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Quantum amplifiers are intrinsically nonlinear systems whose performance limits are set by quan-
tum mechanics. In quantum measurement, amplifier operation is conventionally optimized in the
linear regime by maximizing signal-to-noise ratio, an objective that is well-suited to parameter
estimation but is typically insufficient for more general tasks such as arbitrary quantum state dis-
crimination. Here we show that single-shot quantum state classification can benefit from operating
a quantum amplifier outside the linear regime, when the measurement chain is optimized end-to-
end for a task-specific cost function. We analyze a realistic superconducting readout architecture
that includes state preparation, cryogenic nonlinear amplification, and room-temperature detection
with finite noise. By introducing performance metrics tailored to state discrimination, we identify
operating regimes in which nonlinear amplification provides a measurable advantage and clarify the
trade-offs that ultimately limit classification fidelity. Building on these results, we propose a qubit
readout architecture without cavity displacement that exploits nonlinear amplification to enhance
single-shot state discrimination performance. Our results establish the practical value of nonlinear
quantum amplifiers for quantum state discrimination and lay the foundation for a broader pro-
gram to develop a general, end-to-end framework for resource-constrained optimization of nonlinear

amplification in quantum information processing tasks.

I. INTRODUCTION

Rapid, high-fidelity quantum nondemolition measure-
ment requires amplification of an electromagnetic probe
field near the limits set by quantum mechanics. In
superconducting-qubit readout, where the probe lies in
the microwave domain and the qubits are only weakly
nonlinear, this is achieved by pre-amplifying the outgoing
field with a cryogenic amplifier at base temperature, prior
to further amplification and digital processing at room
temperature. [1]. Although many cryogenic amplifiers
are intrinsically nonlinear, they are conventionally oper-
ated in their linear regime, where the relevant quantum
limits are well understood [2—6]. Can operating a cryo-
genic quantum amplifier in a nonlinear regime provide
a fundamental performance advantage beyond what is
achievable in linear, quantum-limited operation? We ad-
dress this question through a hardware-realistic analysis
of a class of quantum state—discrimination tasks in which
operating an experimentally available parametric oscilla-
tor in a genuinely nonlinear regime is optimal. In con-
trast to the prevailing emphasis on linear, Kerr-mitigated
amplification [7, 8], we identify operating regimes where
nonlinear amplification yields a measurable classification
advantage and quantify how nonlinear distortion, effec-
tive noise, and downstream added noise set the ultimate
limits on classification fidelity.

In classical signal processing, nonlinear amplification
has long been used as a deliberate functional element
for tasks where linear gain is suboptimal. The under-
lying principle is that when the objective is not faithful

waveform reproduction but rather feature extraction, de-
tection, or classification, nonlinear transformations can
dramatically improve performance under resource con-
straints [9, 10]. By comparison, the deliberate use of
nonlinear amplification for processing quantum-domain
signals has received relatively little attention to date.
Ref. [11] examined an optical amplifier based on a non-
linear interferometric setup. In microwave quantum cir-
cuits, non-linear dynamical transduction either provided
by a resonant cavity [12] or by a Josephson junction tuned
close to its ‘bifurcation point’ [13] has been explored to
attain high-sensitivity and speed in qubit readout. A
comprehensive analysis of the quantum limits of a broad
class of nonlinear amplifiers was recently presented in
Ref. [14], and stands out in the contemporary literature.

When the objective is rapid, high-fidelity measurement
for quantum state discrimination rather than an ana-
log task, quantum limits on amplification alone are not
sufficient to determine performance. Additional consid-
erations, including amplifier nonlinearity, demodulation
strategy, integration time, and the noise incurred upon
extraction of the signal to room temperature, play a crit-
ical role [4, 6, 15, 16]. Moreover, through a concrete ex-
ample, we show that the optimal strategy depends explic-
itly on the measurement objective and, more generally,
on the specific cost function being maximized.

The purpose of this article is to present a systematic
study of the quantum-limited operating regimes of a spe-
cific class of nonlinear amplifiers, with an eye on end-to-
end resource-aware optimization of a task-relevant cost-
function. We highlight the central role of task-specific
optimization by focusing on a quantum state discrimi-
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Figure 1. (a) The composite two-SNAIL system for state generation and discrimination. The pump applied to the squeezer
(pump 1) sets which input state is generated, (1-blue) or (2-orange). Two additional drives at the pump frequency w, (pump
2) and at wp/2 (signal drive with strength 742) act on the analyzer and impact the overall classification performance. The
two SNAIL amplifiers are identical except that the analyzer has a non-zero Kerr nonlinearity (A) (b) Intracavity quadrature
covariance matrix elements and quadrature measurements for two input states with the analyzer pump off (g2 = 0). (c) When
the analyzer is on, the output-state means coincide for linear operation (74,2 = 0) and the classification fidelity is 0.84, but are
separated for nonlinear operation with a sufficiently-large signal drive (14,2 > 0) and the classification fidelity is 1 (this is the

same operating point as in Fig. 2(d-2)).

nation problem that is poorly served by amplifiers opti-
mized for linear, quantum-limited operation followed by
linear detection and post-processing. Our analysis iden-
tifies the operating regimes in which nonlinear amplifi-
cation yields a measurable performance advantage and
clarifies the trade-offs that ultimately set the limits on
achievable measurement fidelity.

