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Appendix A: Input-output theory and the choice of interaction picture in TCG

Analogous to the canonical formulation of quantum input-output theory in [1], we can investigate the extraction of quantum
information with finite time resolution. For instance, suppose that we probe a circuit QED system by sending in a microwave
pulse to a quantum resonator through a waveguide and reading out the reflected signal with some finite time resolution τ . Then
a typical Hamiltonian description of such a system can be written as

Ĥ = Ĥs +

∫ ∞

0

dω

2π
· DωωB

†
ωBω −

(
a− a†

) ∫ ∞

0

dω

2π
· Dωgω

(
Bω −B†

ω

)
(A1)

where Ĥs is the Schrodinger-picture Hamiltonian of the quantum system of interest, Bω is the annihilation operator of a waveg-
uide mode through which the system dissipates and gets probed at the same time, while −i

(
a− a†

)
is the quadrature variable of
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the resonator mode to which the waveguide modes couple. In the Heisenberg picture, we have the following operator equation:

∂tB
H
ω (t)

=i
[ ∫ ∞

0

dω

2π
DωωB

H†
ω (t)BH

ω (t)−
(
aH(t)− aH†(t)

) ∫ ∞

0

dω

2π
Dωgω

(
BH

ω (t)−BH†
ω (t)

)
, BH

ω (t)
]

=− iωBH
ω (t)− igω

(
aH(t)− aH†(t)

)
,

(A2)

∂ta
H(t) =i

[
Ĥs, a

H(t)
]
− i

∫ ∞

0

dω

2π
· Dωgω

(
BH

ω (t)−BH†
ω (t)

)
=i
[
Ĥs, a

H(t)
]
− i

∫ ∞

0

dω

2π
· Dωgω

(
e−iω(t−ti)BH

ω (ti)− eiω(t−ti)BH†
ω (ti)

)
+O(g2),

(A3)

where the first one can be formally solved to obtain

BH
ω (t) =e−iω(t−ti)BH

ω (ti)− igω

∫ t−ti

0

dt′ · e−iωt′
(
aH(t− t′)− aH†(t− t′)

)
=eiω(tf−t)BH

ω (tf ) + igω

∫ tf−t

0

dt′ · eiωt′
(
aH(t+ t′)− aH†(t+ t′)

)
,

(A4)

and the second one can be formally integrated to give us

aH(t− t′) ≈eiω0t
′
aH(t) +

∫ ∞

0

dω

2π
Dωgω

∫ t′

0

dt′′eiω0(t
′−t′′)

(
ie−iω(t−t′′)BH

ω + h.c.
)
. (A5)

Here ω0 is the system frequency of the Heisenberg-picture operator aH(t) during the measurement process, while the generation,
interaction, and detection times ti, t, tf are related as tf = ti +

L
c = t+ l

c with L ( or l ) the optical distance between the signal
generator ( or the artificial atom ) and the detector. Therefore, if we define the input and output waveguide mode operators as

BH
in (t) :=

∫ ∞

0

dω

2π
· Dωe

−iω(t−ti)BH
ω (ti) (A6)

and

BH
out(t) :=

∫ ∞

0

dω

2π
· Dωe

iω(tf−t)BH
ω (tf ) (A7)

respectively, then we can relate BH
in (t) to BH

out(t) by taking the difference between the following two expressions of
∫∞
0

dω
2π ·

DωB
H
ω (t) ∫ ∞

0

dω

2π
· DωB

H
ω (t) =

∫ ∞

0

dω

2π
· Dωe

−iω(t−ti)BH
ω (ti) + i

∫ ∞

0

dω

2π
· Dωgω

∫ t−ti

0

dt′

·
(
e−i(ω−ω0)t

′
e−iω0t

′
aH(t− t′)− e−i(ω+ω0)t

′
eiω0t

′
aH†(t− t′)

)
=

∫ ∞

0

dω

2π
· Dωe

iω(tf−t)BH
ω (tf ) + i

∫ ∞

0

dω

2π
· Dωgω

∫ tf−t

0

dt′

·
(
ei(ω−ω0)t

′
eiω0t

′
aH(t+ t′)− ei(ω+ω0)t

′
e−iω0t

′
aH†(t+ t′)

)
(A8)

which gives us the equation

BH
out(t) = BH

in (t)− i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ ·
(
eiωt′aH(t+ t′)− eiωt′aH†(t+ t′)

)
(A9)

In the usual formulation of input-output theory, one assumes the validity of the approximation aH(t + t′) ≈ e−iω0t
′
aH(t), for

some ω0 > 0, which then allows us to write

BH
out(t) =BH

in (t)− i

∫ ∞

0

dω

2π
Dωgω

∫ l
c

−L−l
c

dt′
(
eiωt′aH(t+ t′)− eiωt′aH†(t+ t′)

)
≈BH

in (t)− i

∫ ∞

0

dω

2π
Dωgω

∫ ∞

−∞
dt′
(
ei(ω−ω0)t

′
aH(t)− ei(ω+ω0)t

′
aH†(t)

)
=BH

in (t)− iDω0
gω0

aH(t).

(A10)
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Usually, Eq.(A10) is regarded as the final formula for the observed output signal in terms of the input signal BH
in (t) and the

system observable −iDω0
gω0

aH(t). In light of the epistemology of measurement-informed coarse graining, however, we would
like to delve deeper into the measurement process and assume finite time resolution for the physically observed signal. To this
goal, we first evaluate the expectation value of the output signal as

⟨BH
out(t)⟩ = Tr

(
ρ(t0)B

H
out(t)

)
=− i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ ·
(
eiωt′Tr

[
ρ(t0)a

H(t+ t′)
]
− eiωt′Tr

[
ρ(t0)a

H†(t+ t′)
])

+ Tr
[
ρ(t0)B

H
in (t)

]
=− i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ · eiωt′
(
e−iω′(t+t′−t0)Tr

[
ρ(t0)

· U†(t+ t′, t0)Uω′(t+ t′ − t0)aU
†
ω′(t+ t′ − t0)U(t+ t′, t0)

]
− h.c.

)
+

∫ ∞

0

dω

2π
· Dωe

−iω(t−ti)Tr
[
ρ(t0)B

H
ω (ti)

]
=− i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ · eiωt′
(
e−iω′(t+t′−t0)Tr

[
ρω′(t+ t′)a

]
− h.c.

)
+

∫ ∞

0

dω

2π
· Dωe

−iω(t−ti)Tr
[
ρ(t0)B

H
ω (ti)

]

(A11)

for any ω′, where

Uω′(t+ t′ − t0) ≡ e−i(ω′a†a+H̃0)(t+t′−t0) (A12)

is the free time-evolution operator with arbitrary hermitian H̃0 so that [H̃0, a] = 0, and

ρω′(t+ t′) ≡ U†
ω′(t+ t′ − t0)U(t+ t′, t0)ρ(t0)U

†(t+ t′, t0)Uω′(t+ t′ − t0) (A13)

is the corresponding interaction-picture density matrix.
During heterodyne detection, the output signal BH

out(t) from the system is then combined with a local oscillator mode at
frequency ωLO] ∼ ω0 as it passes through an IQ-mixer, and the mixed signals at the two output ports of the IQ-mixer are what
get measured (with finite time resolution) and recorded eventually, as explained in [2, 3]. Therefore, the experimentally observed
signals are proportional to the real and imaginary parts of

⟨ei(ωLOt−φ)BH
out(t)⟩

=− i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ · eiωt′−iφ
(
e−iω′(t′−t0)Tr

[
ei(ωLO−ω′)tρω′(t+ t′)a

]
− h.c.

)
+

∫ ∞

0

dω

2π
· Dωe−iω(t−ti)Tr

[
ρ(t0)B

H
ω (ti)

] (A14)

for some real-valued phase φ. The first line of the equation above will be a functional of ρ(t+ t′) iff we set ω′ = ωLO, in which
case we have

⟨ei(ωLOt−φ)BH
out(t)⟩ ≈ − i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ · eiωt′−iφe−iωLO(t
′−t0)Tr

[
ρωLO(t+ t′)a

]
+

∫ ∞

0

dω

2π
· Dωe−iω(t−ti)Tr

[
ρ(t0)B

H
ω (ti)

]
≈− i

∫ ∞

0

dω

2π
· Dωgω

∫ l
c

−L−l
c

dt′ · eiωt′−iφe−iωLO(t
′−t0)Tr

[
ρωLO(t+ t′)a

]
+ e−iφ DωLO√

2πτ
e−

(t−ti)
2

2τ2 Tr
[
ρ(t0)B

H
ωLO

(ti)
]

(A15)
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where we have assumed that Dω and Tr
[
ρ(t0)B

H
ω (ti)

]
are roughly flat for

ω ∈
(
ωLO − τ−1, ωLO + τ−1

)
. (A16)

If we further make the Markov approximation

Tr
[
ρωLO(t+ t′)a

]
≈ ei(ωLO−ω0)t

′
Tr
[
ρωLO(t)a

]
(A17)

then we can also make the usual secular approximation and obtain that

⟨ei(ωLOt−φ)BH
out(t)⟩ ≈ − i

∫ ∞

0

dω

2π
· Dωgωe

−iφ+iωLOt0

∫ l
c

−L−l
c

dt′ · ei(ω−ω0)t
′
Tr
[
ρωLO(t)a

]
+ e−iφ DωLO√

2πτ
e−

(t−ti)
2

2τ2 Tr
[
ρ(t0)B

H
ωLO

(ti)
]

≈− iDω0
gω0

e−iφ+iωLOt0Tr
[
ρωLO(t)a

]
+ e−iφ DωLO√

2πτ
e−

(t−ti)
2

2τ2 Tr
[
ρ(t0)B

H
ωLO

(ti)
]

(A18)

where the second term in the last equation is a recurring background signal independent of the system dynamics and can be
ignored in the limit where t − ti ≫ τ . Consequently, according to the analysis in [2, 4, 5], ideal homodyne measurements will
correspond to the measurement of a particular resonator quadrature variable with respect to the TCG density matrix ρωLO(t),
whereas ideal heterodyne measurements will be sampling from the Husimi Q-distribution

Q
(
ϕ, n

)
=

1

2π
⟨α =

ϕ+ ni√
2

|ρωLO |α =
ϕ+ ni√

2
⟩. (A19)

The analysis above partially explains our particular choice of the interaction picture: the frame choice depends on the local
oscillator frequency ωLO of the IQ mixer. More explicitly, the free Hamiltonian can be written as

H0 = ωLOa
†a+ H̃0, (A20)

for some arbitrary hermitian H̃0 so that [H̃0, a] = 0. Although H̃0 is quite arbitrary in principle, the remaining freedom in H̃0

is usually fixed by minimizing coupling strengths in the interaction Hamiltonian in practice. Such choices will make the TCG
perturbative expansion more likely to converge up to high orders. More precisely, if the interaction-picture Hamiltonian takes
the form HI =

∑
k gke

iωkthk for some coupling constants gk, frequencies ωk, and operators hk, then the perturbative expansion
of the TCG Liouvillian is only valid when either of the following two conditions are true:[ gk

ωk − ωk′
≪ 1 ∀k′

]
or

[
gkτ ≪ 1

]
∀k. (A21)

With the frame choice understood, we will drop the subscript in ρωLO(t) and simply denote the TCG density matrix by ρ(t) in
the rest of this work.

Appendix B: Closed-form formula and diagrammatic representation of the TCG Liouvillian Lk

We suppose that the interaction picture is chosen in such a way that HI is controlled by some small parameters and may
therefore be treated perturbatively to obtain an expansion of the Liouvillian superoperator L(t) in powers of HI . In this section,
we develop a relatively efficient method for explicitly calculating L(t) to arbitrary orders in this expansion.

To do this, we first expand the unitary time evolution operator U(t) ≡ T e−i
∫ t
0
dt′·HI(t

′) as

U(t0) =1 +

∞∑
k=1

(−i)k
∫ t0

0

· · ·
∫ tk−1

0

dtk ·HI(t1) · · ·HI(tk)

≡
∞∑
k=0

Uk(t)

(B1)
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where Uk is the k-th order time-evolution operator. And in terms of these operators, we can formally expand the time-coarse
grained density matrix as

ρ(t) =

∞∑
k=0

k∑
k1=0

Uk1
ρ0U

†
k−k1

(t) ≡
∞∑
k=0

Ek(t)ρ0 (B2)

where Ek(t)ρ0 =
∑k

k1=0 Uk1ρ0U
†
k−k1

(t) is considered a k-th order term. We can also formally expand the Liouvillian superop-
erator L(t) as L(t) =

∑∞
k=1 Lk(t) in powers of the interaction Hamiltonian. In order to obtain a functional equation for Lk, we

plug Eq.(B2) into Eq.(3) of the Main Text:

∂tρ(t) =− i

∞∑
k=1

k∑
k1=1

(
HIUk1−1ρ0U

†
k−k1

(t)− Uk1−1ρ0U
†
k−k1

HI(t)
)

=

∞∑
j=1

Lj(t)ρ(t) =

∞∑
j=1

Lj(t)

∞∑
k=0

Ek(t)ρ0 =

∞∑
j=1

Lj(t)

∞∑
k−j=0

Ek−j(t)ρ0

=

∞∑
k=1

k∑
j=1

Lj(t)Ek−j(t)ρ0

(B3)

Matching terms that are at order Hk
I , expanding Ek−j(t) according to Eq.(B2), and replacing ρ0 by a generic density matrix ρ,

we find the following recurrence relation for any k ≥ 1

iLk(t)ρ =

k∑
k1=1

(
HIUk1−1ρU

†
k−k1

(t)− Uk1−1ρU
†
k−k1

HI(t)
)

− i

k−1∑
j=0

Lj(t)

k−j∑
k1=0

Uk1ρU
†
k−j−k1

(t)

(B4)

where we define L0 ≡ 0. Using this recurrence relation, one can calculate Lk(t) to all orders in HI . More explicitly, one has

HIUk = HIUk −
k∑

j=0

HIU j−1Uk+1−j (B5)

and

HIUk1−1ρU
†
k+1−k1

(t) = HIUk1−1ρU
†
k+1−k1

(t)−
k∑

j=1

min(k1−1,k+1−j)∑
k2=max(0,k1−j)

HIUk1−k2−1Uk2
ρU†

k+1−j−k2
U†

j+k2−k1
(t) (B6)

where ρ is an arbitrary density matrix and does not participate in any of the time averaging or contraction operations.
If the interaction-picture Hamiltonian takes the form HI(t) =

∑
j e

iωjthj , then one can derive a number of explicit analytical
formulas which will be useful for developing the closed-form expressions for the superoperator coefficients discussed in Section
II of the Main Text. For example, the n-th order time evolution operator Un(t) can be explicitly written as

Un(t) =− i

∫ t

0

dt′ ·HI(t
′)Un−1(t

′) =
∑

k1,··· ,kn

n∑
j=0

(−1)jei(ωk1
+ωk2

+···+ωkj
)t

(ωkj
, ωkj−1

, · · · , ωk1
)! · (ωkj+1

, ωkj+2
, · · · , ωkn

)!
hk1

hk2
· · ·hkn (B7)

where we define the factorial of a vector ω⃗ = (ω1, ω2, · · · , ωn) as

ω⃗! ≡ (ω1 + ω2 + · · ·+ ωn)(ω1 + ω2 + · · ·+ ωn−1) · · ·ω1 (B8)

with the factorial of a zero-length vector defined to be unity, i.e., ∅⃗! ≡ 1.
On the other hand, when calculating the TCG master equation according to the recursive relations in Eq.(B4), one needs to

calculate a large number of time averages of the form HIUk1−1ρU
†
k−k1

(t) which does not consist of operators with single-
frequency time dependence when k ≥ 2. For example, one has

HIU1(t) =
∑
l1,l2

(
− f̃(ωl1 + ωl2)e

i(ωl1
+ωl2

)t − f̃(ωl1)e
iωl1

t

ωl2

)
hl1hl2 . (B9)
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for any operators eiω1th1 and eiω2th2 in the Hamiltonian. The complicated structure of HIUk1−1ρU
†
k−k1

(t) for k > 2 makes
it difficult to work with. However, one can group together all the terms in Lk(t)ρ which take the form of a c-number-valued
function of time multiplied to a certain operator product of the form hl1hl2 · · ·hlk1

ρhlk1+1
· · ·hlk , and define their sum as the

contraction

HIUk1−1ρU
†
k−k1

(t). (B10)

It then turns out that for any operator product hl1hl2 · · ·hlk1
ρhlk1+1

· · ·hlk that appears in such a contraction, its time dependence
is always a single-frequency evolution at the sum of the constituent operator frequencies ωl1 + · · ·+ ωlk . For example, one has

HIU1(t) =
∑
l1,l2

(
− f̃(ωl1 + ωl2)− f̃(ωl1)f̃(ωl2)

ωl2

)
ei(ωl1

+ωl2
)thl1hl2 (B11)

in contrast with Eq.(B9). More generally, for any k1 ≥ 1, the contractions will take the form

HIUk1−1ρU
†
k−k1

(t) =
∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k1

)
ei(ωl1

+···+ωlk
)thl1 · · ·hlk1

ρhlk1+1
· · ·hlk (B12)

for some c-number coefficient C
(
ωl1 , · · · , ωlk ; k1

)
whose explicit expression can be written as

C
(
ωl1 , · · · , ωlk ; k1

)
=

∑
σ∈Π(k1,k−k1)

(−1)k1+|σ|sum
[
σ
|σ|
↑ (ωl1 , ωl2 , · · · , ωlk)

] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωl1

,ωl2
,··· ,ωlk

) ω
)

σj
↑(ωl1 , ωl2 , · · · , ωlk)! · σ

j
↓(ωl1 , ωl2 , · · · , ωlk)!

(B13)

where Π(k1, k − k1) is the set of all ordered partitions of the 2-tuple
(

k1
k − k1

)
with the upper component of the last part

being nonzero, σj
↑ and σj

↓ represent the upper and lower elements of the j-th part in the partition respectively 1, and for any
σ ∈ Π(k1, k − k1) we define

σj
↑
(
ωl1 , ωl2 , · · · , ωlk

)
≡
(
ωl

k1−σ1
↑−···−σ

j−1
↑

, ωl
k1−σ1

↑−···−σ
j−1
↑ −1

, · · · , ωl
k1−σ1

↑−···−σ
j
↑+1

)
σj
↓
(
ωl1 , ωl2 , · · · , ωlk

)
≡
(
ωl

k1+1+σ1
↓+···+σ

j−1
↓

, ωl
k1+1+σ1

↓+···+σ
j−1
↓ +1

, · · · , ωl
k1+1+σ1

↓+···+σ
j
↓−1

)
.

(B14)

Noticeably, every operator product in the contraction HIUk1−1ρU
†
k−k1

(t) has single-frequency time dependence, unlike the time

average HIUk1−1ρU
†
k−k1

(t) which is much more cumbersome to work with. More visually, the coefficient C
(
ωl1 , · · · , ωlk ; k1

)
can be associated with and computed according to the sum of diagrams of the form:

ωlk1

ωlk1+1

ωlk1−1

ωlk1+2

ωlk1+3

ωlk1+4

ωlk1−2
ωlk1−3

ωlk1−4
ωlk1−5

ωlk1+5

. . .

ωlk−2

ωl1

ωlk−1 ωlk

which corresponds to the following ordered partition of
(

k1
k − k1

)
:

[(
1
1

)
,

(
1
0

)
,

(
0
3

)
,

(
2
1

)
, · · · ,

(
0
1

)
,

(
1
2

)]
.

