∑
n

νnâ
†
nân +

∑
n

gn(σ̂+ân + σ̂−â†n)

(30)

used in the main text. Analytic results can be found for
the Purcell decay rate and the Lamb shift in the disper-
sive limit where gn � |ωj−ωn| [11]. In a Lindblad calcu-
lation, resonator losses are included by a Bloch-Redfield
approach through the Master equation for the reduced
density matrix of the resonator and qubit degrees of free-
dom ˆ̇ρ = −i[ĤJC, ρ̂] + κn

2

(
2ânρ̂â

†
n − {ρ̂, â†nân}

)
, where

κn can be replaced from the solutions to Eq. (24). The
second approach treats the nonlinearity as a weak per-
turbation and is explained in the next section.

IV. WEAKLY NONLINEAR TRANSMON

In this section we summarize the steps necessary to de-
rive Eq. (10) of the main text. The full development of
multi scale perturbation theory is in Ref. 3. By keeping
the lowest order nonlinearity (Kerr terms which are quar-
tic in the transmon quadrature), the Hamiltonian can be
rewritten in a new basis that diagonalizes the quadratic
part

Ĥsys ≡
βj
4

(
ˆ̄X 2
j + ˆ̄Y2

j

)
+
∑
n

βn
4

(
ˆ̄X 2
n + ˆ̄Y2

n

)

− εωj
8

(
uj

ˆ̄Xj +
∑
n

un
ˆ̄Xn

)4

,

(31)

where ε ≡
√

2ε/6, βj,n are hybridized frequencies and

uj,n are hybridization coefficients: X̂j = uj
ˆ̄Xj +

∑
n
un

ˆ̄Xn.

The Heisenberg equations of motion for quadratures
become a set of quantum Duffing equations coupled via
the quartic terms

ˆ̄̈Xl(t) + β2
l

 ˆ̄Xl(t)− εl

[
uj

ˆ̄Xj(t) +
∑
n

un
ˆ̄Xn(t)

]3 = 0,

(32)

where εl ≡ ωj

βl
ulε for l ≡ j, n. Up to lowest order in the

perturbation [3], we find an operator valued correction of
the linear theory qubit-like frequency βj :

β̂j = βj −
√

2ε

4
ωj

[
u4j

ˆ̄Hj(0) +
∑
n

2u2ju
2
n

ˆ̄Hn(0)

]
, (33a)

and an analogous correction of the resonator like fre-
quency βn as

β̂n = βn −
√

2ε

4
ωj

[
u4n

ˆ̄Hn(0) + 2u2nu
2
j

ˆ̄Hj(0)

+
∑
m 6=n

2u2nu
2
m

ˆ̄Hm(0)

 , (33b)

where ˆ̄Hl(0) ≡ 1
4 [ ˆ̄X 2

l (0) + ˆ̄Y2
l (0)] for l = j, n. In the main

text, Eq. (10), the bar notation is dropped. The lowest
order MSPT solution for the qubit quadrature becomes,

in terms of renormalized frequencies β̂j,n, [3]

X̂ (0)
j (t) = uj

âj(0)e−iβ̂jt + e−iβ̂jtâj(0)

2 cos
(

3ωj

4 u4jεt
) +H.c.

+
∑
n

un ân(0)e−iβ̂nt + e−iβ̂ntân(0)

2 cos
(

3ωj

4 u4nεt
) +H.c.

 .
(34)

This equation takes into account corrections up to O(ε)
in frequencies. To extract these corrections, we must
evaluate the expectation value of Eq. (34) with respect
to the initial density matrix. We chose ρ̂ = |Ψ〉j 〈Ψ|j ⊗
|0〉ph 〈0|ph with |Ψ〉j = (|0〉j+|1〉j)/

√
2. The correction to

the transmon like frequency is obtained from the Fourier

components of
〈
X̂j(t)

〉
. This is the correction plotted in

Fig. 3 of the main text.