Our work is motivated by recent proposals in quantum
computational sensing [17], which articulate a framework
for formulating quantum measurement and sensing tasks
in close analogy with conventional computational sens-
ing and imaging approaches. This line of work takes the
perspective that the detection of weak signals is often
performed with the ultimate aim of performing a spe-
cific computation on the signal, in service of complet-
ing a given task. Consequently, weak-signal detection or
sensing can be combined with processing by a suitably-
matched quantum mechanical system prior to detection.
This line of research fuses concepts from quantum sensing
and quantum machine learning, and has demonstrated
that the resulting quantum computational sensors can
provide advantages for tasks such as classification [18—

] and function approximation [17, 22] in comparison to
sensing schemes alone. For example, within this frame-
work, circuit-based quantum computational sensors have
been shown to approach the fundamental performance
bounds imposed by quantum mechanics for a broad class
of sensing tasks [23].

The present work lies in the same domain, but dif-
fers in scope and methodology. Firstly, rather than
adopting a gate-based and lossless quantum computa-
tional sensor, we consider a continuous-variable, dynami-
cal, driven-dissipative sensor. Prior work has shown that
nonlinear resources available in such cryogenic sensors
can be used for certain quantum information process-
ing applications [24]. Here, we consider a sensor that
is closely-modeled on practical quantum amplifiers, and

therefore features amplification and dissipation as key
components. Using a model-based approach in which
the full measurement chain, including signal generation,
propagation, amplification, and detection, is described
numerically, we assess performance and identify optimal
operating regimes for such a device for quantum state
discrimination tasks under constrained resources.

We next examine the optimal operating conditions for
nonlinear amplification in dispersive qubit readout with-
out cavity displacement, and present a detailed analy-
sis of an architecture incorporating these findings. We
show that the optimal operating point is architecture-
dependent and, in this setting, lies in the regime y < /2,
where x is the qubit-induced dispersive shift and « is the
resonator linewidth. This stands in contrast to conven-
tional dispersive readout with linear, phase-preserving
amplification, where maximizing measurement rate and
SNR typically favors operation in or near the strong-
dispersive regime, x = /2, for fixed photon number and
coherence constraints.

The rest of this paper is organized as follows. In Sec. I,
we describe the mathematical model of the composite
system that describes both the generation of states to
be discriminated and the measurement chain including
the nonlinear amplifier. In Sec. III, we define metrics
to quantify the classification performance and optimize
the externally tunable parameters of the system. Next,
in Sec. IV, we analyze the effect of the noise from the
electronic amplification on the performance metrics. Fi-
nally, in Sec. V, we propose a scheme to perform disper-
sive qubit readout in a regime without cavity displace-
ment, and find the optimal encoding parameters for this
scheme. In Sec. VI, we summarize our conclusions and
outline directions for future work.



II. DESCRIPTION OF THE COMPOSITE
SYSTEM AND THE CLASSIFICATION TASK

We consider the task of discriminating two states of a
resonator by amplifying the radiation that leaks out of
the resonator with an amplifier that intrinsically is non-
linear. To this end, we introduce a suitable objective
function of the single-shot sampled output of the ampli-
fier that we require to be maximized. We consider maxi-
mization with respect to parameters of the amplifier that
can be parametrically controlled during the experiment.

For a single shot, there is a fundamental physical limit
to the expected maximum of the objective function that
is set by the quantum theory, regardless of whether the
amplifier is operated in the linear or the nonlinear regime.
We are interested in the optimal achievable objective
function within a given class of amplifiers. We note that
the achievable maximum heavily depends on the objec-
tive function itself and the states to be discriminated.
In the case of dispersive qubit readout, the task can be
framed as a quantum state discrimination task where two
distinct pointer states of a readout resonator are gener-
ated conditional on the two possible states of the qubit.
Here the physical limits are well understood when the
downstream amplifier and the subsequent detector is lin-
ear [2-5, 15, 16].

In this work, we address a more challenging problem
in which the two pointer states are resonator states with
identical mean amplitudes and are distinguished solely
by their second moments. We do not specify a particu-
lar physical mechanism for generating these conditional
pointer states, and focus on a regime in which quan-
tum back-action on the qubit, outside the scope of the
present study, is expected to be minimal. Specifically,
we consider the limit in which the mean fields of the
pointer states vanish, so that the influence of the qubit
can be neglected and the problem reduces to the discrim-
ination of two zero-mean resonator states differing only
in their fluctuations. Earlier work [14] has shown that
an ideal nonlinear amplifier in principle allows one to
measure any normal operator (of its input) with a linear
detector while adding a half-quantum of vacuum fluctua-
tions as noise at the output, but what types of measure-
ments can be enabled by common experimentally realiz-
able nonlinearities was not analyzed. Here, for the first
time to our knowledge, we consider the end-to-end opti-
mization of an experimentally realizable superconducting
readout chain, including state preparation, directional
coupling to a cryogenic nonlinear amplifier, and the noise
floor of a subsequent room-temperature detection stage.
This optimization requires the quantum dynamical mod-
eling of the entire measurement chain and the sampling
of measurement-conditioned trajectories observed at the
linear detector, which we analyze using a recently de-
veloped cumulant expansion technique [24, 25]. We de-
rive analytical performance metrics that guide our un-
derstanding of the behavior of the amplifier in certain
well-understood operational limits. We then analyze the

performance across an experimentally relevant parame-
ter space and identify optimal, in situ tunable operating
points. Finally, we provide intuitive physical reasoning
for these optimal choices, highlighting the properties that
underlie the classification mechanism.