1 For example,

Π(2, 2) =
{[(2

2

)]
,
[(1

0

)
,

(
1
2

)]
,
[(0

1

)
,

(
2
1

)]
,
[(1

1

)
,

(
1
1

)]
,
[(0

2

)
,

(
2
0

)]
,
[(1

2

)
,

(
1
0

)]
,
[(1

0

)
,

(
0
1

)
,

(
1
1

)]
,[(1

0

)
,

(
0
2

)
,

(
1
0

)]
,
[(0

1

)
,

(
1
0

)
,

(
1
1

)]
,
[(0

1

)
,

(
1
1

)
,

(
1
0

)]
,
[(0

1

)
,

(
0
1

)
,

(
2
0

)]
,
[(1

1

)
,

(
0
1

)
,

(
1
0

)]
,[(0

2

)
,

(
1
0

)
,

(
1
0

)]
,
[(1

0

)
,

(
0
1

)
,

(
0
1

)
,

(
1
0

)]
,
[(0

1

)
,

(
1
0

)
,

(
0
1

)
,

(
1
0

)]
,
[(0

1

)
,

(
0
1

)
,

(
1
0

)
,

(
1
0

)]}
whereas σ2

↑ = 2 and σ2
↓ = 1 for σ =

[(0
1

)
,

(
2
1

)]
.
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Then, in addition to the overall sign (−1)k1 , every loop in such a diagram will contribute a multiplicative factor according to the
following correspondence:

ω1

ω2 ωn−1

ωn

ω′
1

ω′
2 ω′

m−1

ω′
m

−f̃(ω1+ω2+···+ωn+ω′
1+ω′

2+···+ω′
m)

(ω1,ω2,··· ,ωn)!·(ω′
1,ω

′
2,··· ,ω′

m)! if this is not the rightmost loop

−f̃(ω1+ω2+···+ωn+ω′
1+ω′

2+···+ω′
m)

(ω1,ω2,··· ,ωn−1)!·(ω′
1,ω

′
2,··· ,ω′

m)! if this is the rightmost loop

To prove Eq.(B12) and Eq.(B13), notice first that these two equations are trivially true for k = 1; if Eq.(B12,B13) hold true
up to some k, then the recurrence relation in Eq.(B4) implies that

HIUk(t)

=
∑

l1,··· ,lk+1

(−1)k+1+1f̃(ωl1 + · · ·+ ωlk+1
)(ωl1 + · · ·+ ωlk+1

)

(ωlk+1
, ωlk+1−1

, · · · , ωl1)!
ei(ωl1

+···+ωlk+1
)thl1 · · ·hlk+1

+
∑

l1,··· ,lk+1

|σ|≥2∑
σ∈Π(k+1,0)

(−1)k+1+|σ|sum
[
σ
|σ|
↑ (ωl1 , · · · , ωlk+1

)
] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωl1

,··· ,ωlk+1
) ω
)

σj
↑(ωl1 , · · · , ωlk+1

)!

· ei(ωl1
+···+ωlk+1

)thl1 · · ·hlk+1

=
∑

l1,··· ,lk+1

∑
σ∈Π(k+1,0)

(−1)k+1+|σ|sum
[
σ
|σ|
↑ (ωl1 , · · · , ωlk+1

)
] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωl1

,··· ,ωlk+1
) ω
)

σj
↑(ωl1 , · · · , ωlk+1

)!

· ei(ωl1
+···+ωlk+1

)thl1 · · ·hlk+1

(B15)

if k1 = k + 1; whereas for 1 ≤ k1 ≤ k, we have

HIUk1−1ρU
†
k+1−k1

(t)

=
∑

l1,··· ,lk+1

[
(−1)k1+1

f̃(ωl1 + · · ·+ ωlk1
+ ωlk1+1

+ · · ·+ ωlk+1
) · (ωl1 + · · ·+ ωlk1

)

(ωlk1
, · · · , ωl1)! · (ωlk1+1

, · · · , ωlk+1
)!

+

|σ|≥2∑
σ∈Π(k1,k+1−k1)

(−1)k1+|σ|sum
[
σ
|σ|
↑ (ωl1 , · · · , ωlk+1

)
] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωl1

,··· ,ωlk+1
) ω
)

σj
↑(ωl1 , · · · , ωlk+1

)! · σj
↓(ωl1 , · · · , ωlk+1

)!

]
· ei(ωl1

+···+ωlk+1
)thl1 · · ·hlk1

ρhlk1+1
· · ·hlk+1

=
∑

l1,··· ,lk+1

∑
σ∈Π(k1,k+1−k1)

(−1)k1+|σ|sum
[
σ
|σ|
↑ (ωl1 , · · · , ωlk+1

)
] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωl1

,··· ,ωlk+1
) ω
)

σj
↑(ωl1 , · · · , ωlk+1

; k1)! · σj
↓(ωl1 , · · · , ωlk+1

)!

· ei(ωl1
+···+ωlk+1

)thl1 · · ·hlk1
ρhlk1+1

· · ·hlk+1
.

(B16)

Therefore we see that Eq.(B12) and Eq.(B13) are also true for k + 1, and by induction we have proven Eq.(B12,B13) for any
positive integer k in general.

In addition, we can rearrange the terms to write the TCG master equation as the sum of Hamiltonian commutators and
Lindblad-type dissipators with possibly negative rates, i.e,

∂tρ(t) = L(t)ρ(t) =
∞∑
k=1

Lk(t)ρ(t) ≡ −i
[ ∞∑
k=1

H
(k)
eff (t), ρ(t)

]
+

∞∑
k=1

D
(k)
eff (t)ρ(t) (B17)
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with

iLk(t)ρ =

k∑
k1=1

HIUk1−1ρU
†
k−k1

(t)− h.c.

=

k∑
k1=1

∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k1

)
ei(ωl1

+···+ωlk
)thl1 · · ·hlk1

ρhlk1+1
· · ·hlk

−
k∑

k1=1

∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k1

)
e−i(ωl1

+···+ωlk
)th†

lk
· · ·h†

lk1+1
ρh†

lk1
· · ·h†

l1

=
∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k

)
ei(ωl1

+···+ωlk
)thl1 · · ·hlkρ−

∑
l1···lk

C
(
− ωlk , · · · ,−ωl1 ; k

)
ei(ωl1

+···+ωlk
)tρhl1 · · ·hlk

+

k−1∑
k1=1

∑
l1···lk

[
C
(
ωl1 , · · · , ωlk ; k1

)
− C

(
− ωlk , · · · ,−ωl1 ; k − k1

)]
ei(ωl1

+···+ωlk
)thl1 · · ·hlk1

ρhlk1+1
· · ·hlk

=
∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k

)
ei(ωl1

+···+ωlk
)thl1 · · ·hlkρ−

∑
l1···lk

C
(
− ωlk , · · · ,−ωl1 ; k

)
ei(ωl1

+···+ωlk
)tρhl1 · · ·hlk

+

k−1∑
k1=1

∑
l1···lk

[
C
(
ωl1 , · · · , ωlk ; k1

)
− C

(
− ωlk , · · · ,−ωl1 ; k − k1

)]
ei(ωl1

+···+ωlk
)tDhl1

···hlk1
,hlk1+1

···hlk
ρ

+

k−1∑
k1=1

∑
l1···lk

C
(
ωl1 , · · · , ωlk1

, ωlk1+1
, · · · , ωlk ; k1

)
2

ei(ωl1
+···+ωlk

)t
{
hlk1+1

· · ·hlkhl1 · · ·hlk1
, ρ
}

−
k−1∑
k1=1

∑
l1···lk

C
(
− ωlk , · · · ,−ωlk−k1+1

,−ωlk−k1
, · · · ,−ωl1 ; k1

)
2

ei(ωl1
+···+ωlk

)t
{
hlk−k1+1

· · ·hlkhl1 · · ·hlk−k1
, ρ
}

=
∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k

)
ei(ωl1

+···+ωlk
)thl1 · · ·hlkρ−

∑
l1···lk

C
(
− ωlk , · · · ,−ωl1 ; k

)
ei(ωl1

+···+ωlk
)tρhl1 · · ·hlk

+

k−1∑
k1=1

∑
l1···lk

[
C
(
ωl1 , · · · , ωlk ; k1

)
− C

(
− ωlk , · · · ,−ωl1 ; k − k1

)]
ei(ωl1

+···+ωlk
)tDhl1

···hlk1
,hlk1+1

···hlk
ρ

−
∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k

)
2

ei(ωl1
+···+ωlk

)t
{
hl1 · · ·hlk , ρ

}
+
∑
l1···lk

C
(
− ωlk , · · · ,−ωl1 ; k

)
2

ei(ωl1
+···+ωlk

)t
{
hl1 · · ·hlk , ρ

}

+

k∑
k1=1

∑
l1···lk

C
(
ωlk , ωl1 , · · · , ωlk−1

; k1
)
− C

(
− ωlk , · · · ,−ωl1 ; k − k1 + 1

)
2

ei(ωl1
+···+ωlk

)t
{
hlk1

· · ·hlkhl1 · · ·hlk1−1
, ρ
}

=
[ ∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k

)
+ C

(
− ωlk , · · · ,−ωl1 ; k

)
2

ei(ωl1
+···+ωlk

)thl1 · · ·hlk , ρ
]

+

k−1∑
k1=1

∑
l1···lk

[
C
(
ωl1 , · · · , ωlk ; k1

)
− C

(
− ωlk , · · · ,−ωl1 ; k − k1

)]
ei(ωl1

+···+ωlk
)tDhl1

···hlk1
,hlk1+1

···hlk
ρ

≡
[
H

(k)
eff (t), ρ

]
+ iD

(k)
eff (t)ρ

(B18)

where we have defined the (generalized) dissipator DL,R as

DL,Rρ ≡ LρR− RLρ+ ρRL

2

for any operators L and R. In the derivation of Eq.(B18) above, we have used the identity

C
(
ωlk , ωl1 , · · · , ωlk−1

; k1
)
= C

(
− ωlk , · · · ,−ωl1 ; k − k1 + 1

)
(B19)
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for any k1 ∈
{
1, 2, · · · , k

}
, which can be derived from the explicit expression of C as follows:

C
(
ωlk , ωl1 , · · · , ωlk−1

; k1
)

=
∑

σ∈Π(k1,k−k1)

(−1)k1+|σ|sum
[
σ
|σ|
↑ (ωlk , ωl1 , · · · , ωlk−1

)
] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωlk

,ωl1
,··· ,ωlk−1

) ω
)

σj
↑(ωlk , ωl1 , · · · , ωlk−1

)! · σj
↓(ωlk , ωl1 , · · · , ωlk−1

)!

=
∑

σ∈Π(k−k1+1,k1−1)

(−1)k1+|σ|sum
[
σ
|σ|
↑ (ωlk , ωlk−1

, · · · , ωl1)
] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(ωlk

,ωlk−1
,··· ,ωl1

) ω
)

σj
↑(ωlk , ωlk−1

, · · · , ωl1)! · σ
j
↓(ωlk , ωlk−1

, · · · , ωl1)!

=
∑

σ∈Π(k−k1+1,k1−1)

(−1)k−k1+1+|σ|sum
[
σ
|σ|
↑ (−ωlk , · · · ,−ωl1)

] |σ|∏
j=1

f̃
(∑

ω∈σj
↑↓(−ωlk

,··· ,−ωl1
) ω
)

σj
↑(−ωlk , · · · ,−ωl1)! · σ

j
↓(−ωlk , · · · ,−ωl1)!

=C
(
− ωlk , · · · ,−ωl1 ; k − k1 + 1

)
.

(B20)

Notice that we have employed the following bijection between Π(k1, k−k1) and Π(k−k1+1, k1−1) in obtaining the second
equality: [(σ1

↑
σ1
↓

)
,

(
σ2
↑

σ2
↓

)
, · · · ,

(
σj−1
↑

σj−1
↓

)
,

(
σj
↑

σj
↓

)]
xy[(σ1

↓
σ1
↑

)
,

(
σ2
↓

σ2
↑

)
, · · · ,

(
σj−1
↓

σj−1
↑

)
,

(
σj
↓ + 1

σj
↑ − 1

)]
In conclusion, we have

H
(k)
eff (t) =

∑
l1···lk

C
(
ωl1 , · · · , ωlk ; k

)
+ C

(
− ωlk , · · · ,−ωl1 ; k

)
2

ei(ωl1
+···+ωlk

)thl1 · · ·hlk (B21)

and

D
(k)
eff (t) = −i

k−1∑
k1=1

∑
l1···lk

[
C
(
ωl1 , · · · , ωlk ; k1

)
− C

(
− ωlk , · · · ,−ωl1 ; k − k1

)]
ei(ωl1

+···+ωlk
)tDhl1

···hlk1
,hlk1+1

···hlk
. (B22)

Finally, in situations where individual diagrams contain zero-valued frequency sums in their denominators, we can regularize
the apparent singularities by shifting every operator frequency ωi by an infinitesimal amount dω, summing over all the diagrams,
and taking the dω → 0 limit. In order to obtain an explicit formula for C

(
ω1, · · · , ωl+r; l

)
which is also valid in the presence of

singular diagrams, we can rewrite it as

C
(
ω1, · · · , ωl+r; l

)
=

∑
d∈diagrams

(−1)l+||d|| f̃
(
ω1 +

∑
µ1 +

∑
ν1

)
f̃
(∑

µ2 +
∑

ν2

)
· · · f̃

(∑
µ||d|| +

∑
ν||d||

)
µ1!ν1!µ2!ν2! · · ·µ||d||!ν||d||!

(B23)

where ||d|| is the number of loops in the diagram d, while µi ≡
(
µ1
i , · · · , µ

li
i

)
and νi ≡

(
ν1i , · · · , ν

ri
i

)
are the ordered sets of

upper and lower frequencies in the i-th loop respectively (with ω1 excluded and the rest of the frequencies ordered from left to
right in the diagrams). Here the factorial of an ordered set is defined as

µi! ≡
(
µ1
i + · · ·+ µli

i

)
· · ·
(
µ1
i + µ2

i

)
µ1
i . (B24)

When some of the factors in µi! are zero, the corresponding diagram will contain an apparent divergence which can be canceled
by other diagrams. Therefore, we are only interested in the finite part of the diagram. To get the finite part, suppose that the
following factors in µi! and νi! are zero:(

µ1
i + · · ·+ µ

s1i
i

)
,

(
µ1
i + · · ·+ µ

s2i
i

)
, · · · ,

(
µ1
i + · · ·+ µ

sni
i

)
(
ν1i + · · ·+ ν

s′1i
i

)
,

(
ν1i + · · ·+ ν

s′2i
i

)
, · · · ,

(
ν1i + · · ·+ ν

s′ni
i

) (B25)
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where s1i > s2i > · · · > sni and s′1i > s′2i > · · · > s′ni (also, we define si :=
(
s1i , s

2
i , · · · , sni

)
and s′i :=

(
s′1i , s

′2
i , · · · , s′ni

)
); in

addition, we denote the product of nonzero factors in the factorials by

µi! :=

li∏
j=1,j /∈si

(
µ1
i + · · ·+ µj

i

)
(B26)

and

νi! :=

ri∏
j=1,j /∈s′i

(
ν1i + · · ·+ νji

)
, (B27)

while defining the total frequency in each loop to be

µ̃i := µ
s1i+1
i + µ

s1i+2
i + · · ·+ µli

i + ω1δi,1; ν̃i := ν
s′1i +1
i + ν

s′1i +2
i + · · ·+ νrii . (B28)

Then the finite contribution of the diagram can be obtained from Taylor expansion (sending each frequency ωi to ωi + dω and
expanding in powers of dω) to be:

(−1)l
||d||∏
i=1

f̃
(
µ̃i + ν̃i

)
−µi!νi!

·

∑
i(ni+ui+li)=

∑
i(|si|+|s′i|)∑

ni≥0,ui≥0,li≥0

⌊ni
2 ⌋∑

ki=0

c
(
ni, ki

)(
ni

)
!

τ2(ni−ki)
(
µ̃i + ν̃i

)ni−2ki
(
|µi|+ |νi|

)ni

∑
∑

mJu=ui,
∑

m′
Jl

=li

∏
Ju /∈si,Jl /∈s′i

( −Ju

µ1
i+···+µJu

i

)mJu
( −Jl

ν1
i +···+ν

Jl
i

)m′
Jl∏

s
j1
i ∈si,s

′j2
i ∈s′i

(
sj1i s′j2i

) ,

(B29)

where ⌊•⌋ is the floor function, and the function c
(
n, k

)
can be defined recursively by the relations:

c
(
n+ 1, k

)
= −c

(
n, k

)
+
(
n− 2k + 2

)
c
(
n, k − 1

)
(B30)

together with the conditions

c
(
0, 0
)
= 1, c

(
n,−1

)
≡ 0 for any n, c

(
n, k

)
≡ 0 for n < 2k. (B31)

Appendix C: Explicit formula for the TCG master equation in the presence of a bosonic thermal bath

As discussed in Section III of the Main Text, when the coarse-graining time scale τ is much greater than the bath correlation
time, the leading-order (in the system-bath coupling) dynamical equation for the reduced TCG system density matrix ρ(t) ≡
TrB

(
ρtot(t)

)
takes the form of a Markovian master equation:

∂tρ(t) ≈L(0)(t)ρ(t) + TrB
[
L(2)(t)

[
ρ(t)⊗ ρB(0)

]]
+

∫ ∞

0

dt1G(2)(t, t− t1)ρ(t). (C1)

More explicitly, if we assume the type of system-bath couplings in Eq.(9) of the Main Text, then, according to Eq.(B21) and
Eq.(B22), iL(1)(t) can in general be written as

iL(1)(t)ρ =

∫ ∞

0

dω

2π
Dω

[∑
k

g̃lk(ω)e
i(ωl

k−ω)tDLl
kBω,Rl

k
ρ+

∑
k

g̃rk(ω)e
i(ωr

k−ω)tDLr
k,BωRr

k
− h.c.

]
(C2)

for some set of operators Lr
k, Ll

k, Rr
k, Rl

k acting on the system Hilbert space together with their corresponding frequencies ωl(r)
k

and coefficients gl(r)k . With this expression and the identity∫ ∞

0

dt1e
i(ω−ω0) = πδ(ω − ω0) + iP 1

ω − ω0
(C3)

where P denotes the Cauchy principal value, we can write the leading-order time integral of G(2)(t, t− t1) in Eq.(C1) as∫ ∞

0

dt1G(2)(t, t− t1)ρ(t) ≈− i
[
H(2)

corr(t), ρ(t)
]
+D(2)

corr(t)ρ(t)

≡− i
[
Hll(t) +Hlr(t) +Hrl(t) +Hrr(t), ρ(t)

]
+
(
Dll(t) +Dlr(t) +Drl(t) +Drr(t)

)
ρ(t),

(C4)
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and the explicit expressions for Hll, Hlr, Hrl, Hrr, Dll, Dlr, Drl, Drr will be given by the formulas below:

Hll =
∑
k1,k2

ei(ω
l
k1

−ωl
k2

)t
[
i
Dωl

k1

g̃lk1
(ωl

k1
)g̃l∗k2

(ωl
k1
)

2
n(ωl

k1
)− P

Dω g̃
l
k1
(ω)g̃l∗k2

(ω)

2π

n(ω)

ω − ωl
k1

][Ll†
k2
Rl†

k2
, Rl

k1
Ll
k1

]
8

+ h.c. (C5)

Hlr =
∑
k1,k2

ei(ω
r
k1

−ωl
k2

)t
[
i
Dωr

k1
g̃rk1

(ωr
k1
)g̃l∗k2

(ωr
k1
)

2
n(ωr

k1
)− P

Dω g̃
r
k1
(ω)g̃l∗k2

(ω)

2π

n(ω)

ω − ωr
k1

][Ll†
k2
Rl†

k2
, Rr

k1
Lr
k1

]
8

+ h.c. (C6)

Hrl =
∑
k1,k2

ei(ω
l
k1

−ωr
k2

)t
[
i
Dωl

k1

g̃lk1
(ωl

k1
)g̃r∗k2

(ωl
k1
)

2
n(ωl

k1
)− P

Dω g̃
l
k1
(ω)g̃r∗k2

(ω)

2π

n(ω)

ω − ωl
k1

][Lr†
k2
Rr†

k2
, Rl

k1
Ll
k1

]
8

+ h.c. (C7)

Hrr =
∑
k1,k2

ei(ω
r
k1

−ωr
k2

)t
[
i
Dωr

k1
g̃rk1

(ωr
k1
)g̃r∗k2

(ωr
k1
)

2
n(ωr

k1
)− P

Dω g̃
r
k1
(ω)g̃r∗k2

(ω)

2π

n(ω)

ω − ωr
k1

][Lr†
k2
Rr†

k2
, Rr

k1
Lr
k1

]
8

+ h.c. (C8)

Dllρ(t)

=
∑
k1,k2

ei(ω
l
k1

−ωl
k2

)t
[Dωl

k1

g̃lk1
(ωl

k1
)g̃l∗k2

(ωl
k1
)

2
n(ωl

k1
) + iP

Dω g̃
l
k1
(ω)g̃l∗k2

(ω)

2π

n(ω)

ω − ωl
k1

]
·
(
DRl†

k2
Ll

k1
,Rl

k1
Ll†

k2

− 1

2
DRl†

k2
Rl

k1
Ll

k1
,Ll†

k2

− 1

2
DLl†

k2
Rl†

k2
Ll

k1
,Rl

k1

− 1

2
DRl†

k2
,Rl

k1
Ll

k1
Ll†

k2

− 1

2
DLl

k1
,Rl

k1
Ll†

k2
Rl†

k2

+
1

4
DRl

k1
Ll

k1
,Ll†

k2
Rl†

k2

)
ρ(t)

+
∑
k1,k2

ei(ω
l
k1

−ωl
k2

)t
[Dωl

k1

g̃lk1
(ωl

k1
)g̃l∗k2

(ωl
k1
)

2

(
n(ωl

k1
) + 1

)
+ iP

Dω g̃
l
k1
(ω)g̃l∗k2

(ω)

2π

n(ω) + 1

ω − ωl
k1

]
· 1
4
DLl†

k2
Rl†

k2
,Rl

k1
Ll

k1

ρ(t)

+ h.c.