V. ASYMPTOTIC BEHAVIOR OF
LIGHT-MATTER COUPLING

In this section we find the asymptotic behavior of the
eigenfrequencies ωn and eigenmodes ϕ̃n(x) of the res-
onator discussed in the main text. This provides an an-
alytical understanding of the high frequency suppression
in the light-matter coupling gn.

To point out the origin of the suppression that arise
from a nonzero χs, let us consider the closed resonator
(χR,L = 0) case. Consider the special case of x0 = 0+

first. This is of experimental interest in order to achieve
the maximum coupling to all modes of a resonator. Then,
the transcendental Eq. (16) simplifies to

sin(ωn) + χsωn cos(ωn) = 0, (35)

which can be rewritten as

tan(ωn) = −χsωn. (36)

The large ωn solution for χs 6= 0 is then obtained

lim
n→∞

ωn = nπ − π

2
, (37)
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which is independent of the value for χs. This implies
that the effect of a nonzero χs on ωn is a total shift π/2
(half of the free spectral range) in comparison with the
case χs = 0. Substituting x0 = 0+ in Eq. (17), the
normalization factor Nn is found via Eq. (18) as∫ 1

0

dx cos2[ωn(1− x)] + χs cos2(ωn) =
1

N 2
n

, (38)

which gives

Nn =

√
2√

1 + χs cos2(ωn)
. (39)

Therefore the eigenmode is found as

ϕ̃n(x0 = 0+) =

√
2 cos(ωn)√

1 + χs cos2(ωn)
. (40)

Using the trigonometric identity

cos2(ωn) =
1

1 + tan2(ωn)
(41)

and Eq. (36) we can rewrite Eq. (40) as

ϕ̃n(x0 = 0+) =

√
2√

1 + χs + χ2
sω

2
n

, (42)

which now provides the algebraic dependence of ϕ̃n(x0)
on ωn. According to Eq. (42), for large enough ωn
(χsωn � 1 + χs), we find

ϕ̃n(x0) ∼
1

ωn
, (43)

where the symbol ∼ represents asymptotic equivalence.
This imposes a natural cut-off on the light matter cou-
pling for n→∞, since

gn ∝
√
ωnϕ̃n(x0) ∼

1
√
ωn
. (44)

Next, we would like to find the asymptotic behavior
of ωn and ϕ̃n(x0) for a general x0. In order to bring
Eq. (16) into a similar form to Eq. (36), we first replace
sin(ωn) = sin[ωnx0 + ωn(1 − x0)] and then divide by
cos(ωnx0) cos[ωn(1− x0)] to obtain

tan(ωnx0) + tan[ωn(1− x0)] = −χsωn. (45)

Next, the normalization factor Nn is found from Eq. (18)
as

Nn =

√
2√

x0 cos2[ωn(1− x0)] + (1− x0) cos2(ωnx0) + χs cos2[ωn(1− x0)] cos2(ωnx0)
, (46)

Plugging this into Eq. (17) we find

ϕ̃n(x0) =

√
2√

1 + χs + x0 tan2(ωnx0) + (1− x0) tan2[ωn(1− x0)]
(47)

Equations (45) and (47) provide the asymptotic behavior
of ωn, ϕ̃n(x0) and gn for a general x0.

VI. CHARACTERISTIC FUNCTION Dj(s) AND
ITS CONVERGENCE

In this section we derive the expression for the char-
acteristic function Dj(s) and compare its convergence in
number of resonator modes with and without the modi-
fication we found for gn.

Consider the Heisenberg-Langevin equations of motion
corresponding to Hamiltonian (27) in the linear regime

(ε = 0) for X̂j,n(t) as(
d2t + ω2

j

)
X̂j(t) = −

∑
n

2gnωnX̂n(t), (48a)(
d2t + 2κndt + ω2

n

)
X̂n(t) = −2gnωjX̂j(t)− f̂n(t),

(48b)

where κn and f̂n are the decay rate and noise operator
coming from coupling to the waveguide degrees of free-
dom [12].