A schematic of the complete measurement chain, in-
cluding preparation of the two pointer states and the non-
linear amplification stage, is shown in Fig. 1. The setup
employs two Superconducting Nonlinear Asymmetric In-
ductive eLement (SNAIL) oscillators, which serve as the
fundamental building blocks of state-of-the-art cryogenic
microwave amplifiers [7]. The first SNAIL oscillator, re-
ferred to as the squeezer, is used to generate two distinct
pointer states, which are squeezed vacuum states with
orthogonal squeezing directions. These states are sub-
sequently discriminated by the second SNAIL oscillator,
referred to as the analyzer. Both SNAILs are identical
in that they share the same bare resonance frequency
and the same third- and fourth-order (Kerr) nonlinear-
ity strengths (g3 and g4 in Eq.(2)). The difference be-
tween the two lies in their operating conditions. The
analyzer SNAIL is driven coherently at the signal port,
which displaces the mode and leads to an effective con-
tribution of the Kerr term to its dynamics. In contrast,
the squeezer SNAIL is not subject to a coherent signal
drive, and the Kerr term does not contribute apprecia-
bly to its dynamics. We therefore neglect the Kerr term
for the squeezer SNAIL to simplify the model. We note
that this set up has a simple linear limit for the ana-
lyzer, achieved by either turning off the additional co-
herent drive or setting its nonlinearity A = 0, when the
analyzer becomes a phase-sensitive linear amplifier. In
our numerical analysis, we model all essential elements of
a typical superconducting measurement chain, including
directional propagation between the squeezer and ana-
lyzer SNAILs, the demodulation at the mixer and the
integration of the down-converted measurement trajec-
tory at the room temperature.

A. The Model

We describe the measurement-conditioned evolution of
the system with the following stochastic quantum mas-
ter equation (SQME), assuming that the analyzer mode
undergoes continuous linear measurement:

f;’c = Lp°+ Sanp” (1)

The Liouvillian of the system, which we describe in de-
tail in this section, is derived from a general model of
two SNAILs, representing the squeezer and the analyzer,
that are unidirectionally coupled. The Hamiltonian of a
single SNAIL oscillator representing either the squeezer
or the analyzer, with resonance frequency ws, incorpo-
rating both third- and fourth-order nonlinearities and
driven simultaneously with two tones at frequencies w,



and w,/2 = ws, is given by
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Here, the first line includes the bare resonance term,
third- and fourth-order nonlinearities of the SNAIL that
are non-zero. The second and third lines represent the
pump drive and signal drive, respectively. We assume
that the squeezer has zero Kerr nonlinearity (g4 = 0)
and is not driven at resonance frequency (ns, = 0).
Due to the presence of the pump and the signal drive
on the SNAIL, there will be non-zero population at wy
(pump mode) and w,/2 (resonant mode). To account for
both modes, we introduce the following multimode field
ansatz:
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where § represents the signal mode and p represents the
pump mode. As long as the dynamics of the new opera-
tors have bandwidth much smaller than w,/2, it is a good
approximation to assume § and p represent independent
dynamical degrees of freedom [26, 27]. After plugging
in this ansatz and assuming the pump is stiff, we end
up with the Liouvillian that we introduce in this section.
More details of this derivation is in Appendix A. The
Liouvillian £ of the system is composed of three compo-
nents pertaining to the squeezer, nonreciprocal coupler
and the analyzer:

+ pe

L= Lsg+ Lan + Leoup- (4)
L, describes the squeezer,
Logp® = —i [Fogs 5] + m1Dls1]°, (5)
with
o = =Aisla1 + 0 (75181 + he) . (6)

The Hamiltonian for the squeezer is expressed in a frame
rotating at wy/2, where w, is the pump tone frequency.
This is the frame in which the squeezing terms are res-
onant. We assume the system is being pumped on reso-
nance for amplification (w1 = wy = wp/2), which makes
A; = 0. We assume that the pump is stiff and char-
acterized with real-valued constants g; and ¢; for the
strength and phase respectively of this stiff pump. We
verify the validity of this approximation within the op-
erating regime considered in the paper by comparing it
to simulations performed without the stiff-pump approx-
imation. Further, £, describes the analyzer,

Lanf® = =i [Fans °] + m2Dlsalp", ()
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The Hamiltonian for the analyzer is also expressed in the
frame rotating at w,/2 for the same reason. With this
choice and the assumption ws = w,/2, Ag only includes
the cross-Kerr shift due to the pump. We present this
calculation in Appendix A. Again, we assume that the
analyzer pump is stiff, and is characterized by constants
g2 and @9 for its strength and phase. Different from
the squeezer, Hq, contains the term with coefficient A
that corresponds to the intrinsic Kerr nonlinearity of the
SNAIL device. In the context of parametric amplifiers
this fourth-order nonlinearity generally acts as a para-
sitic effect that limits dynamic range and leads to gain
compression and unwanted frequency shifts, and is there-
fore typically treated as an imperfection to be minimized
in linear-amplification regimes in order to improve dy-
namic range and approach quantum-limited performance
[7, 8, 28]. In Appendix A we present a derivation of this
effective SQME starting with the two-SNAIL Hamilto-
nian, the conditions under which this model accurately
describes the dynamics of the system, as well as the rela-
tionship of the model parameters to the original physical
parameters of the SNAILs. The final term represents the
signal drive on the analyzer. We choose a resonant drive
on the analyzer mode wq 2 = we = wp/2.