(C9)

Dlrρ(t)

=
∑
k1,k2

ei(ω
r
k1

−ωl
k2

)t
[Dωr

k1
g̃rk1

(ωr
k1
)g̃l∗k2

(ωr
k1
)

2
n(ωr

k1
) + iP

Dω g̃
r
k1
(ω)g̃l∗k2

(ω)

2π

n(ω)

ω − ωr
k1

]
·
(
DRl†

k2
Lr

k1
,Rr

k1
Ll†

k2

− 1

2
DRl†

k2
Rr

k1
Lr

k1
,Ll†

k2

− 1

2
DRl†

k2
,Rr

k1
Lr

k1
Ll†

k2

− 1

2
DLr

k1
,Rr

k1
Ll†

k2
Rl†

k2

+
1

4
DRr

k1
Lr

k1
,Ll†

k2
Rl†

k2

)
ρ(t)

+
∑
k1,k2

ei(ω
r
k1

−ωl
k2

)t
[Dωr

k1
g̃rk1

(ωr
k1
)g̃l∗k2

(ωr
k1
)

2

(
n(ωr

k1
) + 1

)
+ iP

Dω g̃
r
k1
(ω)g̃l∗k2

(ω)

2π

n(ω) + 1

ω − ωr
k1

]
·
(
− 1

2
DLl†

k2
Rl†

k2
Lr

k1
,Rr

k1

+
1

4
DLl†

k2
Rl†

k2
,Rr

k1
Lr

k1

)
ρ(t)

+ h.c.

(C10)
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Drlρ(t)

=
∑
k1,k2

ei(ω
l
k1

−ωr
k2

)t
[Dωl

k1

g̃lk1
(ωl

k1
)g̃r∗k2

(ωl
k1
)

2
n(ωl

k1
) + iP

Dω g̃
l
k1
(ω)g̃r∗k2

(ω)

2π

n(ω)

ω − ωl
k1

]
·
(
DRr†

k2
Ll

k1
,Rl

k1
Lr†

k2

− 1

2
DRr†

k2
Rl

k1
Ll

k1
,Lr†

k2

− 1

2
DLr†

k2
Rr†

k2
Ll

k1
,Rl

k1

− 1

2
DLl

k1
,Rl

k1
Lr†

k2
Rr†

k2

+
1

4
DRl

k1
Ll

k1
,Lr†

k2
Rr†

k2

)
ρ(t)

+
∑
k1,k2

ei(ω
l
k1

−ωr
k2

)t
[Dωl

k1

g̃lk1
(ωl

k1
)g̃r∗k2

(ωl
k1
)

2

(
n(ωl

k1
) + 1

)
+ iP

Dω g̃
l
k1
(ω)g̃r∗k2

(ω)

2π

n(ω) + 1

ω − ωl
k1

]
·
(
− 1

2
DRr†

k2
,Rl

k1
Ll

k1
Lr†

k2

+
1

4
DLr†

k2
Rr†

k2
,Rl

k1
Ll

k1

)
ρ(t)

+ h.c.

(C11)

Drrρ(t)

=
∑
k1,k2

ei(ω
r
k1

−ωr
k2

)t
[Dωr

k1
g̃rk1

(ωr
k1
)g̃r∗k2

(ωr
k1
)

2
n(ωr

k1
) + iP

Dω g̃
r
k1
(ω)g̃r∗k2

(ω)

2π

n(ω)

ω − ωr
k1

]
·
(
− 1

2
DLr

k1
,Rr

k1
Lr†

k2
Rr†

k2

− 1

2
DRr†

k2
Rr

k1
Lr

k1
,Lr†

k2

+
1

4
DRr

k1
Lr

k1
,Lr†

k2
Rr†

k2

)
ρ(t)

+
∑
k1,k2

ei(ω
r
k1

−ωr
k2

)t
[Dωr

k1
g̃rk1

(ωr
k1
)g̃r∗k2

(ωr
k1
)

2

(
n(ωr

k1
) + 1

)
+ iP

Dω g̃
r
k1
(ω)g̃r∗k2

(ω)

2π

n(ω) + 1

ω − ωr
k1

]
·
(
DRr†

k2
Lr

k1
,Rr

k1
Lr†

k2

− 1

2
DLr†

k2
Rr†

k2
Lr

k1
,Rr

k1

− 1

2
DRr†

k2
,Rr

k1
Lr

k1
Lr†

k2

+
1

4
DLr†

k2
Rr†

k2
,Rr

k1
Lr

k1

)
ρ(t)

+ h.c.

(C12)

With these explicit formulas, it is straightforward to derive the time-coarse grained effective master equation for the system
density matrix. In fact, all open quantum systems discussed in this work are modeled in this approach. And despite the seemingly
complicated form of the expressions above, our calculations suggest that cancellation is often prevalent among the terms in
Eq.(C5-C12), leading to only a few dissipators with distinctive physical interpretations (e.g. the Purcell decay or the Lamb shift)
at low orders.

Appendix D: Time-coarse graining of more general open quantum systems

Our presentation of the TCG approach to open quantum systems in Section III of the Main Text assumes a single thermal bath
consisting of bosonic degrees of freedom alone. Although this premise is sufficient for modeling many sources of dissipation in
circuit QED, it is straightforward to generalize the previously presented recipe to include non-bosonic and/or multiple thermal
baths. We first demonstrate the treatment of non-bosonic baths with a simple toy model consisting of a spin coupled to non-
interacting spin modes.

1. Spin coupled to a spin bath

To demonstrate TCG’s capability of modeling non-bosonic baths, we consider a minimal toy model described by the following
total Hamiltonian in the Schrödinger-picture:

Ĥtot =
ωs

2
σz +

∫ ∞

0

dω · Dω
ω

2
σω
z +

∫ ∞

0

dω

2π
· Dωgω · σω

xσx (D1)

which models a spin linearly coupled to a non-interacting bath of spin degrees of freedom. The interaction Hamiltonian can be
written as

Htot =

∫ ∞

0

dω

2π
· Dωgω ·

(
ei(ω+ωs)tσω

+σ+ + ei(ω−ωs)tσω
+σ− + h.c.

)
(D2)

Adopting the TCG-BM prescription discussed in the previous subsection, we can obtain the standard Lindblad master equation
as well as its extensions to higher orders in gω if we assume that the coarse-graining time scale τ is sufficiently large (τ ≫ 1/ωs).
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At leading orders in gω , we have

L(1)(t) = −i

∫ ∞

0

dω

2π
· Dωgω · e− 1

2 (ω−ωs)
2τ2
[
ei(ω−ωs)tσω

+σ− + e−i(ω−ωs)tσω
−σ+, •

]
(D3a)

L(2)(t) = −i

∫ ∞

0

dω1dω2

(2π)2
· Dω1

Dω2
gω1

gω2

[
− ei(ω2−ω1)t

e−
1
2 (ω2−ω1)

2τ2

(ω1 + ω2 + 2ωs)

2(ω1 + ωs)(ω2 + ωs)
σ−σ+σ

ω1
− σω2

+

+ e−i(ω2−ω1)t

(
e−

1
2 (ω2−ω1)

2τ2 − e−
1
2

(
(ω1−ωs)

2+(ω2−ωs)
2
)
τ2)

(ω1 + ω2 − 2ωs)

2(ω1 − ωs)(ω2 − ωs)
σ−σ+σ

ω1
+ σω2

−

− ei(ω2−ω1)t

(
e−

1
2 (ω2−ω1)

2τ2 − e−
1
2

(
(ω1−ωs)

2+(ω2−ωs)
2
)
τ2)

(ω1 + ω2 − 2ωs)

2(ω1 − ωs)(ω2 − ωs)
σ+σ−σ

ω1
− σω2

+

+ e−i(ω2−ω1)t
e−

1
2 (ω2−ω1)

2τ2

(ω1 + ω2 + 2ωs)

2(ω1 + ωs)(ω2 + ωs)
σ+σ−σ

ω1
+ σω2

− , •
]

(D3b)

and therefore

TrB
[
L(2)(t)

[
ρ(t)⊗ ρB(0)

]]
= −i

∫ ∞

0

dω

2π
· Dωg

2
ω

(
− 1− e−(ω−ωs)

2τ2

ω − ωs
+

1

ω + ωs

)[σz

2
, ρ(t)

]
(D4a)

∫ ∞

0

dt1G(2)(t, t− t1)ρ(t) ≡
∫ ∞

0

dt1TrB
[
L(1)(t)L(1)(t− t1)ρB(0)

]
ρ(t) (D4b)

which leads to the following TCG master equation at order g2ω according to the general formula in Section III of the Main Text:

∂tρ(t) ≈− i
[
δH(2), ρ(t)

]
+Dωsg

2
ωs

(
nωsDσ+,σ−ρ(t) + (1− nωs)Dσ−,σ+

ρ(t)
)

(D5)

where nω ≡ TrB [σω
+σ

ω
−] is the thermal bath occupation number at frequency ω which follows Dirac-Fermi statistics, and δH(2)

is the effective Hamiltonian correction taking contributions from both Eq.(D4a) and Eq.(D4b):

δH(2) =

∫ ∞

0

dω

2π
· Dωg

2
ω

(
− 1− e−(ω−ωs)

2τ2

2(ω − ωs)
+

1

2(ω + ωs)
− P e−(ω−ωs)

2τ2

2(ω − ωs)

)
σz

=

∫ ∞

0

dω

2π
· Dωg

2
ω

(
P 1

ωs − ω
+

1

ω + ωs

)σz

2
≡ ∆Lamb

σz

2

(D6)

which gives us exactly the familiar Lamb-shift together with contributions from counter-rotating terms:

∆Lamb =

∫ ∞

0

dω

2π
· Dωg

2
ω

(
P 1

ωs − ω
+

1

ω + ωs

)
(D7)

When the spin is only part of the quantum system of interest, it is not guaranteed in general that the right-hand side of Eq.(D5)
still faithfully represents the effects of the thermal bath, even though the common practice is to assume that this is true when
modeling interacting open quantum systems. As argued in the Main Text, we can regard such a practice as good approximation
when all the internal system dynamics in the measurement frame is slow compared to the bath relaxation time scale. More
generally, as we will show in Subsection D 3, TCG can give rise to corrections to the bath-induced dynamics, mixing the bath
effects with the internal system dynamics.

2. Spin baths and multiple thermal environments

In this section we demonstrate the construction of effective master equations for multiple bosonic or spin baths via TCG. More
concretely, we use the system + baths approach and consider the following total Hamiltonian in the Schrödinger picture:

Ĥtot(t) =Ĥs(t) + Ĥf + Ĥb + Ĥsf + Ĥsb (D8)
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where Ĥs(t) is the system Hamiltonian while

Ĥf =
∑

j=1,2,··· ,∥F∥

∑
k∈F j

εjkc
j†
k cjk, Ĥb =

∑
l=1,2,··· ,∥B∥

∑
k∈Bl

ϵlkb
l†
k b

l
k

Ĥsf =
∑

j=1,2,··· ,∥F∥

∫ ∞

0

dω

2π
Dj

ωg
j
ω

∑
k∈F j

(
Sj
kcω + Sj†

k c†ω

)
Ĥsb =

∑
l=1,2,··· ,∥B∥

∫ ∞

0

dω

2π
Dl

ωg
l
ω

∑
k∈Bl

(
Sl
kbω + Sl†

k b†ω

) (D9)

with Sj
k, S

l
k operators on the system part of the Hilbert space. In the interaction picture, the total Hamiltonian takes the form

H =Hs(t) +
∑

j=1,2,··· ,∥F∥

∫ ∞

0

dω

2π
Dj

ωg
j
ω

∑
k∈F j

(
e−i(ω−ωj

k)tSj
kcω + h.c.

)
+

∑
l=1,2,··· ,∥B∥

∫ ∞

0

dω

2π
Dl

ωg
l
ω

∑
k∈Bl

(
e−i(ω−ωj

k)tSl
kbω + h.c.

) (D10)

Following the same analysis as in the Main Text, we perturbatively calculate the TCG Liouvillian superoperator L before tracing
out the bath degrees of freedom. Expanding in powers of the system-bath coupling strengths gjω , we rewrite L as

L(t) =
∑

nf∈Z∥F∥
≥0

∑
nb∈Z∥B∥

≥0

Lnf ,nb

(t)
(D11)

where nf := (nf
1 , n

f
2 , · · · , n

f
∥F∥) denotes a list of ∥F∥ non-negative integers and nb := (nb

1, n
b
2, · · · , nb

∥B∥) denotes a list of

∥B∥ non-negative integers, while Lnf ,nb

(t) is the part of the TCG Liouvillian containing (nf
1 , n

f
2 , · · · , n

f
∥F∥) spin bath coupling

terms and (nb
1, n

b
2, · · · , nb

∥B∥) bosonic bath coupling terms for each of the thermal baths respectively. We can then rewrite the
leading-order time derivative of the coarse-grained system density matrix ρ as

∂tρ(t) ≈L0,0(t)ρ(t) +
∑

jf=1,···∥F∥

TrF
[
L(nf

j =2δj,jf ),0(t)
[
ρ(t)⊗ ρF (0)

]]
+

∑
jb=1,···∥B∥

TrB
[
L0,(nb

j=2δj,jb )(t)
[
ρ(t)⊗ ρB(0)

]]
+

∑
jf=1,···∥F∥

∫ ∞

0

dt1TrF
[
L(nf

j =δj,jf ),0(t)
(
T e

∫ t
t−t1

dt2L0,0(t2)
)
L(nf

j =δj,jf ),0(t− t1)ρF (0)
]
ρ(t)

+
∑

jb=1,···∥B∥

∫ ∞

0

dt1TrB
[
L0,(nb

j=δj,jb )(t)
(
T e

∫ t
t−t1

dt2L0,0(t2)
)
L0,(nb

j=δj,jb )(t− t1)ρB(0)
]
ρ(t)

(D12)

as long as the time resolution τ of feasible measurements are always much longer than the bath relaxation time scale. The pre-
scription presented here shows that one can use the MaTCG framework to model a very general class of dissipative environments,
not limited to the bosonic thermal baths assumed in the Main Text.

3. TCG corrections to the dissipative Rabi model

In this subsection we enlarge the quantum system (i.e. the spin) in Subsection D 1 by coupling it to a resonant cavity mode
so that we end up with a resonant dissipative Rabi model. Naive application of the results in Subsection D 1 then suggests the
following master equation in the interaction picture after the rotating-wave approximation:

∂tρ(t) = −i
[η
2

(
aσ+ + a†σ−

)
+∆Lamb

σz

2
, ρ(t)

]
+ J(ωs)

(
nωsDσ+,σ−ρ(t) + (1− nωs)Dσ−,σ+

ρ(t)
)

(D13)

with J(ω) ≡ Dωg
2
ω , where the bath-induced superoperators only act on the spin degrees of freedom regardless of the state of the

cavity mode. This can be a good approximation if we limit our interest to the part of Hilbert space where the system dynamics
(e.g. Rabi oscillations) are much slower than the bath relaxation rate. More generally however, our analysis in Section III of
the Main Text shows that at leading order one should use the following master equation when one is only allowed to make
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approximations based on the fact that the measurement time resolution τ (and not necessarily all the closed-system time scales)
is much greater than the bath relaxation time τB :

∂tρ(t) = TrB
[
L(t)

[
ρ(t)⊗ ρB(0)

]]
+ TrB

[
L(t)χcorr(t)

]
=L(0)(t)ρ(t) + TrB

[
L(2)(t)

[
ρ(t)⊗ ρB(0)

]]
+

∫ ∞

0

dt1G(2)(t, t− t1)ρ(t) +O
(
g3
) (D14)

where the main difference compared to the naive Lindblad master equation, apart from the closed-system TCG corrections in
L(0) and L(2), is the expression

G(2)(t, t− t1) = TrB
(
L(1)(t)

(
T e

∫ t
t−t1

dt2L(0)(t2)
)
L(1)(t− t1)ρB(0)

)
(D15)

which contains the closed-system TCG propagator T e
∫ t
t−t1

dt2L(0)(t2) in between the two system-bath couplers L(1)(t) and
L(1)(t− t1). At the zero-th order in the closed-system coupling constants, G(2)(t, t− t1) reduces to the expression

G(2)(t, t− t1) −→ −TrB
([

Hsb(t), [Hsb(t− t1), ρB(0)]
])

(D16)

which gives rise to the conventional Lindblad dissipators as well as the Lamb shift(s). With finite closed-system coupling
strengths in H(t), we expect the closed-system TCG propagator to provide corrections to the naive Lindblad master equation
even if we make all the Markovian and secular approximations.

To illustrate this point, we discuss the resonant dissipative Rabi model defined by the following interaction-picture Hamilto-
nian (non-resonant models can be analyzed from the same starting point, but would be more complicated):

Htot =
η

2

(
aσ+ + a†σ−

)
+

η

2

(
a†σ+e

2iωst + aσ−e
−2iωst

)
+

∫ ∞

0

dω · Dωgω ·
(
ei(ω+ωs)tσω

+σ+ + ei(ω−ωs)tσω
+σ− + h.c.