Equations (48a-48b) are linear constant coefficient
ODEs and can be solved exactly via the unilateral
Laplace transform

h̃(s) =

∫ ∞
0

dth(t)e−st. (49)
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Taking the Laplace transform of Eqs. (48a-48b) we ob-
tain (

s2 + ω2
j

) ˆ̃Xj(s) +
∑
n

2gnωn
ˆ̃Xn(s) =

sX̂j(0) + ˆ̇Xj(0),

(50a)

(
s2 + 2κns+ ω2

n

) ˆ̃Xn(s) + 2gnωj
ˆ̃Xj(s) =

(s+ 2κn)X̂n(0) + ˆ̇Xn(0) +
ˆ̃
f(s).

(50b)

The solution for ˆ̃Xj(s) then reads

ˆ̃Xj(s) =
N̂j(s)

Dj(s)
, (51)

where the numerator

N̂j(s) = sX̂j(0) + ˆ̇Xj(0)

−
∑
n

2gnωn

[
(s+ 2κn)X̂n(0) + ˆ̇Xn(0)− ˆ̃

fn(s)
]

s2 + 2κns+ ω2
n

,

(52)

contains the operator initial conditions and the denomi-
nator

Dj(s) ≡ s2 + ω2
j −

∑
n

4g2nωjωn
s2 + 2κns+ ω2

n

. (53)

is the characteristic function whose roots give the hy-
bridized poles of the full system. Therefore, we can rep-
resent Dj(s) as

Dj(s) = (s− pj)(s− p∗j )
∏
n

(s− pn)(s− p∗n)

(s− zn)(s− z∗n)
, (54)

where pj,n ≡ −αj,n − iβj,n stand for the transmon-like
and the nth resonator-like poles, respectively. Further-
more, zn ≡ −κn − i

√
ω2
n − κ2n is the nth bare non-

Hermitian resonator mode. The notation (p for poles
and z for zeros) is chosen based on 1/Dj(s) that appears
in the Laplace solution (51).

In order to compute the hybridized poles in practice,
we need to truncate the number of resonator modes in
Dj(s). This truncation is only justified if the function
Dj(s) converges as we include more and more modes.
First, note that without the correction give by χs this
sum is divergent, since gn ∼

√
ωn ∼

√
n and for a fixed s

we obtain

4g2nωjωn
s2 + 2κns+ ω2

n

∼
ω2
n

ω2
n

∼ 1. (55)

Hence, the series in divergent. On the other hand, we
found that for a non-zero χs, gn ∼ 1/

√
ωn ∼ 1/

√
n.

Therefore we find

4g2nωjωn
s2 + 2κns+ ω2

n

∼
1

ω2
n

∼
1

n2
, (56)

and the series becomes convergent. In writing Eq. (56),
we used the fact that ωn ∼ n and κn has a sublinear
asymptotic behavior found numerically.

VII. DIVERGENCE IN THE
WIGNER-WEISSKOPF THEORY OF

SPONTANEOUS EMISSION

Divergence of the Purcell decay rate appears in
other frameworks besides the dispersive limit Jaynes-
Cummings model as well. In this appendix, we show
that the spontaneous decay rate of a qubit coupled to
continuum of modes is also divergent, unless the gauge in-
variance of the interaction is incorporated as presented in
this manuscript. The impression of an (erroneous) finite
decay rate in free space goes back to Wigner and Weis-
skopf’s original work on spontaneous atomic decay, which
implicitly makes a Markov approximation (See Sec. 6.3
of [13]). We emphasize that employing the Markov ap-
proximation always yields a finite value for the decay rate
regardless of the form of spectral function for electromag-
netic background.