The coupling interaction with rate I' is described by
the coupling Liouvillian Legyp,

r
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This term balances a coherent hopping interaction with
a dissipative hopping interaction to ensure nonreciprocal
transmission from the squeezer mode §; to the analyzer
mode § only [24, 29].
Lastly, the measurement operator models a weak mea-
surement of only the analyzer mode (83) as described by
the measurement operator Sg, [30]:

Sant* = /G (327 + %8} — (2 + 81 )
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Here, dW; g = dWj o(t) are independent Wiener incre-
ments, that describe the backaction on the system dy-
namics conditioned on the homodyne I-Q quadrature
measurements of the analyzer mode. We include the
measurement terms in the description of the system since
we want to account for finite measurement resources

available in an experimental setting such as a finite inte-
gration time in a single run of the experiment.



B. System dynamics and measurement

The numerical solution of Eq. (1) necessitates a trun-
cation scheme that remains accurate across widely dis-
parate oscillator occupations within the measurement
chain. In the regime considered here, a Fock-space trun-
cation is impractical due to resource constraints, as the
analyzer can reach large occupations for certain param-
eter regimes analyzed. Here we employ a cumulant-
based approach, which we have extensively benchmarked
and found to remain accurate over the range of nonlin-
earities and dissipation strengths relevant to this work.
Cumulant- (or cluster-) based moment closures are a
standard tool in quantum optics for reducing the infi-
nite hierarchy of operator moments to a finite, tractable
set by discarding connected correlators above a chosen
order [31]. When higher-order connected correlations re-
main parametrically small e.g., in near-Gaussian, weakly
correlated, or mean-field-like regimes, this truncation
provides a controlled and numerically stable approxima-
tion that has been extensively benchmarked across repre-
sentative light—matter and nonlinear optical settings [31].
Building on this foundation, we employ a truncated-
cumulant scheme recently adapted to efficiently sample
stochastic measurement trajectories produced by nonlin-
ear measurement chains in Refs. [24, 25].

In this section, we present the equations of motion
for the lowest-order operators to illustrate the approach
and to discuss important details of the numerical pipeline
used to generate the I-Q plots (such as e.g. Fig.1(b,c))
employed throughout the analysis. For details, see Ap-
pendix B.

The equation of motion of the analyzer mode expecta-
tion value conditioned on the measurement ()€ is given
by:

. . . +T R
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where C¢

0y = (0102)¢ — (01)¢(02)¢ are the conditional
second-order cumulants and (-)¢ represents the condi-
tional average, due to the presence of the measurement
operator in the SQME.

The Heisenberg equations of motion, a generally infi-
nite hierarchy of linear equations expressed in moments,
when reorganized in cumulants, becomes a set of cou-
pled nonlinear differential equations. The non-zero Kerr
nonlinearity of the analyzer mode manifests itself in the

appearance of nonlinear deterministic terms at lowest or-
der. If A = 0, noise-averaged first order equations decou-
ple from equations of motion of second-order cumulants
(see Appendix B Eqgs. (B6a-B6d)). Note however that the
conditional evolution has noise terms that couple to sec-
ond order cumulants and generate what would be consid-
ered multiplicative noise (see Appendix B Egs. B5). We
will show that the residual nonlinearity of the amplifier,
as captured here, enables the transduction of informa-
tion encoded in higher-order features of the measured
quantum system, specifically the information contained
in the second-order correlations of the two pointer states
of the squeezer. The versatility of STEOM is critical as
we are interested in a regime where the analyzer mode
is sufficiently populated for the Kerr nonlinearity to be
effective.

Once the complete set of nonlinear STEOMs are solved
to a certain order, the I-Q plots typically measured in an
experiment are obtained after demodulation at w,/2 and
integration with a box-car filter. First step in this pro-
cedure is the generation of quantum trajectories of the
outgoing analyzer field which represent the noisy mea-
surement acquired after demodulation:

1) = &0+ (52 +51) + vAag ), (120)

Q1) = €olt) ~ iy "2 (52— 1) + VAagd(0, (120)

where £1,0(t) = dVZQQ, with dW; g as in Eq. (10), and
§fo(t) are independent white noise processes modelling
electronic amplification noise with strength 7. More-

over, we define intracavity quadrature variables [y =
(§2 + §£> /\/5 and Q2 =1 (§2 — §;> /\/5 for later use.
The noisy trajectories in Eq. (12) are generally filtered

over a filtering period T, to obtain single-shot measure-
ment results:

1 t

- —o— /t _arz(), (13a)
1 t

Q- /tT drQ(r). (13h)

The scaling with 7 is chosen here to keep variance inde-
pendent of 7 in the long filtering time limit, up to cor-
rections that scale as O(7 1), whereas the mean value of
the filtered quadrature scales with v/7. See Appendix C
for more details on the filtered single-shot measurement
results.