) (D17)

Working in the parameter regime where 1
ωs
, τB ≪ τ ≪ 2

g , the leading-order TCG superoperators can be written as

L(0) ≈ −i
[ η2

8ωs
(a†a+

1

2
)σz +

η

2

(
aσ+ + a†σ−

)
, •
]
≡ −i

[
Heff, •

]
(D18a)

L(1) ≈ −i

∫ ∞

0

dω

2π
· Dωgω · e− 1

2 (ω−ωs)
2τ2
[
ei(ω−ωs)tσω

+σ− + e−i(ω−ωs)tσω
−σ+, •

]
− i

∫ ∞

0

dω

2π
· Dω g̃ω · e− 1

2 (ω−ωs)
2τ2
[
ei(ω−ωs)tσzσ

ω
+a+ e−i(ω−ωs)tσzσ

ω
−a

†, •
] (D18b)

L(2) ≈ −i

∫ ∞

0

dω1dω2

(2π)2
· Dω1

Dω2
gω1

gω2

[
− ei(ω2−ω1)t

e−
1
2 (ω2−ω1)

2τ2

(ω1 + ω2 + 2ωs)

2(ω1 + ωs)(ω2 + ωs)
σ−σ+σ

ω1
− σω2

+

+ e−i(ω2−ω1)t

(
e−

1
2 (ω2−ω1)

2τ2 − e−
1
2

(
(ω1−ωs)

2+(ω2−ωs)
2
)
τ2)

(ω1 + ω2 − 2ωs)

2(ω1 − ωs)(ω2 − ωs)
σ−σ+σ

ω1
+ σω2

−

− ei(ω2−ω1)t

(
e−

1
2 (ω2−ω1)

2τ2 − e−
1
2

(
(ω1−ωs)

2+(ω2−ωs)
2
)
τ2)

(ω1 + ω2 − 2ωs)

2(ω1 − ωs)(ω2 − ωs)
σ+σ−σ

ω1
− σω2

+

+ e−i(ω2−ω1)t
e−

1
2 (ω2−ω1)

2τ2

(ω1 + ω2 + 2ωs)

2(ω1 + ωs)(ω2 + ωs)
σ+σ−σ

ω1
+ σω2

− , •
]

(D18c)

with

g̃ω :=
gωη

4

( 1

ω + ωs
+

1

2ωs
+ τ2(ωs − ω)

)
. (D19)

It follows from Eq.(D14) that we have the following master equation

∂tρ(t) = −i
[
H(2), ρ(t)

]
+ LDρ(t) + LHρ(t) (D20)
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where

H(2) ≡ Heff −
∫ ∞

0

dω

2π
Dωg

2
ω

(1− e−(ω−ωs)
2τ2

ω − ωs
− 1

ω + ωs

)σz

2
(D21)

while LD and LH are contributions from
∫∞
0

dt1G(2)(t, t − t1) which reduce to standard Lindblad dissipators and additional
Lamb shift corrections to H(2) respectively in the η → 0 limit. The naive master equation D13 corresponds to this limit. When
η is finite, LD and LH are much more complicated and have to be represented by their actions on the matrix elements of ρ(t):

ρ(t) ≡
∑

(n1,n2)∈Z2
≥0

∑
s1,s2∈{+,−}

ρn1,s1;n2,s2 |n1, s1⟩⟨n2, s2| (D22)

Since L(0) ≡ −i
[
Heff, •

]
where the eigenstates and corresponding eigenvalues of Heff can be written as

|n,+⟩ := cos
(θn
2

)
|n, e⟩+ sin

(θn
2

)
|n+ 1, g⟩ ωn,+ :=

η2

8ωs

(√
(n+ 1)2 +

16ω2
s

η2
(n+ 1)− 1

2

)
|n,−⟩ := sin

(θn
2

)
|n, e⟩ − cos

(θn
2

)
|n+ 1, g⟩ ωn,− := − η2

8ωs

(√
(n+ 1)2 +

16ω2
s

η2
(n+ 1) +

1

2

) (D23)

with tan θn ≡ 4ωs
η
√
n+1

and

Ω(n) ≡ η2

8ωs

√
(n+ 1)2 +

16ω2
s

η2
(n+ 1),

we know from Eq.(D15) that the dissipator LD acts on ρ(t) as

⟨n1, e|LDρ(t)|n2, e⟩ ≈
1

8

∑
δ∈∆8

e−δ2τ2

J(ωs + δ)
(
nωs+δρn1,g;n2,g − (1− nωs+δ) ρn1,e;n2,e

)
⟨n1, g|LDρ(t)|n2, g⟩ ≈ −1

8

∑
δ∈∆8

e−δ2τ2

J(ωs + δ)
(
nωs+δρn1,g;n2,g − (1− nωs+δ) ρn1,e;n2,e

)
⟨n1, e|LDρ(t)|n2, g⟩ ≈ −1

8

( ∑
δ∈∆4

nωs+δ +
∑

δ∈∆−
4

(1− nωs+δ)
)
e−δ2τ2

J(ωs + δ)ρn1,e;n2,g

(D24)

at leading order in η
ωs

, if we define

∆8 ≡ {±Ω(n1)± Ω(n2 − 1), ±Ω(n1 − 1)± Ω(n2)}
∆4 ≡ {±Ω(n1)± Ω(n2)} , ∆−

4 ≡ {±Ω(n1 − 1)± Ω(n2 − 1)}
(D25)

What we learn from the form of the above component representation of the master equation is that (1) thermal dissipation can no
longer be described by state-independent Lindblad dissipators in general, and deviations from standard Lindblad dissipators are
greater for states that involve fast virtual exchange of energies between the dissipating component (the spin) and the rest of the
system (the cavity mode); (2) the thermal bath is no longer only probed at the transition frequency of the dissipating component as
the naive Lindblad master equation would conclude, and in general bath modes at the transition frequencies among many virtual
states of the quantum system can be probed during the dissipative time evolution, which effectively broadens the linewidth of
the quantum system when some of the internal (virtual) transitions involve time scales not much greater than the bath relaxation
time scale. It is also straightforward to obtain higher-order TCG corrections to the thermal dissipators, although they are much
more complicated in form and therefore we refrain from presenting the full expression here.

Finally, we should mention that the TCG corrections investigated here for the dissipative resonant Rabi model is only one
special theoretical use case for the TCG framework. In more experimentally relevant scenarios, TCG is useful for identifying the
most significant observables (e.g. the particular cavity quadrature variables in the spin-cavity model) that evolve in time scales
widely separated from that of one’s interest (e.g. the spin dynamics) and yet modulate the time evolution of the latter. This allows
one to model the system dynamics in a way that is hierarchical in time scales with clear prescription for how dissipative effects
can be induced from one level to the next (e.g. dissipation in the cavity mode is responsible for the time-dependent dissipation
of the spin, as discussed in the Main Text). We argue in the next subsection that this feature of TCG has important implications
for system identification approaches in which one is capable of physically modeling parts, but not all, of an interacting (open)
quantum system.
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4. TCG-based hybrid (graybox) method for quantum system identification

In most setups of experiments on quantum devices, one does not have access to most of the system parameters, while naive
assumptions and approximations (e.g. the Markovian approximation) are not valid for some system components in general. In
particular, non-Markovian effective dynamics prevents explicit analytical modeling of the system components that have unknown
interactions with their environments. In fact, it is a significant challenge even to identify which degrees of freedom should be
included in the “quantum system” and which in the environment for those components with conspicuous information backflow[6,
7]. To address this challenge, some have adopted the “blackbox” approach using a variety of machine learning (ML) methods
where input signals (control sequences) are directly mapped to the output measurement results without revealing the underlying
physics that leads to the observed dynamics[8–11]. While useful for tasks such as characterizing qubit parameters and performing
certain quantum controls, the blackbox approach is not sufficiently informative for the design and optimization of quantum
systems, and it can be more desirable to use a hybrid or “graybox” approach where an effective Hamiltonian or master equation
can still be used to model key components of the quantum system, while some or all the model parameters are supplied by
the output of some blackbox ML algorithm[12–14]. This is particularly suitable for interacting quantum systems with a wide
separation of time scales where one only has access to specific output signals within some frequency band while the quantum
system of interest (e.g. a qubit) is affected by dynamics that take place over much shorter (e.g. readout resonators or TLS in the
superconductor) or much longer (e.g. adiabatic evolution of external drives) time scales. It is in such cases where measurement-
adapted TCG can be conveniently incorporated into such graybox methods.

Take the spin readout problem discussed in Section IV of the Main Text for example, the fourth-order TCG gives rise to the
following effective master equation for the spin:

∂tρS ≈− i
ωS

2

[
σz, ρS

]
+

γφeff

2
Dσz,σzρS + γ↓Dσ−,σ+ρS + γ↑Dσ+,σ−ρS (D26)

where

ωS =χ+ 2
[
χ+ ζ(1 + |αe|2 + |αg|2) +

λ4κc

4

]
Re(αgα

∗
e)− ζ(|αg|4 + |αe|4) + λ2Re

(
ϵd(α

∗
e + α∗

g)
)

+ 2µ+ Im(κd
− + κd

+)Re(αe − αg)

(D27)

and

γφeff =2
[
χ+ ζ(1 + |αe|2 + |αg|2)−

λ4κc

4

]
Im(αgα

∗
e) + λ2Im

(
ϵd(α

∗
e − α∗

g)
)

(D28)

are parameters for the spin time evolution that depend on the dynamics of the readout cavity mode.

Figure 1: The schematics of a graybox architecture. In general, some parameters of the TCG master equation can be directly calculated from the predetermined or
calibrated control dynamics and initial state information, which constitutes the “whitebox” part of the model. Other master equation parameters can be provided
by the outputs of a neural network (N.N.) whose inputs come from the control dynamics and initial state information. These N.N. outputs account for the
dynamics of coupled inaccessible degrees of freedom or uncalibrated model parameters, and thereby constitute the “blackbox” part of the model. Compared to
the graybox architecture proposed in [14], the TCG master equation generalizes the Hamiltonian-based whitebox model to account for the effective non-unitary
dynamics of the measured observables

In many experimentally relevant situations, one has relatively good control over the interactions of some more well-isolated
parts of the quantum system (e.g. the spin), while the dynamics of other parts (e.g. the cavity mode) may be subject to
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complicated mechanisms the details of which are not fully available to the experimentalists. In such situations, the effective
TCG master equation offers a clear recipe for combining physical and machine learning models in a “graybox” framework –
explicit physical models will be provided by the TCG effective master equation for the parts of the system whose interactions
are well-understood; machine learning models, on the other hand, can be used to map the control sequences to a set of output
(time-dependent) parameters that are then used to inform the TCG master equation with dynamical variables that cannot be
directly measured or calibrated. See Fig.1 for a schematic of the MaTCG-based graybox architecture.

Compared to graybox schemes that have been studied in the literature[12–14], the MaTCG method contends that, depending
on the measurements to be performed on a quantum system, the most appropriate model for the “whitebox” part of the graybox
structure is not a unitary Hamiltonian evolution in general, and is rather better described by a TCG master equation with pa-
rameters informed by the output of the ML blackbox. Since the graybox model has to be trained on measurement results with
finite time resolution, our analysis in the Main Text has shown that it is necessary in many situations to include corrections from
MaTCG beyond effective Hamiltonian methods to avoid the assumption of unphysical parameters.

5. The TCG stochastic master equation and quantum jumps

In reality, photons emitted from a quantum system are never detected at precise moments in time, even with perfect detector
efficiency. This not only affects the effective master equation discussed previously corresponding to situations with no record of
any information leaking out of the system through incoherent processes, but also has implications for the “quantum trajectory”
picture where leaked photons are monitored during an extended period of time. One way to account for the finite time resolution
of photocurrent detection is to start from the time-coarse grained master equation

∂tρ(t; τ) =L(t; τ)ρ(t; τ) ≡ [J +K(t; τ)] ρ(t; τ) (D29)

where the coarse-graining time scale τ reflects the finite resolution of the recorded photocurrent, and

J ρ ≡ γcρc† (D30)

is the quantum jump superoperator that can be related to photon detection events, while

K(t; τ) ≡ L(t; τ)− J (D31)

generates smooth evolution for the unmonitored part of the system.
The master equation can be formally solved by the propagator

U(t; τ) ≡ T e
∫ t
0
dt1L(t1,τ)

=

∞∑
m=0

∫ t

0

dtm

∫ tm

0

dtm−1 · · ·
∫ t2

0

dt1 · S(t, tm−1; τ)JS(tm, tm−1; τ) · · · J S(t1, 0; τ)
(D32)

with

S(tn, tn−1; τ) ≡ T e
∫ tn
tn−1

dt′·K(t′;τ)
. (D33)

To see the reason behind the formula above, notice that if we define

V(t; τ) ≡ T̄ e−
∫ t
0
dt1·K(t1;τ)U(t; τ) (D34)

then

∂tV(t; τ) =−
(
T̄ e−

∫ t
0
dt1·K(t1;τ)

)
K(t; τ)U(t; τ) +

(
T̄ e−

∫ t
0
dt1·K(t1;τ)

)
(J +K(t; τ))U(t; τ)

=
(
T̄ e−

∫ t
0
dt1·K(t1;τ)

)
J T e

∫ t
0
dt1·K(t1;τ) ≡ JI(t; τ)

(D35)

which allows us to make the following Dyson expansion:

V(t; τ) =
∞∑

m=0

∫ t

0

dtm

∫ tm

0

dtm−1 · · ·
∫ t2

0

dt1 · JI(tm; τ)JI(tm−1; τ) · · · JI(t1; τ)

=

∞∑
m=0

∫ t

0

dtm

∫ tm

0

dtm−1 · · ·
∫ t2

0

dt1 ·
(
T̄ e−

∫ tm
0

dt′m·K(t′m;τ)
)
JS(tm, tm−1; τ) · · · J S(t1, 0; τ)

(D36)
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if we define S(tn, tn−1; τ) ≡ e
∫ tn
tn−1

dt′·K(t′;τ)
. Multiplying both sides by S(t, 0; τ), we obtain that

U(t; τ) = S(t, 0; τ)V(t; τ)

=

∞∑
m=0

∫ t

0

dtm

∫ tm

0

dtm−1 · · ·
∫ t2

0

dt1 · S(t, tm−1; τ)JS(tm, tm−1; τ) · · · J S(t1, 0; τ)
(D37)

As demonstrated in [15], the probability density for a perfect detector with time resolution τ to record m photon detection
events in the time interval [0, t] is

pm(t1, . . . , tm; [0, t], τ) = Tr [S(t, tm−1; τ)JS(tm, tm−1; τ) · · · J S(t1, 0; τ)ρ(0; τ)] (D38)

if the detection events center around time t = t1, t2, · · · , tm respectively. Consequently, if one records a particular series of
photon detection events centered around those moments in time, the conditional density operator is

ρt1,··· ,tmc (t; τ) =
S(t, tm−1; τ)JS(tm, tm−1; τ) · · · J S(t1, 0; τ)ρ(0; τ)

Tr [S(t, tm−1; τ)JS(tm, tm−1; τ) · · · J S(t1, 0; τ)ρ(0; τ)]
. (D39)

In particular, following similar reasoning as that leading to the theory of Wiseman, Milburn, and Carmichael [16], for the
third-order TCG master equation of the spin-cavity model we have the following stochastic master equation after adding the
white noise term due to homodyne monitoring of the cavity amplitude quadrature variable x = a+ a† with efficiency η = 1 and
time resolution τ :

∂tρc(t; τ) =− i

[
ϵd

(
1 +

λ2σz

2

)(
c+ c†

)
− χ

σz

2

(
c†c+

1

2

)
, ρc(t; τ)

]
+ κcD(1+λ2σz/2)c,(1+λ2σz/2)c†ρc(t; τ) + κsDσ−,σ+

ρc(t; τ)

+
[
iκ−

d

(
Dσ−,σ+c +Dσ+c,σ−

)
ρc(t; τ) + iκ+

d

(
Dσ−c,σ+

+Dσ+,σ−c

)
ρc(t; τ) + h.c.

]
+
√
κcξ(t; τ)

(
(1 + λ2σz/2)cρc(t; τ) + ρc(t; τ)(1 + λ2σz/2)c

†

− Tr
[
ρc(t; τ)((1 + λ2σz/2)c+ (1 + λ2σz/2)c

†)
]
ρc(t; τ)

)
(D40)

where

κ±
d ≡ ϵdg

2
ac

(ωd ± ωa)2
(D41)

while ξ(t; τ) denotes a stationary colored Gaussian noise process determined by the coarse-graining window function f(t; τ):

E [ξ(t; τ)] = 0, Cov [ξ(t; τ), ξ(t+∆t; τ)] =

∫
dt1dt2 · f ′(t1)f

′(t2)min (t− t1, t+∆t− t2) . (D42)

In particular, for a rectangular window of length τ we have

Covrec [ξ(t; τ), ξ(t+∆t; τ)] =
max (τ − |∆t|, 0)

τ2
(D43)

whereas for a gaussian window of width τ we have

Covgs [ξ(t; τ), ξ(t+∆t; τ)] =
1

2
√
πτ

e−
∆t2

4τ2 (D44)

We see that the Wiener white noise is recovered in the τ → 0 limit as one would expect.
Since the diagonal elements of the spin density matrix decouple from the off-diagonal ones in Eq.(D40), it becomes naturally

justified to use the same ansatz as in [17] and write

ρc(t; τ) =
∑

n∈{0,1}

|n⟩⟨n| ⊗
∫

dxdy

π
· Pn(t, x, y; τ)|α+ (x+ iy)/2⟩⟨α+ (x+ iy)/2| (D45)

where

α ≈ −2ϵdκc
2λ2χκc + i(κ2

c + χ2)

(κ2
c + χ2)2
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is the mean value of the two (conditional) classical fixed points in the cavity variable a. According to this ansatz, the population
of the spin state |n⟩ can be calculated as

pn(t; τ) ≡
∫

dxdy

π
· Pn(t, x, y; τ) = Tr (ρ(t; τ)|n⟩⟨n|) (D46)

It then follows from Eq.(D40) that

∂tP0 =2ϵd
(
1− λ2/2

)
∂yP0 + χ ((Re(α) + x/2)∂y − (Im(α) + y/2)∂x)P0

+ κc

(
1− λ2

)
[∂x (Re(α) + x/2) + ∂y (Im(α) + y/2)]P0

+ κsP1 − 2(κ−
d + κ+

d ) (Im(α) + y/2) (P1 − P0) + 2κ−
d ∂yP1 − (κ−

d + κ+
d )∂yP0

+
√
κcξ(t; τ)

(
(1 + λ2σz/2)x− (1− λ2/2)p0⟨x⟩0 − (1 + λ2/2)p1⟨x⟩1

)
P0

∂tP1 =2ϵd
(
1 + λ2/2

)
∂yP1 − χ ((Re(α) + x/2)∂y − (Im(α) + y/2)∂x)P1

+ κc

(
1 + λ2

)
[∂x (Re(α) + x/2) + ∂y (Im(α) + y/2)]P1

− κsP1 + 2(κ−
d + κ+

d ) (Im(α) + y/2) (P1 − P0) + 2κ+
d ∂yP0 − (κ−

d + κ+
d )∂yP1

+
√
κcξ(t; τ)

(
(1 + λ2σz/2)x− (1− λ2/2)p0⟨x⟩0 − (1 + λ2/2)p1⟨x⟩1

)
P1

(D47)

These equations of motion in terms of the Glauber–Sudarshan P representation gives rise to the following dynamical equation
for p1(t; τ) ≡ 1− p0(t; τ):

∂tp1(t; τ) =− κsp1(t; τ) + 2(κ−
d + κ+

d )

(
2Im(α) (p1(t; τ)− 1/2)− 1

2
⟨y⟩0 +

1

2
p1(t; τ) (⟨y⟩1 + ⟨y⟩0)

)
+
√
κcξ(t; τ)p1(t; τ) (1− p1(t; τ))

(
⟨x⟩1 − ⟨x⟩0 +

λ2

2
(⟨x⟩1 + ⟨x⟩0)

) (D48)

where the statistical behavior of the predicted dynamics depends on the coarse-graining time scale τ not only explicitly through
the noise term ξ(t; τ), but also implicitly through the effective master equation (which has negligible dependence on τ here only
in the “dispersive limit” discussed previously).

Appendix E: Positivity of the TCG master equation

As noted in Subsection IV A of the Main Text, the TCG dissipators (and therefore the TCG master equation) are not positive-
definite in general if ρ(t) is allowed to represent an arbitrary mixed state. For the spin-cavity model discussed in the Main Text,
it is straightforward to show that we can write the drive-induced dissipator Dϵdg2

ac
as

Dϵdg2
ac

=

4∑
k=1

κkDXk,X
†
k

(E1)

where

κ1 =κ2 = −κ3 = −κ4 = ϵdg
2
ac

√
(ωd − ωa)4 + (ωd + ωa)4

(ωd − ωa)2(ωd + ωa)2
(E2)

and

X1 =
σ+√
2

(
1 + i

(ωd + ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c− i

(ωd − ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c†
)

(E3)

X2 =
σ−√
2

(
1 + i

(ωd − ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c− i

(ωd + ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c†
)

(E4)

X3 =
σ+√
2

(
1− i

(ωd + ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c+ i

(ωd − ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c†
)

(E5)
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X4 =
σ−√
2

(
1− i

(ωd − ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c+ i

(ωd + ωa)
2√

(ωd − ωa)4 + (ωd + ωa)4
c†
)
. (E6)

These dissipators cannot appear in a master equation with infinite time-resolution, since two of the four κ’s are negative. How-
ever, they are legitimate in a TCG master equation with sufficiently large coarse-graining time scale τ since the domain of
time-averaged density matrices ρ(t) are smaller than that of the exact ρ(t) in the τ = 0 limit.