To see this explicitly, we go over the Wigner-Weisskopf
theory of spontaneous emission for a two-level system
coupled to a continuum of modes inside an infinitely
long 1D medium. In interaction picture, the Hamilto-
nian reads

ĤI =
∑
k

~
[
g∗k(x0)σ̂+âke

i(ωj−ωk)t +H.c.
]
, (57)

which conserves the total number of excitations

N̂ ≡ σ̂+σ̂− +
∑
~k

â†~k
â~k. (58)

As a result, a number conserving Ansatz for the wave-
function can be written as

|Ψ(t)〉 = ce(t) |e, 0〉+
∑
k

cg,k(t) |g, 1k〉 , (59)

where there is either no photon in the cavity and the
qubit is in excited state |e〉, or there is a photon at fre-
quency ωk with qubit in the ground state |g〉. By solving
the Schrodinger equation we obtain the time evolution
of the unknown probability amplitudes ce(t) and cg,k(t).
Combining these equations yields an effective equation
for ce(t) as

ċe(t) = −
∫ t

0

dt′K(t− t′)ce(t′), (60)

where the memory Kernel K(τ) is given by

K(τ) ≡
∑
k

|gk(x0)|2ei(ωj−ωk)t. (61)

Next, we replace the expression for gk(x0), derived in
Sec. III, as

|gk(x0)|2 =
γχs

4
ωjωk|ϕ̃k(x0)|2. (62)



7

Note that without respecting the gauge symmetry of in-
teraction |ϕ̃k(x0)| = N (x0) is k-independent. Moreover,
the sum over k can be replaced as

∑
k

→ L

2π

∫ ∞
0

dk =
L

2πvp

∫ ∞
0

dωk, (63)

for a continuum of modes, where vp is the phase velocity
of the medium. Inserting Eqs. (62) and (63) into the
effective Eq. (60) we obtain

ċe(t) = − 1

2π

γχsωjN 2(x0)L

4vp

×
∫ ∞
0

dωkωk

∫ t

0

dt′ei(ωj−ωk)(t−t′)ce(t
′)

(64)

Importantly, the integral over ωk in Eq. (64) does not
converge since the integrand grows unbounded as ωk →
∞. To resolve this, Wigner and Weisskopf assumed that
the dominant contribution comes from those modes of
continuum whose frequency are close to the qubit fre-
quency. Therefore, the factor ωk can be replaced by ωj
and by extending the lower limit of integral over ωk to
−∞ we can use the identity∫ +∞

−∞
dωke

i(ωj−ωk)(t−t′) = 2πδ(t− t′), (65)

to arrive at a finite value for the spontaneous decay as

ċe(t) ≈ −
Γsp
2
ce(t), (66a)

Γsp ≡
γχsω

2
jN 2(x0)L

2vp
. (66b)

It is worth mentioning that using Markov approximation,
one always obtains a finite expression for the spontaneous
decay rate regardless of the form for the spectral function.

This happens because instead of integrating over the en-
tire frequency span, the Markov approximation picks a
small window around qubit frequency.

Next, we show how our natural high frequency cut-
off for light-matter coupling resolves the divergence of
Wigner-Weisskopf theory. First, note that applying
Markov approximation is indeed unnecessary, since the
Volterra Eq. (60) with the memory kernel

K(τ) =
1

2π

γχsωjL

4vp

∫ ∞
0

dωkωk|ϕ̃k(x0)|2ei(ωj−ωk)τ ,

(67)

has an exact solution in Laplace domain as

c̃e(s) =
ce(0)

s+ K̃(s)
, (68)

where K̃(s) ≡
∫∞
0
dτK(τ)e−sτ is the Laplace transform

and is found as

K̃(s) =
1

2π

γχsωjL

4vp

∫ ∞
0

dωk
ωk|ϕ̃k(x0)|2

s+ i(ωk − ωj)
. (69)

Second, when the gauge-invariance of the interaction is
incorporated, the mode amplitude is frequency depen-
dent that experiences a high frequency suppression as

|ϕ̃k(x0)| ∼ 1

ωk
. (70)

Replacing Eq. (70) into expression (69) for K̃(s) we ob-
tain

K̃(s) ∝
∫
dωk

1

ωk[s+ i(ωk − ωj)]
. (71)

Interestingly, with the corrected expression for the eigen-
modes, the integrand behaves like 1/ω2

k at ωk →∞, and
as a result the integral converges. Otherwise, the inte-
grand behaves like a constant at ωk →∞ and the result
is divergent.
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