C. Generation of squeezed vacuum states for the
example task

The squeezer generates the squeezed vacuum states to
be classified. Its output state is controlled by the pump



tone: the pump amplitude sets the degree of squeezing,
while the pump phase ¢; fixes the squeezing orientation
in phase space (see Fig.1). These properties can be de-
termined analytically by deactivating the analyzer in the
model, i.e., by setting go = 0, 542 = 0 and A = 0, so that
the measured output of the analyzer is a proxy for the
measured statistical distribution of the squeezer state.
In this limit the entire system is linear, allowing an ex-
act derivation of the quadrature covariance matrix that
is measured at the output of the analyzer. The squeez-
ing axis in the measured I-(@) plane can be shown to be
given by ¢gq = 7 — %, where the I quadrature defines
the z-axis and the @ quadrature the y-axis, with I and
Q defined as in Eq. (13).

For the classification task, we choose the same pump
strength g; = 0.8¢%", corresponding to operation at 80
% of the instability threshold. This ensures that the

two classes of quantum states exhibit identical squeezing
strength. We set the phase of the pump tone ¢§1) =0

and (;552) = 7 to generate type-1 and type-2 states, respec-
tively, such that the corresponding squeezed quadratures
are orthogonal. A representative sampling of the mea-
sured outcomes in the I-Q) plane for these two parameter
settings is shown in Fig. 1(b), yielding quadrature angles
w/4 and —m/4, as designed. The task is to distinguish
these two squeezed states based only on the direction (or
phase) of squeezing, and not the amount of squeezing.
The simplicity of this example allows us to build intu-
ition for how a quantum nonlinear amplifier performs the
task and how its operating parameters can be optimized
to maximize classification performance.

III. OPTIMAL SYSTEM PARAMETERS FOR
THE CLASSIFICATION TASK

A. Performance metrics

We first introduce two metrics to quantify classifica-
tion performance based on the measured quadrature dis-
tributions (e.g., Fig. 1(c)). The first performance metric
is the mean separation between the distributions corre-
sponding to the two types of states on the measured I-Q)
quadrature plane (Ap):

s [34] - [

where I and @ are defined in Eq. (13), and ||Apul| is the
(?-norm of Ap

(14)

[Ap|| = VAI? + AQ?, (15)

For the classification of weak signals such as the ones we
consider here, where the noise in the quadrature distribu-
tions is comparable to the mean separation, ||Apl|| alone
may not be an accurate proxy of empirical classification
performance under finite sampling. In this case, which

we will encounter for our particular task here, a more
accurate metric of empirical classification performance is
given by the Fisher discriminant, D [32]. It is defined
as follows:

Dp=ApT - V1. Ap. (16)

This metric also represents a natural multivariate gen-
eralization of the one-dimensional signal-to-noise ratio.
The spread of the two distributions is captured by the
combined variance of output fields of different types of
states (V),

1
V=3 (= +=3). (17)
with
2
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where
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07 ow =E[IVQW] —E[IV]E[Q™], (19b)
030 =E[QW] —~E[QW]". (19¢)

B. Method of computation

To compute the mean and covariance of the output
field for the different input states, we solve the truncated
equations of motion (TEOMs) derived from the quan-
tum master equation (QME), which corresponds to the
infinite-shot limit of the stochastic quantum master equa-
tion (SQME) [30]. The means of the single-shot measure-
ment outcomes are directly related to the quantum ex-
pectation values obtained from the TEOMSs, as described
below (see Appendix C for the derivation):

E[I] =VT(L), E[Q]=vT(Q).  (20)
We estimate the measured quadrature covariance in
terms of intracavity covariance of the output field, as
if we have knowledge of the output states at the infinite
shot limit,

Q™ [AAIIQ;Q AAIgj ’ 1)
with
Al = (I3) = (I5)*, (22a)
AlIQz = <f2Q2 + Q2f2>/2 - <—f2><Q2>» (22b)
AQy = <Q§> - <Q2>2~ (22¢)
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Figure 2. Variation of (a) normalized mean separation and (b) normalized Fisher discriminant versus pump strength g» (y-axis)
and signal drive strength 74,2 (x-axis). The vertical and horizontal black dashed lines in (a) indicate the cross sections shown in
insets (c) and (d), respectively. The white dashed line marks the pump value giving 20 dB analyzer gain under the stiff-pump
approximation. (c) Normalized mean separation versus gz, along with measured quadratures for the two quantum-state types
at two pump operating points shown in the insets below. The classification fidelity for instances 1 and 2 are 0.855 and 0.995
respectively. (d) Normalized mean separation versus 74,2, with measured quadratures at three signal drive operating points
shown in the insets below. The classification fidelity for instances 1, 2 and 3 are 0.845, 1 and 0.9 respectively. The coordinates
at the bottom left corner of the instances in insets (c¢) and (d) correspond to the center of the plotted region of the I-Q plot, all
plots in each inset use identical axis ranges. The data shown is obtained by solving Eqs. B6 and the data shown in the insets
of (c) and (d) is obtained by solving Eqgs. B5 with 100 sample trajectories for each type of input state with integration time

800/ k.

This does not fully agree with the single-shot measure-
ment covariance, but gives a good idea of where the per-
formance optimum will occur, as they agree qualitatively.

Before presenting the optimization results, we derive
analytical expressions for the mean separation Ap and
the combined variance matrix V that determine the
Fisher discriminant Dp.