For example, with the readout model analyzed here, one cannot have Tr
(
|1⟩⟨1|ρ(t)

)
= 0 since Tr

(
|1⟩⟨1|ρ(t′)

)
≥ 0 for any t′,

and the pure ground of the spin is not stable under the interaction-picture Hamiltonian HI(t). If one forces the imaginary part
of Tr

(
c|l⟩⟨l|ρ(0)

)
to be positive at the initial time t = 0 for any spin level l, then the drive and cavity dissipation will evolve

Tr
(
c|l⟩⟨l|ρ(t)

)
to have negative imaginary part before the population nz

l ≡ Tr
(
|l⟩⟨l|ρ

)
reaches zero.

To test one of the most extreme cases, consider starting with the pure initial state |1⟩ ⊗ |α⟩ for some cavity coherent state
|α⟩ with Im(α) > 0. As a leading-order semi-classical approximation, we can approximate the almost coherently occupied
cavity by a classical drive whose frequency is detuned from that of the spin by δac ≡ ωd − ωa = 2π · 2GHz. The amplitude
of the effective classical drive is then 2gac|α|, and therefore we expect the spin to undergo approximate Rabi oscillations with
frequency

√
(2gac|α|)2 + δ2ac ≫ 1GHz, and therefore the initial coarse-grained ground state population is on the order of

nz
0(0) ≈

1

2
·

(
2gac|α|

)2(
2gac|α|

)2
+ δ2ac

. (E7)

Assuming that |α| ≪ 2|ωd−ωa|
2gac

, we focus on the cases where nz
0(0) ≪ 1 and nz

1(0) ≈ 1 in order to find out whether the initially
negative spin decay rate K in the TCG master equation will lead to unphysical states with nz

0 < 0. At the leading order, ⟨c(t)⟩0
rotates in the clockwise direction at the rate ∆ ≈ δω

(2)
c (0) around its steady-state value

⟨c(∞)⟩0 ≈ ϵd
−∆+ κc

2 i
. (E8)

Therefore, before Im(⟨α⟩0) becomes negative, the ground state population will reduce by less than

θ(ϵd;α) · ϵd
∆

· 2g2ac
(ωd − ωa)2

Im(α) ≈ θ(ϵd;α)ϵd
∆

Im(α)

|α|2
nz
1(0) (E9)

where

θ(ϵd;α) := arcsin

Im(α)− −ϵd
κc
2

∆2+
κ2
c
4√(

Im(α)− −ϵd
κc
2

∆2+
κ2
c
4

)2
+
(
Re(α)− −∆

∆2+
κ2
c
4

)2 − arcsin

− −ϵd
κc
2

∆2+
κ2
c
4√(

− −ϵd
κc
2

∆2+
κ2
c
4

)2
+
(
− −∆

∆2+
κ2
c
4

)2 . (E10)

It is straightforward to verify that

θ
(
ϵd;α

)
ϵd

∆

Im(α)

|α|2
≤

θ
(
ϵd; Im(α)i

)
ϵd

∆

1

Im(α)
< lim

ϵd→∞

θ
(
ϵd; Im(α)i

)
ϵd

∆

1

Im(α)
= 1, (E11)

which, according to Eq.(E9), implies that the coarse-grained ground state population will not drop below zero before the drive-
induced spin transition rates become positive. In fact, we expect Dϵdg2

ac
to be a well-behaving dissipator for ρ(t) as long as the

conditions stated in the beginning of this subsection are satisfied, and that the initial ρ(0) is allowed by the dynamics of ρ(t).
For example, with α =

√
2i, the time evolution of the coarse-grained excited state population nz

1(t) is given in Fig.2:
Remarkably, nz

1(t) increases until about t = 90ns, despite the fact that nz
1(t) is already close to 1 while nz

0(t) is close to 0. And
similar phenomenon can also be observed for nz

0(t) if the initial state is chosen to be |0⟩ ⊗ |α⟩ instead. This behavior of the spin
population cannot be phenomenologically explained by any positive and spin state-independent effective transition rates between
the ground and excited levels. However, as shown in Fig.2, the dynamics of nz

0(t) and nz
1(t) can be quite accurately predicted

by state-independent spin transition rates if we allow them to be negative for certain states of the cavity mode. Therefore, the
possibly negative effective transition rates predicted by the TCG master equation are not due to any failure of the perturbation
theory, but rather a faithful representation of physical phenomena that cannot be explained by Lindblad master equations with
positive rates of quantum jumps.
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Figure 2: The simulated time evolution of the coarse-grained excited spin state population nz
1(t). The inset compares the result obtained from the fourth-order

TCG master equation with that obtained by directly coarse-graining the exact dynamics. In particular, both results confirm that the excited state population
immediately increases after t = 0, even though nz

1(t) is close to 1 and nz
0(t) is close to 0. This phenomena can be explained by a (temporarily) negative decay

rate from |1⟩ to |0⟩.

Appendix F: The effective master equation for the reduced spin density matrix

For the spin-cavity system discussed in Section IV of the Main Text, we can trace out the cavity degrees of freedom and obtain
an effective master equation for the reduced spin density matrix ρS(t) = TrCρ(t). In particular, we are interested in the situation
where the cavity is approximately in coherent states with amplitudes αg and αe when the spin is in the ground and excited
states respectively. In [18], this is done by applying a polaron-type transformation to the rotating-frame system. In this work,
we accept the same set of basic assumptions as in [18], which allows us to take a shortcut by making the following equivalent
approximations:

TrC

[
C⟨0|ρ|0⟩

]
≈ C|c→αg,c†→α∗

g
and TrC

[
C⟨1|ρ|1⟩

]
≈ C|c→αe,c†→α∗

e
(F1)

for C an arbitrary product of c and c†, whereas

TrC

[
c⟨0|ρ|1⟩

]
≈ αgTrC

[
⟨0|ρ|1⟩

]
; TrC

[
c⟨1|ρ|0⟩

]
≈ αeTrC

[
⟨1|ρ|0⟩

]
;

TrC

[
c†⟨0|ρ|1⟩

]
≈ α∗

eTrC

[
⟨0|ρ|1⟩

]
; TrC

[
c†⟨1|ρ|0⟩

]
≈ α∗

gTrC

[
⟨1|ρ|0⟩

]
;

TrC

[
c†c⟨0|ρ|1⟩

]
≈ αgα

∗
eTrC

[
⟨0|ρ|1⟩

]
; TrC

[
c†c⟨1|ρ|0⟩

]
≈ αeα

∗
gTrC

[
⟨1|ρ|0⟩

]
;

TrC

[(
c†c
)2⟨0|ρ|1⟩] ≈ ((1 + |αe|2 + |αg|2)αgα

∗
e −

1

2
|αg|4 −

1

2
|αe|4

)
TrC

[
⟨0|ρ|1⟩

]
;

TrC

[(
c†c
)2⟨1|ρ|0⟩] ≈ ((1 + |αe|2 + |αg|2)αeα

∗
g −

1

2
|αg|4 −

1

2
|αe|4

)
TrC

[
⟨1|ρ|0⟩

]
.

(F2)

With these approximations, it is straightforward to derive the following approximate expressions:

− iTrC

[[
(c+ c†)σz, ρ

]]
≈ −iTrC

[
− 2
(
αg + α∗

e

)
⟨0|ρ|1⟩ · |0⟩⟨1|+ 2

(
αe + α∗

g

)
⟨1|ρ|0⟩ · |1⟩⟨0|

]
=− i

[αe + α∗
e + αg + α∗

g

2
σz, ρS

]
+

i

2

(
αe − α∗

e − αg + α∗
g

)
Dσz,σz

ρS

=− i
[
Re(αe + αg)σz, ρS

]
+ Im(α∗

e − α∗
g)Dσz,σz

ρS

(F3)
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− iTrC

[[
c†cσz, ρ

]]
≈ −iTrC

[
− 2αgα

∗
e⟨0|ρ|1⟩ · |0⟩⟨1|+ 2αeα

∗
g⟨1|ρ|0⟩ · |1⟩⟨0|

]
=− i

[αeα
∗
g + αgα

∗
e

2
σz, ρS

]
+

i

2

(
αeα

∗
g − αgα

∗
e

)
Dσz,σz

ρS

=− i
[
Re(αgα

∗
e)σz, ρS

]
+ Im(αgα

∗
e)Dσz,σz

ρS

(F4)

− iTrC

[[
(c†c)2σz, ρ

]]
≈ −iTrC

[
− 2
(
(|αg|2 + |αe|2)αgα

∗
e −

1

2
|αg|4 −

1

2
|αe|4

)
⟨0|ρ|1⟩ · |0⟩⟨1|

+ 2
(
(|αg|2 + |αe|2)αeα

∗
g −

1

2
|αg|4 −

1

2
|αe|4

)
⟨1|ρ|0⟩ · |1⟩⟨0|

]
=− i

[(
(1 + |αe|2 + |αg|2)

αeα
∗
g + αgα

∗
e

2
− |αe|4 + |αg|4

2

)
σz, ρS

]
+

i

2
(1 + |αe|2 + |αg|2)

(
αeα

∗
g − αgα

∗
e

)
Dσz,σzρS

=− i
[(

(1 + |αe|2 + |αg|2)Re(αgα
∗
e)−

|αe|4 + |αg|4

2

)
σz, ρS

]
+ (1 + |αe|2 + |αg|2)Im(αgα

∗
e)Dσz,σzρS

(F5)

TrC

[
Dcσz,c†σz

ρ
]
≈ −iTrC

[
− 2iαgα

∗
e⟨0|ρ|1⟩ · |0⟩⟨1| − 2iαeα

∗
g⟨1|ρ|0⟩ · |1⟩⟨0|

]
=− i

[−iαeα
∗
g + iαgα

∗
e

2
σz, ρS

]
+

1

2

(
αeα

∗
g + αgα

∗
e

)
Dσz,σz

ρS

=− i
[
− Im(αgα

∗
e)σz, ρS

]
+ Re(αgα

∗
e)Dσz,σz

ρS

(F6)

TrC

[
κd
−Dσ−,cσ+

ρ+ h.c.
]

≈− iTrC

[
i(κd

−αe + κd∗
− α∗

e)Dσ−,σ+
ρ+ iκd

−
αe − αg

2
⟨0|ρ|1⟩ · |0⟩⟨1|+ iκd∗

−
α∗
e − α∗

g

2
⟨1|ρ|0⟩ · |1⟩⟨0|

]
=− i

[−i
(
κd
−(αe − αg)− κd∗

− (α∗
e − α∗

g)
)

8
σz, ρS

]
+ 2Re(κd

−αe)Dσ−,σ+ρS −
1

8

(
κd
−(αe − αg) + κd∗

− (α∗
e − α∗

g)
)
Dσz,σzρS

=− i
[ Im(κd

−)Re(αe − αg)

4
σz, ρS

]
− 2Im(κd

−)Im(αe)Dσ−,σ+ρS +
1

4
Im(κd

−)Im(αe − αg)Dσz,σzρS

(F7)

TrC

[
κd
−Dcσ+,σ−ρ+ h.c.

]
≈− iTrC

[
i(κd

−αg + κd∗
− α∗

g)Dσ+,σ−ρ− iκd∗
−
α∗
e − α∗

g

2
⟨0|ρ|1⟩ · |0⟩⟨1| − iκd

−
αe − αg

2
⟨1|ρ|0⟩ · |1⟩⟨0|

]
=− i

[−i
(
κd
−(αe − αg)− κd∗

− (α∗
e − α∗

g)
)

8
σz, ρS

]
+ 2Re(κd

−αg)Dσ+,σ−ρS +
1

8

(
κd
−(αe − αg) + κd∗

− (α∗
e − α∗

g)
)
Dσz,σzρS

=− i
[ Im(κd

−)Re((αe − αg))

4
σz, ρS

]
− 2Im(κd

−)Im(αg)Dσ+,σ−ρS −
1

4
Im(κd

−)Im((αe − αg))Dσz,σz
ρS

(F8)

TrC

[
γ̃Dσ−c†c,σ+

ρ+ h.c.
]

≈− iTrC

[
iγ̃|αe|2Dσ−,σ+

ρ+ iγ̃
|αe|2 − αgα

∗
e

2
⟨0|ρ|1⟩ · |0⟩⟨1|+ iγ̃

|αe|2 − αeα
∗
g

2
⟨1|ρ|0⟩ · |1⟩⟨0|

]
+ h.c. = 0

(F9)

TrC

[
γ̃Dσ+c†c,σ−ρ+ h.c.

]
≈− iTrC

[
iγ̃|αg|2Dσ+,σ−ρ+ iγ̃

|αg|2 − αeα
∗
g

2
⟨1|ρ|0⟩ · |1⟩⟨0|+ iγ̃

|αg|2 − αgα
∗
e

2
⟨0|ρ|1⟩ · |0⟩⟨1|

]
+ h.c. = 0

(F10)

TrC

[
κ̃±Dσ−(c†c)2,σ+

ρ+ h.c.
]
≈ 0; TrC

[
κ̃±Dσ+(c†c)2,σ−ρ+ h.c.

]
≈ 0 (F11)

TrC

[
Dcσz,c†ρ+ h.c.

]
≈ −iTrC

[
− iαgα

∗
e⟨0|ρ|1⟩ · |0⟩⟨1|+ iαeα

∗
g⟨1|ρ|0⟩ · |1⟩⟨0|

]
+ h.c.

=− i
[ iRe(αgα

∗
e)

2
σz, ρS

]
+

i

2
Im(αgα

∗
e)Dσz,σz

ρS + h.c. = 0
(F12)
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TrC

[
Dc†σz,cρ+ h.c.

]
≈ −iTrC

[
− iαeα

∗
g⟨1|ρ|0⟩ · |1⟩⟨0|+ iαgα

∗
e⟨0|ρ|1⟩ · |0⟩⟨1|

]
+ h.c.

=− i
[ iRe(αeα

∗
g)

2
σz, ρS

]
+

i

2
Im(αeα

∗
g)Dσz,σz

ρS + h.c. = 0

(F13)

At the fourth order, the TCG master equation can be written as

∂tρ =Lρ

=− i
[
χ(c†c+

1

2
)σz + ϵd

(
1 +

λ2

2
σz

)
(c+ c†) + (ζ ′ − ξ)c†c+ µσz + ζ(c†c)2σz, ρ

]
+ κcDc(1+λ2σz/2), c†(1+λ2σz/2)ρ+ κsDσ−,σ+

ρ

+
[
κd
−
(
Dσ−,σ+c +Dσ+c,σ−

)
ρ+ κd

+

(
Dσ−c,σ+ +Dσ+,σ−c

)
ρ+ κ̃+

(
Dσ−c†c2,σ+c† −Dσ+c†2c,σ−c

)
ρ

+ κ̃−
(
Dσ−c†2c,σ+c −Dσ+c†c2,σ−c†

)
ρ+ γ̃

(
Dσ−c†c,σ+

+Dσ+c†c,σ−

)
ρ+ γ̃z

(
Dσzc,c† −Dσzc†,c

)
ρ+ h.c.

]
(F14)

where

χ = −g2ac
( 1

ωd − ωa
− 1

ωd + ωa

)
+ ζ and κd

± = i
ϵdg

2
ac

(ωd ± ωa)2
(F15)

while the other parameters are defined in Section IV of the Main Text. It then follows that we can trace out the cavity degrees of
freedom and obtain

∂tρS =TrC

[
Lρ
]
≈ −i

ωS

2

[
σz, ρS

]
+

γφeff

2
Dσz,σzρS + γ↓Dσ−,σ+ρS + γ↑Dσ+,σ−ρS (F16)

where

ωS =χ+ 2µ+ 2
[
χ+ ζ(1 + |αe|2 + |αg|2) +

λ4κc

4

]
Re(αgα

∗
e)− ζ(|αg|4 + |αe|4)

+ λ2Re
(
ϵd(α

∗
e + α∗

g)
)
+ Im(κd

− + κd
+)Re(αe − αg)

(F17)

γφeff = 2
[
χ+ (1 + |αe|2 + |αg|2)−

λ4κc

4

]
Im(αgα

∗
e) + λ2Im

(
ϵd(α

∗
e − α∗

g)
)

(F18)

γ↓ = κs − 2Im(κd
− + κd

+)Im(αe) = κs +K(t) (F19)

γ↑ = −2Im(κd
− + κd

+)Im(αg) = Γ(t). (F20)

Approximation:

∂tρ =Lρ

=− i
[
χ(c†c+

1

2
)σz + ϵd

(
1 +

λ2

2
σz

)
(c+ c†), ρ

]
+ κcDc(1+λ2σz/2), c†(1+λ2σz/2)ρ+ κsDσ−,σ+

ρ

+
[
κd
−
(
Dσ−,σ+c +Dσ+c,σ−

)
ρ+ κd

+

(
Dσ−c,σ+

+Dσ+,σ−c

)
ρ+ h.c.

] (F21)

Appendix G: Representation of the spin-cavity state by conditional Husimi functions

To solve the fourth-order TCG master equation (F14) for the spin-cavity system, one may adopt the following Wigner repre-
sentation of the time-coarse grained density matrix ρ:

W
ab

µ (ϕ, n) :=
1

π

∫ ∞

−∞
dϕ′ · ⟨a;ϕ− ϕ′|µρ|b;ϕ+ ϕ′⟩µe2inϕ

′
(G1)
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for µ ∈ x, y, z and a, b ∈ 0, 1, where the state |a;ϕ⟩µ is the simultaneous eigenstate of σµ and Φ ≡ c+c†√
2

with eigenvalues 2a−1

and ϕ respectively (when the subscript µ is omitted, it is assumed to be z which refers to the energy basis). The TCG effective
master equation for ρ(t) can then be translated into a PDE for the Wigner function W

ab

z (ϕ, n) by replacing operator products
with Moyal products of the corresponding functions of the phase space variables ϕ and n for different spin states.