_ 2AC + AC S
2 -1 5582 8282 2
Ap =ivATUJ fAC’:;S; *ZAOSESZ [SEJ , (23)
where AC,,,, = _(()?2,2 — C_'((,}B,Q and with
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and
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This result is obtained in the weak-nonlinearity limit us-

ing a nonstandard perturbative treatment of the TEOMS,

with details provided in Appendix D. The terms 5, and

Cs,s,,Cit, ,C 1+ are zeroth-order contributions in the
252 S252

perturbative expansion for the mean and cumulant re-

spectively. This analytical closed-form expression of the

mean separation in a weak nonlinearity limit demon-
strates some properties clearly. First, we see that it de-
pends on v/A and /T linearly. That gives correctly in the
limit that A goes to zero, we have zero mean separation,
thus classification fails. Secondly, the mean separation
depends on the difference of the second order cumulants
of the output distributions of different types. This shows
how the nonlinear amplifier is able to compute the differ-
ence of cumulants via its quantum dynamics, and map
them to first-order observables that are accessible via lin-
ear measurements. One can also calculate the Fisher dis-
criminant under the perturbative approximation by mak-
ing use of the approximate value of the combined variance
matrix V, which is obtained from Eq. (17) and Eq. (21):

Chh +CEL, €+
V=2Ul ) s A, A8 |0 (26
cyY +CY CY+CY
8552 8582 558y 84554
Lastly, in all the results we present, we analyze mean sep-
aration (Au/+v/T) and the Fisher discriminant (Dp/T)
normalized by filtering time. For steady-state operation,
as the filtering time is increased, both of these perfor-
mance metrics will increase. The scaling is clearly shown
in Eq. (23). This is also an intuitive result, as the noisy
trajectories are integrated for a longer time, more in-
formation is collected, and one has more distinguishable
output distributions.



C. Performance metrics under varying system
parameters

In this section, we focus on how the externally-
adjustable system parameters affect the classification
performance. These adjustable system parameters are
identified as the pump strength (g2) and phase (¢2), and
the signal drive strength (142) and phase (¢gq,2), where
both drives are acting on the analyzer. An arbitrary
choice of parameters will not work, as the analyzer needs
to be finely-tuned to a regime where nonlinear processing
can be achieved.

This section shows that optimal performance requires
the joint optimization of the pump and signal drive
strengths to identify the optimal operating points. Even
with optimal drive strengths, an unfavorable choice of
phase parameters can strongly degrade performance,
making phase optimization equally essential. The re-
mainder of this section provides an intuitive framework
for selecting these optimal parameters by relating them
directly to the classification task.

We separate the parameters into two groups, the
strength parameters and the phase parameters, and show
their effects separately. Let us start with the effect of
the strength parameters on performance metrics. We
show that the dependence of the mean separation, in
Fig.2(a), and the Fisher discriminant, in Fig.2(b), are
qualitatively very similar on these parameters. There
is no global optimum in this two-dimensional parameter
space. For an ideal linear amplifier, increasing the pump
strength g leads to improved performance, and the sig-
nal drive strength 142 has no influence on performance.
However, the Kerr nonlinearity of the practical analyzer
changes this notion. At any gain value, a certain drive
strength is needed for the Kerr nonlinearity to have an
effect; at larger gains, a smaller drive strength suffices as
the amplification can increase the analyzer mode occu-
pation. However, it is also possible to have too strong a
drive: then, the frequency shift due to the Kerr nonlin-
earity becomes too large and suppresses the useful non-
linear operation of the analyzer mode by making it non-
resonant. As a result, for every pump strength there is
an optimum drive strength and vice versa, as can be seen
clearly from the cross-sections of the 2D plots shown in
Fig 2c, d.

We now focus on the phase parameters and their effect
on the performance metrics. The dependence of the mean
separation, shown in Fig. 3(a), and of the Fisher discrim-
inant, shown in Fig. 3(b), is more complex than their re-
spective dependence on strength parameters. First, there
are multiple optimal points of operation in the parame-
ter space of the two phases. Moreover, as in the case
of strength parameters, the trends for the mean separa-
tion and the Fisher discriminant are similar: peak per-
formance in terms of both metrics are achieved around
similar parameter values. To analyze and understand
the relation of these optimal phase parameters with the
given task and the performance metrics, we look at the
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Figure 3. Variation of (a) normalized mean separation and
(b) normalized Fisher discriminant versus pump phase ¢2 (y-
axis) and signal drive phase ¢q4,2 (x-axis). Inset (c¢) shows the
normalized mean separation at fixed ¢q,2 = 0 versus ¢2, with
inset (d) displaying corresponding measured quadratures for
the two quantum state types at the operating points marked
in (c). The classification fidelity for instances 1, 2, 3 and
4 are 0.81, 1, 0.785 and 1 respectively. Inset (e) illustrates
the ¢1 values on the unit circle generating type-1 and type-2
states (blue and orange), with the black arrow indicating ¢» at
the chosen operating point. Inset (f) shows normalized mean
separation at fixed ¢2 = 0 versus ¢q,2, and inset (g) shows
the measured quadratures at the operating points marked in
(f). The classification fidelity for instances 1, 2, 3 and 4 are
0.84, 0.99, 0.87 and 0.995 respectively. Inset (h) depicts the
anti-squeezing (amplification) direction set by the fixed pump
phase (¢2 = 0), aligned with the type-1 state (blue), with the
black arrow marking the corresponding ¢q4,2. The coordinates
at the bottom left corner of insets (d) and (g) correspond
to the center of the plotted region of the I-Q plot, all plots
in each inset use identical axis ranges. The data shown is
obtained by solving Egs. B6 and the data shown in the insets
(d) and (g) is obtained by solving Eqgs. B5 with 100 sample
trajectories for each type of input state with integration time
800 / K2.

(~135.13,182.08)



variation with respect to one of them at a time.

Looking at the mean separation against pump phase
plot in Fig.3(c), we see that the mean separation max-
ima, thus the best performance, are achieved when the
phase of the analyzer pump is the same as the phase of
the squeezer pump for either the type-1 (Fig.3(e-4)) or
type-2 (Fig.3(e-2)) state (¢ = qbgl) =0or ¢2 = ¢§2) =
7), and the worst performance occurs when ¢y differs
by 7/2 from ¢\ and ¢{? [Fig. 3(e-1,3)]. This can be
further quantified by the classification fidelity, which is
unity at operating points 2 and 4, indicating no overlap
between the two state distributions. In contrast, at oper-
ating points 1 and 3 the fidelity is 0.81 and 0.785, similar
to the fidelity under linear operation, 0.84, as shown in
Fig.1(c). The classification fidelity is evaluated using
quadratic discriminant analysis on two distributions of
100 shots each at the corresponding operating point [33].

We illustrate the mechanism using operating point 4
in Fig. 3(c), with output distributions shown in Fig. 3(d-
4). Here, the analyzer pump phase matches the squeezer
pump phase for the type-1 state and differs by 7 for
the type-2 state [Fig.3(e-4)]. Consequently, the ana-
lyzer squeezes the type-1 state along the same quadra-
ture, yielding a sharp elliptical output, while it acts as
an anti-squeezer for the type-2 state, producing an al-
most circular distribution. This large covariance mis-
match leads to a correspondingly large separation of the
output means, since the mean separation is proportional
to the difference in covariance of the two types of output
states, as shown in Eq. (23). Operating point 2 follows
the same logic, where the analyzer pump phase aligns
with the squeezer pump phase of the type-2 state instead
of type-1.

In contrast, at operating points 1 and 3 the analyzer
phase is offset by 7/2 from both squeezer phases [Fig. 3(e-
1,3)], giving rise to similar output distributions for the
two input states [Fig.3(d-1,3)]. The resulting small co-
variance difference leads to a smaller mean separation.

Now, looking at the dependence of the mean separa-
tion on the signal drive phase in Fig.3(f), we observe
minima at ¢q2 = 7/4 and ¢g2 = 57/4 [Fig. 3(g-1,3)].
This occurs because this cross-section is taken at a pump
phase of ¢o = 0, for which the anti-squeezing (amplifica-
tion) axis lies along the — /4 direction (and equivalently
3m/4, as two ends of a line point in directions that are
7 apart) in the I-Q plane. At these signal drive phases,
the direction of the signal drive is orthogonal to the am-
plification axis [Fig. 3(h-1,3)], resulting in a very small
effective gain. Consequently, the input field is weakly
amplified, leading to a vanishingly small mean separa-
tion, as the analyzer mode population is insufficient for
the Kerr nonlinearity to significantly affect the system
dynamics. Consistent with this behavior, the classifica-
tion fidelities at operating points 1 and 3 are 0.84 and
0.87, respectively, well below those at the optimal oper-
ating points 2 and 4 (0.99 and 0.995).

On the other hand, when the signal drive phase is
aligned with the amplification direction (anti-squeezing

direction) ¢g2 = 37/4 or ¢g2 = —n/4 [Fig. 3(h-2,4)], we
see a large value of the mean separation at those values
and best performance is achieved around these points,
with a twin-peak structure. The response ||Apl|| does
not depend only on the linear response function of the
analyzer, in which case it would exhibit only a single
peak, but has a more complicated dependence on the co-
variance terms too, as indicated by Eq. (23); this leads
to a double-peak structure that has also been observed
in previous work [24].

Lastly, one can see in the two-dimensional plots in
Fig.3(a) and Fig. 3(b), that all the optimal points max-
imizing both metrics occur around ¢ = nw. Around
¢o = (2n + 1)w/2, both performance metrics take on
their smallest values (close to zero), and there is not a
big variation as the signal drive phase is varied. This
shows that the optimization of phase parameters should
start with identifying the optimal pump phase, followed
by finding the optimal signal drive phase for that pump
phase. In summary, therefore, the pump and signal drive
strengths set the response of the analyzer mode, with
larger responses generally yielding improved classifica-
tion performance. However, even for optimally-chosen
amplitudes, a poor choice of phase parameters can drive
both performance metrics close to zero, resulting in poor
classification. Therefore a combined optimization of an-
alyzer pump phase and signal drive phase is crucial.