The Wigner function can also be related to physical observables in a heterodyne measurement of the cavity quadrature vari-
ables. In fact, the joint probability density of obtaining the heterodyne measurement result (ϕ, n) when the spin is in state |a⟩µ
can be written as the following conditional Husimi functions [5, 19, 20]:

Q
aa

µ (ϕ, n) =

∫
dϕ′dn′ · e

−(ϕ′2+n′2)

π
W

aa

µ (ϕ+ ϕ′, n+ n′). (G2)

More generally, we can define

Q
ab

µ (ϕ, n) :=

∫
dϕ′dn′ · e

−(ϕ′2+n′2)

π
W

ab

µ (ϕ+ ϕ′, n+ n′) ≡ 1

2π
⟨a;α =

ϕ+ ni√
2

|µρ|α =
ϕ+ ni√

2
; b⟩µ (G3)

where |a;α = ζ⟩µ is the simultaneous eigenstate of σµ and c with eigenvalues 2a − 1 and ζ respectively, and the PDE for the

conditional Wigner functions W
ab

z (ϕ, n) can be straightforwardly translated into a set of equations of motion for Q
ab

µ (ϕ, n) if
we make the following replacements:

∂k
ϕ∂

j
nW

ab

z −→ ∂k
ϕ∂

j
nQ

ab

z

ϕ∂k
ϕ∂

j
nW

ab

z −→ ϕ∂k
ϕ∂

j
nQ

ab

z +
1

2
∂k+1
ϕ ∂j

nQ
ab

z

n∂k
ϕ∂

j
nW

ab

z −→ n∂k
ϕ∂

j
nQ

ab

z +
1

2
∂k
ϕ∂

j+1
n Q

ab

z

ϕ2∂k
ϕ∂

j
nW

ab

z −→
(
ϕ2 +

1

2

)
∂k
ϕ∂

j
nQ

ab

z + ϕ∂k+1
ϕ ∂j

nQ
ab

z +
1

4
∂k+2
ϕ ∂j

nQ
ab

z

n2∂k
ϕ∂

j
nW

ab

z −→
(
n2 +

1

2

)
∂k
ϕ∂

j
nQ

ab

z + n∂k
ϕ∂

j+1
n Q

ab

z +
1

4
∂k
ϕ∂

j+2
n Q

ab

z

· · ·

which can be derived from the definition of Q
ab

z in Eq.(G2). In terms of the Husimi Q functions in the z-basis of the spin, the
third-order TCG master equation at zero temperature can be written as

∂tQ
00
z (ϕ, n) =

(
κc +

√
2g2acϵd

(ωd − ωa)2
n
)
Q00

z (ϕ, n) + g2ac

(
κc

ωa

1 + (ωa

Λ )2
4ωd

(ω2
d − ω2

a)
2
−

√
2ϵd

(ωd − ωa)2
n
)
Q11

z (ϕ, n)

+
(κc

2
ϕ− 2g2acωa

ω2
d − ω2

a

n
)
∂ϕQ

00
z (ϕ, n) +

(√
2ϵd −

√
2g2acϵd

ω2
d − ω2

a

+
2g2acωa

ω2
d − ω2

a

ϕ+
κc

2
n
)
∂nQ

00
z (ϕ, n)

+
κc

2
∂2
ϕQ

00
z (ϕ, n) +

κc

2
∂2
nQ

00
z (ϕ, n)

(G4)

∂tQ
11
z (ϕ, n) =−

√
2g2acϵd

(ωd − ωa)2
nQ00

z (ϕ, n) +
(
κc

[
1− ωa

1 + (ωa

Λ )2
4g2acωd

(ω2
d − ω2

a)
2

]
+

√
2g2acϵd

(ωd − ωa)2
n
)
Q11

z (ϕ, n)

+
(√

2ϵd +

√
2ϵdg

2
ac(2ωaωd + ω2

d − ω2
a)

ωd(ωd + ωa)(ωd − ωa)2
− 2g2acωa

ω2
d − ω2

a

ϕ+
κc

2
n
)
∂nQ

11
z (ϕ, n)

−
√
2g2acϵd

(ωd − ωa)2
∂nQ

00
z (ϕ, n) +

(κc

2
ϕ+

2g2acωa

ω2
d − ω2

a

n
)
∂ϕQ

11
z (ϕ, n)

+
κc

2
∂2
ϕQ

11
z (ϕ, n) +

κc

2
∂2
nQ

11
z (ϕ, n)

(G5)
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∂tReQ01
z (ϕ, n) =g2ac

( 2ωa

ω2
d − ω2

a

(
2 + ∂2

n

)
−

√
2ϵd(2ω

2
d + ωaωd − ω2

a)

ωd(ωd + ωa)(ωd − ωa)2
∂ϕ +

2ωa

ω2
d − ω2

a

∂2
ϕ

)
ImQ01

z (ϕ, n)

+
(
κc +

√
2g2acϵd

(ωd − ωa)2
∂n

)
ReQ01

z (ϕ, n) +
2g2acωa

ω2
d − ω2

a

n∂nImQ01
z (ϕ, n)

+
(√

2ϵd +
g2acϵd(3ωd − ωa)ωa√

2ωd(ωd + ωa)(ωd − ωa)2
+

κc

2
n
)
∂nReQ01

z (ϕ, n)

−
( g2acϵd(2ωd − ωa)√

2ωd(ωd − ωa)2
− 2g2acωa

ω2
d − ω2

a

ϕ
)
∂ϕImQ01

z (ϕ, n)

+
κc

2
ϕ∂ϕReQ01

z (ϕ, n) +
κc

2
∂2
ϕReQ01

z (ϕ, n) +
κc

2
∂2
nReQ01

z (ϕ, n)

(G6)

∂tImQ01
z (ϕ, n) =− g2ac

( 2ωa

ω2
d − ω2

a

ϕ2 +
2ωa

ω2
d − ω2

a

(2 + n2)−
√
2ϵd(2ωd − ωa)

ωd(ωd − ωa)2
ϕ
)

ReQ01
z (ϕ, n)

+
(
κc +

√
2g2acϵd

(ωd − ωa)2
n
)

ImQ01
z (ϕ, n)− 2g2acωa

ω2
d − ω2

a

n∂nReQ01
z (ϕ, n)

+
(√

2ϵd +
g2acϵdωa(3ωd − ωa)√

2ωd(ωd − ωa)2(ωd + ωa)
+

κc

2
n
)
∂nImQ01

z (ϕ, n)

+
( g2acϵd(2ωd − ωa)√

2(ωd − ωa)2ωd

− 2g2acωa

ω2
d − ω2

a

ϕ
)
∂ϕReQ01

z (ϕ, n)

+
κc

2
ϕ∂ϕImQ01

z (ϕ, n) +
κc

2
∂2
ϕImQ01

z (ϕ, n) +
κc

2
∂2
nImQ01

z (ϕ, n)

(G7)

The equations of motion for Q
ab

z can then be solved numerically to obtain the time evolution of the joint probability densities
Q

00

z (ϕ, n) and Q
11

z (ϕ, n) for z-component spin values 0 and 1 respectively, whereas Q
aa

x (ϕ, n) and Q
aa

y (ϕ, n) are related to

Q
ab

z (ϕ, n) by the relations

Q
00

x =
Q

00

z +Q
11

z

2
− ReQ

01

z ; Q
11

x =
Q

00

z +Q
11

z

2
+ ReQ

01

z

Q
00

y =
Q

00

z +Q
11

z

2
− ImQ

01

z ; Q
11

y =
Q

00

z +Q
11

z

2
+ ImQ

01

z .

(G8)

The conditional Husimi functions Q
aa

µ with a ∈ {0, 1} and µ ∈ {x, y, z} can be interpreted as the probability distribution of
single-shot heterodyne measurement results with a particular spin state a [5, 19]. And for the transient spin-cavity dynamics,
solving the differential equations for Q

aa

µ provide the most detailed information about the physically observable system dynam-
ics. Our dynamical simulation of the spin-cavity model in Subsection IV C is based on numerical solutions of those conditional
Husimi functions.

Appendix H: The transmon readout model and the corresponding TCG master equation up to the fourth order

Following [21, 22], we model the system of a transmon coupled to a driven dissipative linear resonator by the following
Schrödinger picture Hamiltonian:

Ĥ = Ĥs + Ĥd(t) + Ĥsb + Ĥb (H1)

where

Ĥs =ωcc
†c− gac

(
c− c†

)(
a− a†

)
+ ωaa

†a− ϵωa

48

(
a+ a†

)4
(H2)

is the system Hamiltonian describing the transmon, the linear resonator, as well as their mutual coupling;

Ĥd(t) = −
(
c− c†

)(
ϵde

−iωdt − ϵ∗de
iωdt
)

(H3)
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is the drive Hamiltonian representing the readout drive on the linear resonator;

Ĥb =

∫ ∞

0

dω

2π
· DωωB

†
ωBω (H4)

is the bath Hamiltonian modeling the bosonic bath modes supported by a transmission line through which we drive and monitor
the system; finally,

Ĥsb = −
(
c− c†

) ∫ ∞

0

dω

2π
· Dωgω

(
Bω −B†

ω

)
(H5)

is the system-bath coupling Hamiltonian modeling the coupling between the resonator and the bath modes. Instead of the
coupling strengths gω , a more experimentally relevant characterization of the resonator-bath coupling is the spectral density
J(ω) := Dωg

2
ω which incorporates in it the density of states Dω .

We assume for the rest of this paper that the transmon-resonator coupling is in the dispersive limit, i.e., the TCG perturbative
expansion has a small parameter gac

|ωc−ω′
a(na)| ≪ 1. As motivated in the Appendix(A), we suppose that the physically measured

signal is the output signal from the system, down-converted by some local oscillator (LO) in a heterodyne detector at frequency
ωLO, and then time-averaged over some window with finite time resolution. Therefore, we first need to go to the LO-frequency
rotating frame by transforming to the interaction picture with the free Hamiltonian being

Ĥ0 :=ωLOc
†c+ ωaa

†a− ϵωa

48

(
a+ a†

)4
+

∫ ∞

0

dω

2π
· DωωB

†
ωBω. (H6)

For the sake of simplicity, we further assume that the local oscillator has the same frequency as the readout drive, so that
ωLO = ωd, and we have the following interaction-picture Hamiltonian to linear order in ϵ:

HI(t) = HAC(t) +HA3C(t) +HD(t) +Hδ +HCB(t) (H7)

with

HAC(t) = gace
i(ω′

a(na)−ωd)t
(
1− ϵna

8

)
ca† − gacca

(
1− ϵna

8

)
e−i(ω′

a(na)+ωd)t + h.c.;

HA3C(t) = −ϵgac
16

ei(3ω
′
a(na−1)−ωd)tca†3 +

ϵgac
16

ca3e−i(3ω′
a(na−1)+ωd)t + h.c.;

HD(t) =
(
ϵ∗dc− ϵde

−2iωdtc
)
+ h.c.; Hδ = −(ωd − ωc)c

†c;

HCB(t) =

∫
dω

2π
Dωgω

(
ei(ω−ωd)tcB†

ω − e−i(ω+ωd)tcBω

)
+ h.c.

(H8)

where the operator-valued function

ω′
a(na) := ωa

(
1− ϵ

4
na

)
(H9)

gives us the phase frequency of the transmon quadrature variable a depending on the energy level na, with the dependence being
a consequence of transmon anharmonicity. In addition to variation in the transmon transition energies, a nonzero anharmonicity
ϵ also gives rise to the nonlinear atom-resonator couplings in HAC and HA3C . Furthermore, when we obtain a superoperator
whose coefficient depends on na, we adopt the convention that the operator-valued coefficient acts on the diagonal elements of
ρ before any action of the dissipator, i.e.,

κ(na)DA,Bρ ≡ Aκ(na)ρB − BAκ(na)ρ+ κ(na)ρBA

2
(H10)

with the coefficient κ(na) being any function of na.

1. Ranges of parameters and first-order TCG

At the lowest order (the first order), TCG simply replaces the Hamiltonian HI(t) with its time-average. To explicitly calculate
the TCG superoperators, we assume that the coarse graining time scale τ is much greater than 1

ωc
, 1

ω′
a(na)

, and 1
|ωc−ω′

a(na)|
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(which are typically below the nanosecond range) while allowing τ to be comparable or smaller than 1
|ωd−ωc| (since the near-

resonance situation is most relevant to experimental implementations). As stated in Eq.(101) of the Main Text, we make the
following assumptions of the model parameters:

1

ωc
,

1

ω′
a(na)

,
1

|ωc − ω′
a(na)|

≪ τ ≲
1

|ωd − ωc|
,

1

J(ωc)
;

g

|ωc − ω′
a(na)|

≪ 1; ϵ < 1; ωd ∼ ωc.

With these conditions, we calculate the TCG master equation up to the fourth order and ignore superoperators that are exponen-

tially suppressed by factors smaller than or equal to e−
ω2
cτ2

2 , e−
ω′2
a (na)τ2

2 , or e−
(ωc−ω′

a(na))2τ2

2 .
At the first order, TCG simply functions as a band-pass filter around the local oscillator frequency ωLO = ωd, replacing the

interaction-picture Hamiltonian H(t) with its slowly varying time average H(t), which gives us

H
(1)
TCG(t) := HI(t) =

[
ϵ∗dc+

∫
dω

2π
Dωgωe

− (ω−ωd)2τ2

2 ei(ω−ωd)tcB†
ω + h.c.

]
− (ωd − ωc)c

†c (H11)

Thus we see that, at the lowest order, time-coarse grained dynamics consists of Hamiltonian-generated coherent transitions with
transition frequencies that are not much greater 1

τ in the rotating frame of the local oscillator used to probe the system. In
particular, the high-frequency transverse coupling −gac

(
c − c†

)(
a − a†

)
between the transmon and the resonator is “filtered

out” from the first-order effective Hamiltonian H
(1)
TCG, whereas the slow dynamics induced by this coupling (e.g., dispersive shift,

Purcell decay, and drive-induced transitions) show up in higher-order effective Hamiltonian terms. A very convenient feature
which gets preserved to high orders in TCG is that the density matrix elements diagonal in the transmon Hilbert space will be
decoupled from the off-diagonal elements, which makes it much easier, both conceptually and numerically, to keep track of the
time evolution of the pointer states.

As we will show in Subsection H 2, second-order TCG is sufficient for revealing the following phenomena in the slow dy-
namics, including:

• shifts in the transmon and resonator transition frequencies due to the capacitive coupling between them;

• effective dispersive coupling between the transmon and the resonator;

• effective direct coupling between the transmon and the bath modes, which is responsible for the Purcell decay of the
transmon.

In particular, the emergent transmon-bath coupling gives rise to a Purcell decay rate of the transmon on the order of
g2acJ(ωa)|ωa − ωc|−2, which is on the same order in the coupling constants as the fourth-order TCG superoperators. There-
fore, to account for the system dynamics on the time scale of transmon Purcell decay, we perform perturbative time-coarse
graining to the fourth order. As will be shown in Subsection H 3, the third-order TCG gives rise to drive-induced inter-level
transitions of the transmon, with transition rates proportional to ϵ2d once the resonator has stabilized to its steady state. Finally,
we discuss the induced resonator anharmonicity from the fourth-order TCG in Subsection H 4.

In the following sections, we calculate the TCG master equation order by order, and emphasize on the emergent dynamics
revealed at each order. We also obtain numerical solutions of the TCG master equation using the following set of parameters:

ϵ = 0.2 κc = 0.48MHz
ωc

2π
= 7GHz

ω01 ≡
ωa

(
1− ϵ

4

)
2π

= 5GHz gac = 0.3016GHz

where ω01 is the (approximate) transition energy between the ground state and the first excited state of the transmon.

2. Second-order TCG, dispersive transmon-resonator coupling, and emergent transmon-bath decay channel

At the second order in perturbative TCG, we obtain the following corrections to the system effective Hamiltonian:

H
(2)
TCG =δ(2)h0(na) + δ(2)h1(na)c

†c+HAB +HA3B (H12)

with the coefficients

δ(2)h0(na) = g2ac

(
1− ϵ(na+1)

4

)
ω′
a(na)−

(
1 + 2na − ϵ(2n2

a+2na+1)
4

)
ωd(

ωd + ω′
a(na + 1)

)(
ωd − ω′

a(na)
) (H13)
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and

δ(2)h1(na) =2g2ac

(
1− ϵ(1+2na)

2 +
ϵ2(1+3na+3n2

a)
16

)
ω2
d(

ω2
d − ω′

a(na)2
)(
ω2
d − ω′

a(na + 1)2
)ωa − 2g2ac

ω′
a(na)

2ω′
a(na + 1)2(

ω2
d − ω′

a(na)2
)(
ω2
d − ω′

a(na + 1)2
)
ωa

(H14)

giving us the leading-order energy shifts due to the transmon-resonator coupling, whereas HAB and HA3B are effective
transmon-bath couplings that we would discuss later in this subsection. Here the symbol δ(i) indicates the i-th order contri-
bution to the corresponding coefficient. In particular, the dispersive shift of the cavity frequency is found to be

χ(2)
ac ≡δ(2)h1(0)− δ(2)h1(1) =

ϵg2ac
(
ω′
a(1) + ω′

a(2)
)
ω2
d(

ω2
d − ω′

a(1)
2
)(
ω2
d − ω′

a(2)
2
) (H15)

at the second order in coupling constants.
On the other hand, the effective transmon-bath couplings terms

HAB =

∫
dωDω

2π
g̃ω[a]aB

†(ω)ei(ω−ω′
a(na))t + h.c. (H16)

and

HA3B =

∫
dωDω

2π
g̃ω[a

3]a3B†(ω)ei(ω−3ω′
a(na−1))t + h.c. (H17)

represent single- and three-photon creation/annihilation processes which probe bath modes near the frequencies ω′
a(na) and

3ω′
a(na − 1) respectively, where the operator-valued effective transmon-bath coupling strengths g̃ω[a] and g̃ω[a

3] are given by

g̃ω[a] =− gωgac
(
1− ϵna

8

)
ωd

[e− (ω−ω′
a(na))2

2 τ2

ω2
d − ω′

a(na)2
+

e−
(ω−ω′

a(na))2

2 τ2 − e−
(ω−ωd)2+(ωd−ω′

a(na))2

2 τ2

ω2
d − ω2

]
≈− gωgac

(
1− ϵna

8

)2ωde
− (ω−ω′

a(na))2

2 τ2

ω2
d − ω′

a(na)2

(H18)

and

g̃ω[a
3] =− ϵgωgacωd

16

[ e− (ω−3ω′
a(na−1))2τ2

2

9ω′
a(na − 1)2 − ω2

d

+
e−

(ω−3ω′
a(na−1))2τ2

2 − e−
(ω−ωd)2+(ωd−3ω′

a(na−1))2

2 τ2

ω2 − ω2
d

]
≈− ϵgωgac

8

ωde
− (ω−3ω′

a(na−1))2τ2

2

9ω′
a(na − 1)2 − ω2

d

.

(H19)

We see that g̃ω[a] and g̃ω[a
3] are approximately gaussian functions centered around the one-photon and three-photon transition

frequencies respectively. Tracing out the bath degrees of freedom under the standard Born-Markov approximation at zero
temperature, we obtain the Purcell decay superoperators κa(na)Da,a† and κa3(na)Da3,a†3 with the decay rates

κa(na) = J
(
ω′
a(na)

)[2gac(1− ϵna

8

)
ωd

ω2
d − ω′

a(na)2

]2
κa3(na) =

ϵ2J
(
3ω′

a(na − 1)
)

64

[ gacωd

9ω′
a(na − 1)2 − ω2

d

]2 (H20)

where J(ω) := Dωg
2
ω is the power spectral density of the bosonic bath. Notice that the rates of the two Purcell decay processes

are independent of the state of the cavity, so the second-order TCG does not explain the drive dependence of the lifetime of the
transmon’s first-excited state, but rather gives rise to the drive-independent part of it. As would be discussed in Subsection H 3,
the drive-induced transmon level transitions kick in at the third-order TCG, where they become the most prominent processes
over the transmon T1 time scale for moderately strong drive strength (⟨nc⟩ >∼ 1). On the other hand, the effective transmon-bath
couplings would also give rise to Hamiltonian corrections proportional to c†c, nac

†c, c†2c2, and nac
†2c2, in the same way that

the resonator-bath couplings give rise to Lamb shift in the resonator frequency. However, for realistic parameters, the coefficients
of those Lamb-like corrections are orders of magnitudes smaller than 1/T1 (which is the smallest energy scale we are interested
in), and will therefore be ignored in subsequent calculations. Finally, as for the resonator-bath couplings, we obtain from them
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the same Lamb shift and resonator dissipator whether we apply TCG before or after the Born-Markov bath tracing procedure.
In summary, for our purposes in this model, the bath gives rise to the Lamb shift term

∆Lambc
†c := −

∫ ∞

0

dω

2π
J(ω)

( 1

ω − ωc
+

1

ω + ωc

)
c†c (H21)

in the Hamiltonian, as well as the drive-independent dissipators

κcDc,c† + κa(na)Da,a† (H22)

with the resonator decay rate κc ≡ J(ωd). Here we have dropped the three-photon dissipator κa3(na)Da3,a†3 since it is of
higher order in ϵ than the transmon potential, and with a drive-independent coefficient that is too small compared with κa(na).

In order to explicitly calculate the Lamb shift, we assume an Ohmic power spectral density with a soft frequency cutoff at
Λ ≫ ωa, ωd:

J(ω) =
αω

1 + ω2

Λ2

. (H23)

The particular functional form of J(ω) we use here is inspired by the asymptotic behavior of the power spectral density studied
in [23] where the bath is modeled by the modes of a transmission-line resonator coupled to semi-infinite waveguides at both
ends. And for numerical simulations presented in subsections H 3 and H 4, we use the value Λ = 2π · 100GHz.

It should also be emphasized that in using the effective transmon-bath coupling to calculate the Purcell decay rate, we have
implicitly assumed that bath relaxation takes place over a longer time scale than that of the (virtual) transitions between the
transmon and the resonator. This condition is reasonably well satisfied by the dispersive couplings we consider here. However,
the treatment of couplings to the bath in TCG has to be analyzed on a case-by-case basis in general, depending on the relative
scale of the coarse-graining time τ in comparison with the bath relaxation time as well as the time scales of relevant coherent
processes.

3. Third-order TCG and drive-induced incoherent transitions

Assuming the conditions in Eq.(101) of the Main Text, we find that the third-order TCG gives rise to two types of corrections
to the EME: transmon-level dependent modulation of the drive terms in the Hamiltonian, and drive-induced dissipators acting
on the transmon. In fact, we can write the action of the third-order Liouvillian superoperator as

L3(t)ρ = −i
[
H

(3)
TCG, ρ

]
+D

(3)
TCGρ (H24)

where the third-order TCG Hamiltonian H
(3)
TCG(t) and dissipator D(3)

TCG(t) can be written as

H
(3)
TCG =δ(3)h0(na) + δ(3)h1(na)c

†c+
(
δ(3)h

(−1)
0 (na)c+ h.c.

)
(H25)

and

D
(3)
TCG =δ(3)κ

(−1,0)
0,0 (na)Dac,a† + δ(3)κ

(0,1)
0,0 (na)Da,a†c + δ(3)γ

(−1,0)
0,0 (na)Da†c,a + δ(3)γ

(0,1)
0,0 (na)Da†,ac + h.c. (H26)

respectively. The third-order corrections in H
(3)
TCG all provide small quantitative modifications to the Hamiltonian terms already

existing at lower orders in the perturbation, and does not introduce any qualitatively new features to the dynamics. We therefore
do not show explicit formulas for δ(3)h0(na), δ(3)h1(na), and δ(3)h

(−1)
0 (na). The dissipators in D

(3)
TCG, on the other hand, are

emergent non-Hamiltonian generators of the time evolution of ρ(t). More explicitly, we have

δ(3)κ
(−1,0)
0,0 (na) = ig2acϵ

∗
d

1− ϵna

4(
ω′
a(na) + ωd

)2
δ(3)κ

(0,1)
0,0 (na) = ig2acϵ

∗
d

1− ϵna

4(
ω′
a(na)− ωd

)2
δ(3)γ

(−1,0)
0,0 (na) = ig2acϵ

∗
d

1− ϵ(na+1)
4(

ω′
a(na + 1)− ωd

)2
δ(3)γ

(0,1)
0,0 (na) = ig2acϵ

∗
d

1− ϵ(na+1)
4(

ω′
a(na + 1) + ωd

)2 .

(H27)
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For a wide range of realistic parameters, the dissipators in D
(3)
TCG significantly modify the dynamical behavior of the population of

the n-th transmon energy level, here defined as pn(t) ≡ Tr
(
|n⟩a⟨n|aρ(t)

)
. In fact, tracing out the resonator degrees of freedom,

we find the following drive-induced transition rate from level n to level (n− 1):

K(n) =2Re
[(
δ(3)κ

(−1,0)
0,0 (n) + δ(3)κ

(0,1)
0,0 (n)

)
· ⟨c⟩n

]
(H28)

with ⟨c⟩n ≡ Tr
(
c|n⟩a⟨n|aρ

)
/Tr
(
|n⟩a⟨n|aρ

)
being the conditional expectation value of the resonator quadrature variable c when

the transmon is at energy level n. Similarly, the drive-induced transition rate from level n to level (n+ 1) is found to be

Γ(n) =2Re
[(
δ(3)γ

(−1,0)
0,0 (n) + δ(3)γ

(0,1)
0,0 (n)

)
· ⟨c⟩n

]
. (H29)

In practical applications of dispersive readout, the lifetime of the resonator is much shorter than that of the transmon, and the
quasi-steady state of the resonator will be close to a coherent state with

⟨c⟩n ≈ ϵd

−
(
ω̃c(n)− ωd

)
+ κc

2 i
(H30)

during all but the very initial period of the transmon time evolution, where ω̃c(n) ≡ ωc + h1(n) is the modified resonator fre-
quency when the transmon is at level n. Therefore, we find the drive-induced relaxation and excitation rates to be approximately

K(n) ≈|ϵd|2g2ac
κc

(
1− ϵn

4

)(
ω̃c(n)− ωd

)2
+

κ2
c

4

·
( 1(

ω′
a(n)− ωd

)2 +
1(

ω′
a(n) + ωd

)2)
Γ(n) ≈|ϵd|2g2ac

κc

(
1− ϵ(n+1)

4

)(
ω̃c(n)− ωd

)2
+

κ2
c

4

·
( 1(

ω′
a(n+ 1)− ωd

)2 +
1(

ω′
a(n+ 1) + ωd

)2).
(H31)

Notice in particular that K(n) (for n ≥ 1) and Γ(n) are always positive regardless of the phase of ϵd and the sign of ω′
a(n +

1) − ωd. This is necessary for the stability of the master equation since negative relaxation/excitation rates would make the
greatest pn blow up exponentially while pushing pn−1 and pn+1 down below zero. In fact, the positivity of K(n) and Γ(n) for
arbitrary choices of ϵd and ω′

a(n+1)−ωd demonstrates that perturbative TCG is consistent with the assumption that the steady
state of the readout resonator is close to a coherent state depending on the state of the transmon, which is the basis for using the
resonator states as pointer states in readout experiments.

Also, from Eq.(H31) we know that K(n) and Γ(n) are on the same order of magnitude. Therefore, we can compare the
drive-induced relaxation rate with the Purcell decay rate to estimate their impact on the transmon dynamics:

K(n)

κa(n)
=

|ϵd|2
(
1− ϵn

4

)(
ω̃c(n)− ωd

)2
+

κ2
c

4

ω2
d + ω′

a(n)
2

2ωdω′
a(n)

(
1− ϵn

8

)2 ≈ n(n)
c

ω2
d + ω′

a(n)
2

2ωdω′
a(n)

(H32)

where n
(n)
c ≈ |ϵd|2(

ω̃c(n)−ωd

)2
+

κ2
c
4

is the conditional expectation value of nc ≡ c†c when the transmon is at level n. Since ωd and

ω′
a(n) are both in the GHz range, the ratios between the drive-induced transition rates and the Purcell decay rate are on the same

order of magnitude as ⟨nc⟩n. If Purcell decay is the dominate decay channel of the transmon, then we expect the readout drive
to significantly decrease the T1 lifetime of the transmon qubit initially prepared in its first excited state as soon as the drive is
strong enough to maintain a few photons in the readout resonator. This is consistent with observations from recent experimental
studies. In fact, our analysis here show that the ratio between drive-induced transition rates and the Purcell decay rate cannot
be easily reduced by tuning the transmon and resonator frequencies or adjusting the transmon-resonator coupling strengths. To
minimize the relative strength of drive-induced transitions, one has to fundamentally change the type of atom-resonator couplings
(employing longitudinal couplings for example) or engineer the functional form of the spectral density (which works at the price
of increasing the resonator relaxation time).

As far as the time-coarse grained dynamics of the transmon is concerned, carrying out the perturbation to the third order is
sufficient for capturing all the salient features that one typically observes in a readout experiment. Using the cumulant expansion
method introduced in the Appendix(I), we can solve for numerical solutions of the 3rd-order TCG master equation for different
drive strengths measured in the steady-state resonator photon number n(0)

c := ⟨c†c⟩na=0 when the transmon is in the ground
state. As shown in panel (a) of Fig. 14 of the Main Text, the T1 lifetime decreases by more than a factor of two for relatively
small resonator photon occupancy (n(0)

c ∼ 1) if the intrinsic dissipation of the transmon is negligible in comparison with the
Purcell decay rate. In addition, the steady-state population pn(∞) is nonzero for any transmon level n due to the drive-induced
transitions, as shown in panel (b) of Fig. 14 of the Main Text. Moreover, for sufficiently large drive strength, the steady-state
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population of a higher transmon level will exceed that of a lower level, making it impossible to assign a positive effective
temperature to the transmon in its steady-state. And even for smaller drive strengths, an effective-temperature description of the
steady state is only possible if we combine all the excited states of the transmon into a single level for statistical purposes.

Finally, we may also obtain detailed information about the resonator dynamics from the TCG master equation (see the upper
panels in Fig. 16 of the Main Text, but we leave the discussion for Subsection H 4.

4. Fourth-order TCG and numerical solutions of the effective master equation (EME)

Similar to the third-order TCG superoperators, the superoperators obtained from the fourth-order TCG can be grouped into
Hamiltonian commutators and dissipators:

L4(t)ρ = −i
[
H

(4)
TCG, ρ

]
+D

(4)
TCGρ. (H33)

Ignoring superoperators with coefficients below the 1Hz level, we can write H
(4)
TCG and D

(4)
TCG as

H
(4)
TCG =δ(4)h0(na) + δ(4)h1(na)c

†c+ δ(4)h2(na)c
†2c2

+
(
δ(4)h

(−1)
0 (na)c+ δ(4)h

(−1)
1 (na)c

†c2

+ δ(4)h
(−2)
0 (na)c

2 + h.c.
) (H34)

and

D
(4)
TCG

=δ(4)d
(−2,−1)
0,0 (na)Dc2,c† + δ(4)d

(1,2)
0,0 (na)Dc†,c2

+ δ(4)κ
(−1,−1)
1,0 (na)Dac†c2,a†c† + δ(4)κ

(1,1)
1,0 (na)Dac†2c,a†c

+ δ(4)κ
(0,0)
0,1 (na)Da,a†c†c + δ(4)κ

(−1,0)
0,0 (na)Dac,a†

+ δ(4)κ
(−1,0)
0,1 (na)Dac,a†c†c + δ(4)κ

(0,1)
0,0 (na)Da,a†c

+ δ(4)κ
(0,1)
1,0 (na)Dac†c,a†c + δ(4)γ

(−1,−1)
1,0 (na)Da†c†c2,ac†

+ δ(4)γ
(1,1)
1,0 (na)Da†c†2c,ac + δ(4)γ

(0,0)
0,1 (na)Da†,ac†c

+ δ(4)γ
(−1,0)
0,0 (na)Da†c,a + δ(4)γ

(−1,0)
0,1 (na)Da†c,ac†c

+ δ(4)γ
(0,1)
0,0 (na)Da†,ac + δ(4)γ

(0,1)
1,0 (na)Da†c†c,ac + h.c.

(H35)

respectively, where we see that the fourth-order TCG provides some modifications to the coefficients of existing superoperators,
while at the same time introducing a few new ones. Noticeably, starting at this order in perturbation theory, we begin to see
that the transmon anharmonicity induces the anharmonic self-Kerr potential h2(na)c

†2c2 in the resonator2; also, we begin to see
transmon-assisted bi-photon absorption and emission processes emerging from the drive terms in the Hamiltonian3. Similarly,
more complicated dissipators are also introduced at this order, but they only generate small and more subtle dependence of the
drive-induced transition rates on the resonator state.

Appendix I: Equations of motion for the conditional cumulants

In general, the TCG master equation can be written as

∂tρac(t) = −i
[
Heff, ρac(t)

]
+Deffρac(t). (I1)

As discussed in subsections H 1-H 4, up to the fourth order in coupling constants and with the local oscillator set at the drive
frequency (ωLO = ωd), the effective Hamiltonian can be written as

Heff =h0(na) + h1(na)nc + h2(na)n
2
c +

[
h
(−1)
0 (na)c+ h

(−1)
1 (na)c

†c2 + h
(−2)
0 (na)c

2 + h.c.
]

(I2)

2 The resonator anharmonicity is induced by the transmon anharmonicity in
the sense that it vanishes in the ϵ → 0 limit.

3 Such processes are transmon-assisted in the sense that the effective bi-
photon drive strengths are proportional to g2ac|ϵd|

2.
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while the effective jump superoperators can be written as

Deff =D
(0)
eff +D

(−)
eff +D

(+)
eff (I3)

where D
(0)
eff , D(−)

eff , and D
(+)
eff are defined as follows:

D
(0)
eff =d

(−1,−1)
0,0 (na)Dc,c† +

[
d
(−2,−1)
0,0 (na)Dc2,c† + d

(1,2)
0,0 (na)Dc†,c2 + h.c.

]
(I4)

D
(−)
eff =κ

(0,0)
0,0 (na)Da,a† +

[
κ
(−1,−1)
(1,0) (na)Dac†c2,a†c† + κ

(1,1)
(1,0)(na)Dac†2c,a†c + κ

(0,0)
0,1 (na)Da,a†c†c + h.c.

]
+
[
κ
(−1,0)
0,0 (na)Dac,a† + κ

(−1,0)
0,1 (na)Dac,a†c†c + κ

(0,1)
0,0 (na)Da,a†c + κ

(0,1)
1,0 (na)Dac†c,a†c + h.c.

] (I5)

D
(+)
eff (t) =γ

(−1,−1)
(1,0) (na)Da†c†c2,ac† + γ

(1,1)
(1,0)(na)Da†c†2c,ac + γ

(0,0)
0,1 (na)Da†,ac†c + γ

(−1,0)
0,0 (na)Da†c,a

+ γ
(−1,0)
0,1 (na)Da†c,ac†c + γ

(0,1)
0,0 (na)Da†,ac + γ

(0,1)
1,0 (na)Da†c†c,ac + h.c.

(I6)

Here the coefficients may receive contributions from different orders in the TCG perturbative expansion:

h0 = δ(2)h0 + δ(3)h0 + δ(4)h0 + . . . ; h1 = −(ωd − ωc) + δ(2)h1 + δ(3)h1 + δ(4)h1 + . . . ;

h2 = δ(4)h2 + . . . ; h
(−1)
0 = ϵ∗d + δ(3)h

(−1)
0 + δ(4)h

(−1)
0 + . . . ;

h
(−1)
1 = δ(4)h

(−1)
1 + . . . ; h

(−2)
0 = δ(4) + h

(−2)
0 . . . ;

d
(−1,−1)
0,0 = κc + . . . ; d

(−2,−1)
0,0 = δ(4)d

(−2,−1)
0,0 + . . . ; d

(1,2)
0,0 = δ(4)d

(1,2)
0,0 + . . . ;

κ
(0,0)
0,0 = κa + . . . ; κ

(−1,−1)
1,0 = δ(4)κ

(−1,−1)
1,0 + . . . ; κ

(1,1)
1,0 = δ(4)κ

(1,1)
1,0 + . . . ;

κ
(0,0)
0,1 = δ(4)κ

(0,0)
0,1 + . . . ; κ

(−1,0)
0,1 = δ(4)κ

(−1,0)
0,1 + . . . ; κ

(0,1)
1,0 = δ(4)κ

(0,1)
1,0 + . . . ;

κ
(0,1)
0,0 = δ(3)κ

(0,1)
0,0 + δ(4)κ

(0,1)
0,0 + . . . ; κ

(−1,0)
0,0 = δ(3)κ

(−1,0)
0,0 + δ(4)κ

(−1,0)
0,0 . . . ;

γ
(0,1)
1,0 = δ(4)γ

(0,1)
1,0 + . . . ; γ

(1,1)
1,0 = δ(4)γ

(1,1)
1,0 + . . . ; γ

(0,0)
0,1 = δ(4)γ

(0,0)
0,1 + . . . ;

γ
(−1,0)
0,0 = δ(3)γ

(−1,0)
0,0 + δ(4)γ

(−1,0)
0,0 . . . ; γ

(−1,0)
0,1 = δ(4)γ

(−1,0)
0,1 + . . . ;

γ
(0,1)
0,0 = δ(3)γ

(0,1)
0,0 + δ(4)γ

(0,1)
0,0 + . . . ; γ

(−1,−1)
1,0 = δ(4)γ

(−1,−1)
1,0 + . . . ;

(I7)

We denote the probability of finding the transmon at energy level n by pn(t) := Tr
(
ρ(t)|n⟩a⟨n|a

)
, and define the correspond-

ing reduced density matrix of the resonator to be ρc;n(t) := 1
pn

Tra
(
ρ(t)|n⟩a⟨n|a

)
. Notice that after time-coarse graining, pn

can be very small, but in general remains nonzero. The TCG master equation then implies that
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∂t
(
pnρc;n

)
=− ipn

[
h1(n)nc + h2(n)n

2
c +

(
h
(−1)
0 (n)c+ h

(−1)
1 (n)c†c2 + h

(−2)
0 (n)c2 + h.c.

)
, ρc;n

]
+ pnd

(−1,−1)
0,0 (n)Dc,c†ρc;n + pn

[
d
(−2,−1)
0,0 (n)Dc2,c† + d

(−2,−1)
0,0 (n)∗Dc,c†2 + d

(1,2)
0,0 (n)Dc†,c2 + d

(1,2)
0,0 (n)∗Dc†2,c

]
ρc;n

− pn

(
κ
(0,0)
0,0 (n) + γ

(0,0)
0,0 (n)

)
ρc;n − pn

(
2Re

(
κ
(0,0)
0,1 (n) + 2κ

(1,1)
(1,0)(n)

)
+ 2Re

(
γ
(0,0)
0,1 (n) + 2γ

(1,1)
(1,0)(n)

))
·
c†cρc;n + ρc;nc

†c

2

− pn

(
κ
(−1,0)
0,0 (n) + κ

(0,1)
0,0 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,0 (n) + γ

(0,1)
0,0 (n) + γ

(0,1)
1,0 (n)

)cρc;n + ρc;nc

2

− pn

(
κ
(−1,0)
0,0 (n)∗ + κ

(0,1)
0,0 (n)∗ + κ

(0,1)
1,0 (n)∗ + γ

(−1,0)
0,0 (n)∗ + γ

(0,1)
0,0 (n)∗ + γ

(0,1)
1,0 (n)∗

)c†ρc;n + ρc;nc
†

2

− pn

(
κ
(−1,0)
0,1 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,1 (n) + γ

(0,1)
1,0 (n)

)c†c2ρc;n + ρc;nc
†c2

2

− pn

(
κ
(−1,0)
0,1 (n)∗ + κ

(0,1)
1,0 (n)∗ + γ

(−1,0)
0,1 (n)∗ + γ

(0,1)
1,0 (n)∗

)c†2cρc;n + ρc;nc
†2c

2

+ pn+1

[
κ
(0,0)
0,0 (n+ 1)ρc;n+1

]
+ pn+1

[
κ
(−1,0)
0,0 (n+ 1)cρc;n+1 + κ

(0,1)
0,0 (n+ 1)ρc;n+1c

]
+ pn+1

[
κ
(−1,0)
0,0 (n+ 1)∗ρc;n+1c

† + κ
(0,1)
0,0 (n+ 1)∗c†ρc;n+1

]
+ pn+1

[
κ
(−1,0)
0,1 (n+ 1)cρc;n+1c

†c+ κ
(0,1)
1,0 (n+ 1)c†cρc;n+1c+ κ

(−1,0)
0,1 (n+ 1)∗c†cρc;n+1c

† + κ
(0,1)
1,0 (n+ 1)∗c†ρc;n+1c

†c
]

+ pn+1

[
κ
(−1,−1)
(1,0) (n+ 1)c†c2ρc;n+1c

† + κ
(1,1)
(1,0)(n+ 1)c†2cρc;n+1c+ κ

(0,0)
0,1 (n+ 1)ρc;n+1c

†c

+ κ
(−1,−1)
(1,0) (n+ 1)∗cρc;n+1c

†2c+ κ
(1,1)
(1,0)(n+ 1)∗c†ρc;n+1c

†c2 + κ
(0,0)
0,1 (n+ 1)∗c†cρc;n+1

]
+ pn−1

[
γ
(0,0)
0,0 (n− 1)ρc;n−1

]
+ pn−1

[
γ
(−1,0)
0,0 (n− 1)cρc;n−1 + γ

(0,1)
0,0 (n− 1)ρc;n−1c

]
+ pn−1

[
γ
(−1,0)
0,0 (n− 1)∗ρc;n−1c

† + γ
(0,1)
0,0 (n− 1)∗c†ρc;n−1

]
+ pn−1

[
γ
(−1,0)
0,1 (n− 1)cρc;n−1c

†c+ γ
(0,1)
1,0 (n− 1)c†cρc;n−1c+ γ

(−1,0)
0,1 (n− 1)∗c†cρc;n−1c

† + γ
(0,1)
1,0 (n− 1)∗c†ρc;n−1c

†c
]

+ pn−1

[
γ
(−1,−1)
(1,0) (n− 1)c†c2ρc;n−1c

† + γ
(1,1)
(1,0)(n− 1)c†2cρc;n−1c+ γ

(0,0)
0,1 (n− 1)ρc;n−1c

†c

+ γ
(−1,−1)
(1,0) (n− 1)∗cρc;n−1c

†2c+ γ
(1,1)
(1,0)(n− 1)∗c†ρc;n−1c

†c2 + γ
(0,0)
0,1 (n− 1)∗c†cρc;n−1

]
.

(I8)

And this equation for the conditional reduced density matrix ρc;n gives rise to the following equations of motion for pn and the
central moments EOc(n) := Tr

(
ρ(t)Oc|n⟩a⟨n|a

)
for any resonator operators Oc:

∂tpn =− pn

(
κ
(0,0)
0,0 (n) + γ

(0,0)
0,0 (n)

)
− 2pn

(
Re
(
2κ

(1,1)
1,0 (n) + κ

(0,0)
0,1 (n)

)
+ Re

(
2γ

(1,1)
1,0 (n) + γ

(0,0)
0,1 (n)

))
· Ec†c(n)

− 2pnRe
[(
κ
(−1,0)
0,0 (n) + κ

(0,1)
0,0 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,0 (n) + γ

(0,1)
0,0 (n) + γ

(0,1)
1,0 (n)

)
Cc(n)

]
− 2pnRe

[(
κ
(−1,0)
0,1 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,1 (n) + γ

(0,1)
1,0 (n)

)
Ec†c2(n)

]
+ pn+1κ

(0,0)
0,0 (n+ 1) + 2pn+1Re

[
κ
(0,0)
0,1 (n+ 1) + 2κ

(1,1)
1,0 (n+ 1)

]
Ec†c(n+ 1)

+ 2pn+1Re
[(
κ
(−1,0)
0,0 (n+ 1) + κ

(0,1)
0,0 (n+ 1) + κ

(0,1)
1,0 (n+ 1)

)
Cc(n+ 1)

]
+ 2pn+1Re

[(
κ
(−1,0)
0,1 (n+ 1) + κ

(0,1)
1,0 (n+ 1)

)
Ec†c2(n+ 1)

]
+ pn−1γ

(0,0)
0,0 (n− 1) + 2pn−1Re

[
γ
(0,0)
0,1 (n− 1) + 2γ

(1,1)
1,0 (n− 1)

]
Ec†c(n− 1)

+ 2pn−1Re
[(
γ
(−1,0)
0,0 (n− 1) + γ

(0,1)
0,0 (n− 1) + γ

(0,1)
1,0 (n− 1)

)
Cc(n− 1)

]
+ 2pn−1Re

[(
γ
(−1,0)
0,1 (n− 1) + γ

(0,1)
1,0 (n− 1)

)
Ec†c2(n− 1)

]

(I9)
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∂t
(
pnCc(n)

)
=− 1

2
pnd

(−1,−1)
0,0 (n)Cc(n)− ipn

((
h1(n) + h2(n)

)
Cc(n) + 2h2(n)Ec†c2(n) + 2h

(−2)
0 (n)∗Cc(n)

∗
)

+
1

2
pn
(
d
(1,2)
0,0 (n)− d

(−2,−1)
0,0 (n)

)
Ec2(n)− ipn

(
h
(−1)
0 (n)∗ + h

(−1)
1 (n)Ec2(n) + 2h

(−1)
1 (n)∗Ec†c(n)

)
+ pn

(
d
(1,2)
0,0 (n)∗ − d

(−2,−1)
0,0 (n)∗

)
Ec†c(n) + pnd

(1,2)
0,0 (n)∗ − pn

(
κ
(0,0)
0,0 (n) + γ

(0,0)
0,0 (n)

)
Cc(n)

− pn

(
2Re

(
κ
(0,0)
0,1 (n) + 2κ

(1,1)
(1,0)(n)

)
+ 2Re

(
γ
(0,0)
0,1 (n) + 2γ

(1,1)
(1,0)(n)

))(1
2
Cc(n) + Ec†c2(n)

)
− pn

(
κ
(−1,0)
0,0 (n) + κ

(0,1)
0,0 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,0 (n) + γ

(0,1)
0,0 (n) + γ

(0,1)
1,0 (n)

)
Ec2(n)

− pn
(
κ
(−1,0)
0,0 (n)∗ + κ

(0,1)
0,0 (n)∗ + κ

(0,1)
1,0 (n)∗ + γ

(−1,0)
0,0 (n)∗ + γ

(0,1)
0,0 (n)∗ + γ

(0,1)
1,0 (n)∗

)(1
2
+ Ec†c(n)

)
− pn

(
κ
(−1,0)
0,1 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,1 (n) + γ

(0,1)
1,0 (n)

)(1
2
Ec2(n) + Ec†c3

)
− pn

(
κ
(−1,0)
0,1 (n)∗ + κ

(0,1)
1,0 (n)∗ + γ

(−1,0)
0,1 (n)∗ + γ

(0,1)
1,0 (n)∗

)(
Ec†c(n) + Ec†2c2

)
+ pn+1

(
κ
(0,0)
0,0 (n+ 1) + κ

(0,0)
0,1 (n+ 1)∗ + 2κ

(1,1)
(1,0)(n+ 1)

)
Cc(n+ 1) + pn+1

(
κ
(−1,0)
0,0 (n+ 1) + κ

(0,1)
0,0 (n+ 1)

)
Ec2(n+ 1)

+ pn+1

(
κ
(−1,−1)
(1,0) (n+ 1) + κ

(1,1)
(1,0)(n+ 1) + 2Re

(
κ
(0,0)
0,1 (n+ 1)

))
Ec†c2(n+ 1)

+ pn+1

((
κ
(−1,0)
0,0 (n+ 1)∗ + κ

(0,1)
0,0 (n+ 1)∗

)
Ec†c(n+ 1) + κ

(0,1)
0,0 (n+ 1)∗

)
+ pn+1

(
2κ

(0,1)
1,0 (n+ 1)Ec2(n+ 1) +

(
κ
(−1,0)
0,1 (n+ 1) + κ

(0,1)
1,0 (n+ 1)

)
Ec†c3(n+ 1)

)
+ pn+1

((
κ
(−1,0)
0,1 (n+ 1)∗ + 2κ

(0,1)
1,0 (n+ 1)∗

)
Ec†c(n+ 1) +

(
κ
(−1,0)
0,1 (n+ 1)∗ + κ

(0,1)
1,0 (n+ 1)∗

)
Ec†2c2(n+ 1)

)
+ pn−1

(
γ
(0,0)
0,0 (n− 1) + γ

(0,0)
0,1 (n− 1)∗ + 2γ

(1,1)
(1,0)(n− 1)

)
Cc(n− 1) + pn−1

(
γ
(−1,0)
0,0 (n− 1) + γ

(0,1)
0,0 (n− 1)

)
Ec2(n− 1)

+ pn−1

(
γ
(−1,−1)
(1,0) (n− 1) + γ

(1,1)
(1,0)(n− 1) + 2Re

(
γ
(0,0)
0,1 (n− 1)

))
Ec†c2(n− 1)

+ pn−1

((
γ
(−1,0)
0,0 (n− 1)∗ + γ

(0,1)
0,0 (n− 1)∗

)
Ec†c(n− 1) + γ

(0,1)
0,0 (n− 1)∗

)
+ pn−1

(
2γ

(0,1)
1,0 (n− 1)Ec2(n− 1) +

(
γ
(−1,0)
0,1 (n− 1) + γ

(0,1)
1,0 (n− 1)

)
Ec†c3(n− 1)

)
+ pn−1

((
γ
(−1,0)
0,1 (n− 1)∗ + 2γ

(0,1)
1,0 (n− 1)∗

)
Ec†c(n− 1) +

(
γ
(−1,0)
0,1 (n− 1)∗ + γ

(0,1)
1,0 (n− 1)∗

)
Ec†2c2(n− 1)

)
(I10)
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∂t

(
pnEc2(n)

)
=− 2ipn

((
h1(n) + 2h2(n)

)
Ec2(n) + 2h2(n)Ec†c3(n) + h

(−1)
1 (n)Ec3(n) + h

(−2)
0 (n)∗

(
1 + 2Ec†c(n)

))
− 2ipn

((
h
(−1)
0 (n)∗ + h

(−1)
1 (n)∗

)
Cc(n) + 2h

(−1)
1 (n)∗Ec†c2(n)

)
− pn

((
d
(−1,−1)
0,0 (n) + κ

(0,0)
0,0 (n) + γ

(0,0)
0,0 (n)

)
Ec2(n) +

(
d
(−2,−1)
0,0 (n) + d

(1,2)
0,0 (n)

)
Ec3(n)

)
− pn

((
d
(−2,−1)
0,0 (n)∗ + 3d

(1,2)
0,0 (n)∗

)
Cc(n) + 2

(
d
(−2,−1)
0,0 (n)∗ + d

(1,2)
0,0 (n)∗

)
Ec†c2(n)

)
− pn

(
2Re

[
κ
(0,0)
0,1 (n) + 2κ

(1,1)
(1,0)(n)

]
+ 2Re

[
γ
(0,0)
0,1 (n) + 2γ

(1,1)
(1,0)(n)

])(
Ec2(n) + Ec†c3(n)

)
− pn

(
κ
(−1,0)
0,0 (n) + κ

(0,1)
0,0 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,0 (n) + γ

(0,1)
0,0 (n) + γ

(0,1)
1,0 (n)

)
Ec3(n)

− pn
(
κ
(−1,0)
0,0 (n)∗ + κ

(0,1)
0,0 (n)∗ + κ

(0,1)
1,0 (n)∗ + γ

(−1,0)
0,0 (n)∗ + γ

(0,1)
0,0 (n)∗ + γ

(0,1)
1,0 (n)∗

)(
Cc(n) + Ec†c2(n)

)
− pn

(
κ
(−1,0)
0,1 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,1 (n) + γ

(0,1)
1,0 (n)

)(
Ec3(n) + Ec†c4

)
− pn

(
κ
(−1,0)
0,1 (n)∗ + κ

(0,1)
1,0 (n)∗ + γ

(−1,0)
0,1 (n)∗ + γ

(0,1)
1,0 (n)∗

)(
Cc(n) + 2Ec†c2(n) + Ec†2c3

)
+ pn+1

(
κ
(0,0)
0,0 (n+ 1)

)
Ec2(n+ 1) + 2pn+1

(
κ
(0,0)
0,1 (n+ 1)∗ + 3κ

(1,1)
(1,0)(n+ 1)

)
Ec2(n+ 1)

+ 2pn+1

(
Re
[
κ
(0,0)
0,1 (n+ 1)

]
+ κ

(−1,−1)
(1,0) (n+ 1) + κ

(1,1)
(1,0)(n+ 1)

)
Ec†c3(n+ 1)

+ pn+1

(
κ
(−1,0)
0,0 (n+ 1) + κ

(0,1)
0,0 (n+ 1)

)
Ec3(n+ 1) + 2pn+1κ

(0,1)
0,0 (n+ 1)∗Cc(n+ 1)

+ pn+1

(
κ
(−1,0)
0,0 (n+ 1)∗ + κ

(0,1)
0,0 (n+ 1)∗

)
Ec†c2(n+ 1)

+ pn+1

((
κ
(−1,0)
0,1 (n+ 1) + κ

(0,1)
1,0 (n+ 1)

)
Ec†c4(n+ 1) + 3κ

(0,1)
1,0 (n+ 1)Ec3(n+ 1)

)
+ pn+1

((
2κ

(−1,0)
0,1 (n+ 1)∗ + 3κ

(0,1)
1,0 (n+ 1)∗

)
Ec†c2(n+ 1) +

(
κ
(−1,0)
0,1 (n+ 1)∗ + κ

(0,1)
1,0 (n+ 1)∗

)
Ec†2c3(n+ 1)

)
+ pn−1

(
γ
(0,0)
0,0 (n− 1)

)
Ec2(n− 1) + 2pn−1

(
γ
(0,0)
0,1 (n− 1)∗ + 3γ

(1,1)
(1,0)(n− 1)

)
Ec2(n− 1)

+ 2pn−1

(
Re
[
γ
(0,0)
0,1 (n− 1)

]
+ γ

(−1,−1)
(1,0) (n− 1) + γ

(1,1)
(1,0)(n− 1)

)
Ec†c3(n− 1)

+ pn−1

(
γ
(−1,0)
0,0 (n− 1) + γ

(0,1)
0,0 (n− 1)

)
Ec3(n− 1) + 2pn−1γ

(0,1)
0,0 (n− 1)∗Cc(n− 1)

+ pn−1

(
γ
(−1,0)
0,0 (n− 1)∗ + γ

(0,1)
0,0 (n− 1)∗

)
Ec†c2(n− 1)

+ pn−1

((
γ
(−1,0)
0,1 (n− 1) + γ

(0,1)
1,0 (n− 1)

)
Ec†c4(n− 1) + 3γ

(0,1)
1,0 (n− 1)Ec3(n− 1)

)
+ pn−1

((
2γ

(−1,0)
0,1 (n− 1)∗ + 3γ

(0,1)
1,0 (n− 1)∗

)
Ec†c2(n− 1) +

(
γ
(−1,0)
0,1 (n− 1)∗ + γ

(0,1)
1,0 (n− 1)∗

)
Ec†2c3(n− 1)

)

(I11)
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∂t

(
pnEc†c(n)

)
=− 2pnIm

[
h
(−1)
0 (n)Cc(n) + h

(−1)
1 (n)Ec†c2(n) + 2h

(−2)
0 Ec2(n)

]
− pnd

(−1,−1)
0,0 (n)Ec†c(n)

+ 3pnRe
[
2d

(1,2)
0,0 (n)Cc(n) +

(
d
(1,2)
0,0 (n)− d

(−2,−1)
0,0 (n)

)
Ec†c2(n)

]
− pn

(
κ
(0,0)
0,0 (n) + γ

(0,0)
0,0 (n)

)
Ec†c(n)

− 2pnRe
[
κ
(0,0)
0,1 (n) + 2κ

(1,1)
(1,0)(n) + γ

(0,0)
0,1 (n) + 2γ

(1,1)
(1,0)(n)

](
Ec†c(n) + Ec†2c2(n)

)
− pnRe

[(
κ
(−1,0)
0,0 (n) + κ

(0,1)
0,0 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,0 (n) + γ

(0,1)
0,0 (n) + γ

(0,1)
1,0 (n)

)(
Cc(n) + 2Ec†c2(n)

)]
− pnRe

[(
κ
(−1,0)
0,1 (n) + κ

(0,1)
1,0 (n) + γ

(−1,0)
0,1 (n) + γ

(0,1)
1,0 (n)

)(
3Ec†c2 + 2Ec†2c3

)]
+ pn+1

(
κ
(0,0)
0,0 (n+ 1) + 2Re

[
κ
(0,0)
0,1 (n+ 1)

])
Ec†c(n+ 1) + 2pn+1Re

[
κ
(0,0)
0,1 (n+ 1)

]
Ec†2c2(n+ 1)

+ 2pn+1Re
[
κ
(0,1)
0,0 (n+ 1)Cc(n+ 1)

]
+ 2pn+1Re

[(
κ
(−1,0)
0,0 (n+ 1) + κ

(0,1)
0,0 (n+ 1)

)
Ec†c2(n+ 1)

]
+ 2pn+1Re

[
κ
(0,1)
1,0 (n+ 1)Cc(n+ 1) +

(
κ
(−1,0)
0,1 (n+ 1) + 3κ

(0,1)
1,0 (n+ 1)

)
Ec†c2(n+ 1)

]
+ 2pn+1Re

[(
κ
(−1,0)
0,1 (n+ 1) + κ

(0,1)
1,0 (n+ 1)

)
Ec†2c3(n+ 1)

]
+ pn−1

(
γ
(0,0)
0,0 (n− 1) + 2Re

[
γ
(0,0)
0,1 (n− 1)

])
Ec†c(n− 1) + 2pn−1Re

[
γ
(0,0)
0,1 (n− 1)

]
Ec†2c2(n− 1)

+ 2pn−1Re
[
γ
(0,1)
0,0 (n− 1)Cc(n− 1)

]
+ 2pn−1Re

[(
γ
(−1,0)
0,0 (n− 1) + γ

(0,1)
0,0 (n− 1)

)
Ec†c2(n− 1)

]
+ 2pn−1Re

[
γ
(0,1)
1,0 (n− 1)Cc(n− 1) +

(
γ
(−1,0)
0,1 (n− 1) + 3γ

(0,1)
1,0 (n− 1)

)
Ec†c2(n− 1)

]
+ 2pn−1Re

[(
γ
(−1,0)
0,1 (n− 1) + γ

(0,1)
1,0 (n− 1)

)
Ec†2c3(n− 1)

]

(I12)

However, the equations of motion (EOM) above are not closed with a finite number of central moment variables. In order
to obtain a closed set of EOM, we assume that the conditional resonator states do not deviate very significantly from coherent
states so that we can perform a cumulant expansion to central moments and truncate at a certain order in the cumulant variables.
For the numerical simulations in this paper, we make the following truncation at the second-order cumulants to close the EOM
with the variables pn, Cc(n), Cc2(n) and Cc†c(n):

Cc(n) :=
1

pn
Tr
(
|n⟩a⟨n|acρ(t)

)
Ec2(n) :=

1

pn
Tr
(
|n⟩a⟨n|ac2ρ(t)

)
= Cc(n)

2 + Cc2(n)

Ec†c(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac†cρ(t)

)
= |Cc(n)|2 + Cc†c(n)

Ec†c2(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac†c2ρ(t)

)
≈ |Cc(n)|2Cc(n) + Cc(n)

∗Cc2(n) + 2Cc†c(n)Cc(n)

Ec3(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac3ρ(t)

)
≈ Cc(n)

3 + 3Cc2(n)Cc(n)

Ec†c3(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac†c3ρ(t)

)
≈ |Cc(n)|2Cc(n)

2 + 3Cc†c(n)Cc(n)
2 + 3Cc2(n)|Cc(n)|2 + 3Cc†c(n)Cc2(n)

Ec†2c2(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac†2c2ρ(t)

)
≈ |Cc(n)|4 + Cc2(n)

∗Cc(n)
2 + Cc(n)

∗2Cc2(n) + 4Cc†c(n)|Cc(n)|2 + |Cc2(n)|2 + 2Cc†c(n)
2

Ec†c4(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac†c3ρ(t)

)
≈ |Cc(n)|2Cc(n)

3 + 4Cc†c(n)Cc(n)
3 + 6Cc2(n)|Cc(n)|2Cc(n) + 12Cc†c(n)Cc2(n)Cc(n) + 3Cc2(n)

2Cc(n)
∗

Ec†2c3(n) :=
1

pn
Tr
(
|n⟩a⟨n|ac†2c2ρ(t)

)
≈ |Cc(n)|4Cc(n) + Cc2(n)

∗Cc(n)
3 + 6Cc†c(n)|Cc(n)|2Cc(n) + 3Cc2(n)|Cc(n)|2Cc(n)

∗ + 3|Cc2(n)|2Cc(n)

+ 6Cc†c(n)
2Cc(n) + 6Cc†c(n)Cc2(n)Cc(n)

∗

(I13)

In addition, the EOM are fully closed by truncating the transmon Hilbert space at a certain energy level. In this paper, we
make the approximation that pn = 0 for all n > 6, which is sufficient for simulating the dynamics corresponding to the first six
energy levels of the transmon.
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Finally, to calculate the numerical values of the coefficients in the EME, we assume the following experimentally relevant
parameters:

ϵ = 0.2; ωc = 2π × 7GHz; ω01 ≡ ωa

(
1− ϵ

4

)
= 2π × 5GHz;

gac = 9.6× 10−3ω01 = 0.3016GHz; κc = 0.48MHz,
(I14)

whereas the spectral density of the bath takes the form

J(ω) = 1.09× 10−5 · ω

1 + (ωΛ )
2

(I15)

with a soft cut-off scale set at Λ = 100 · 2πGHz. We emphasize that the dynamics of the system is very insensitive to the exact
value of Λ which depends on the physical details of the resonator-bath coupling.
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J. Řeháček, Evading vacuum noise: Wigner projections or husimi samples?, Phys. Rev. Lett. 117, 070801 (2016).
[20] J. H. Shapiro, The quantum theory of optical communications, IEEE Journal of Selected Topics in Quantum Electronics 15, 1547 (2009).
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