IV. EFFECT OF THE CLASSICAL
MEASUREMENT NOISE

To obtain a more robust readout with larger signal
amplitude, the output of the quantum amplifier is fur-
ther amplified by electronic amplifiers, such as HEMTs,
later in the measurement chain. This electronic ampli-
fication introduces additional noise to the measured sig-
nal, which degrades the classification performance met-
rics. We parametrize the strength of this added noise by
iy in Eq. (12). The resulting covariance matrix of the
measured quadratures under this noise is:

E}LyQ = 'ﬁC]]I + ELQ. (27)

We refer to this contribution as classical noise since it
does not induce backaction on the quantum system and
enters solely as additive noise on the measured quantum
trajectories. Using this covariance definition with added
classical noise, we calculate the Fisher discriminant value
for different noise contributions coming from the elec-
tronic amplification stage. We have plotted the variation
of mean separation and the Fisher discriminant with dif-
ferent values of . with respect to the pump phase in
Fig.4. We note that the variation of the performance
metrics with respect to parameters other than the pump
phase is similar, and here we show results as a function
of the pump phase for illustrative purposes.

The first observation one can make by looking at Fig. 4
is that the value of the Fisher discriminant decreases with



15] 7 =0 —
A — fAa=5
SR}
T N =10
0.5 g =50
----- A
00l max(xﬁr)
=== max(%)
0.6
Dr 0.4
=
0.2
0.0 i
00 025 05 075 10 1.25
$a/m
Figure 4. Normalized mean separation and the Fisher

discriminant versus pump phase for different classical noise
strengths (darker colors indicate larger noise). Black dashed
lines mark the mean separation maxima, and grey dashed
lines mark the Fisher discriminant maxima in the zero clas-
sical noise case. Colored dashed lines indicate the Fisher dis-
criminant maxima for nonzero noise, using matching colors to
the corresponding solid curves.

increasing classical noise at all pump phase values. This
is an expected result as this classical noise adds uncer-
tainty equally along all directions in the I-Q plane, thus
reducing the signal-to-noise ratio (SNR) of the output
independently of the system parameters.

We also see that the peaks of mean separation and
the Fisher discriminant with zero classical noise, occur in
similar neighborhoods of the pump phase but at different
values. As the directionally uniform classical noise com-
ponent in the system is increased, the pump phase value
where the peak of the Fisher discriminant is achieved,
shifts towards the one where mean separation peak is
achieved. As this noise becomes the dominant noise in
the system, the two different types of output distribu-
tions inevitably overlap with each other more, unless the
mean separation between them is much greater than the
variance of the added classical noise. In the presence of
classical noise, therefore, to maximize the Fisher discrim-
inant one should aim to maximize the mean separation.

V. APPLICATION TO QUBIT READOUT
WITHOUT CAVITY DISPLACEMENT

In this section, we discuss a possible application of
our squeezer-analyzer architecture to qubit readout. We
discuss a scenario where the information of the qubit
state is imprinted onto squeezed vacuum states by dis-
persively coupling the qubit to the squeezer as shown in
Fig. 5(a). The analyzer performs state discrimination on
these squeezed vacuum states via nonlinear amplification,
effectively performing qubit readout. We consider this
scenario to demonstrate how qubit readout can be per-
formed by harnessing squeezing and nonlinearity as the
main resources for quantum information processing, by
considering simple modifications of the squeezer-analyzer
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system discussed in previous sections.

For the dispersive qubit readout application without
cavity displacement, we consider a simple setup in which
the only change from our squeezer-analyzer setup is that
the squeezer is coupled to a qubit. In this setting, the
detuning of the squeezer mode (A;) now takes on the
value of the dispersive shift of the cavity resonance (x)
imposed by the qubit state:

X

Al {_Xa

With this change, the pointer states to be classified by

the analyzer will now be conditioned on the state of the

qubit, instead of being set by an external pump phase, as

we considered previously. As a result, classifying these
pointer states will enable qubit state readout.

The advantage of this qubit readout scheme is that
there is no displaced field in the resonator mode, which
is coupled to the qubit; instead the resonator is squeezed
by the squeezer pump. Compared to standard dispersive
qubit readout, this scheme offers potential advantages.
In particular, operating with squeezed vacuum states can
reduce the average intracavity photon number, therefore
mitigating measurement-induced backaction [1]. Beyond
that, engineered squeezing may also positively influence
qubit coherence as coupling a transmon to a squeezed
field has been shown to enhance its transverse coherence
time [34].

In this section, we analyze the optimal parameter
regime for encoding the qubit state onto squeezed vac-
uum states. We analyze the effects of the dispersive shift
(x) and the squeezer pump phase (¢1) on optimal encod-
ing that maximizes the classification performance when
the analyzer is acting on the new pointer states generated
by the qubit-squeezer coupling.

In order to do so, we choose fixed pump strengths
g1 = 0.9¢t" and go = 0.9¢%", we should note that the
pump strength we have chosen for the squeezer approx-
imately corresponds to a photon number of 2 ((§13,) =
2.13) verifying that the setup operates in a very low-
photon regime. We also fix the analyzer pump phase at
¢2 = 7/2 and the analyzer signal drive phase at a value
matching the amplification direction of the analyzer am-
plifier (¢q2 = —7/4 + ¢2/2 = 0). For a fixed signal
drive strength on the analyzer (142 = 1), we then sweep
¢1 and x and calculate the mean separation and Fisher
discriminant semi-analytically using the perturbative ex-
pressions (Eqgs. 23-26). We present the results in insets
(b-c) of Fig. 5. Moreover, we present the I-Q) plots of
the input states (obtained by turning the analyzer off,
i.e. setting go = 142 = 0) and output states at various
operating points in the insets (d-g) of of Fig. 5.

Inspecting Fig. 5(b-c), we notice that the maxima for
both performance metrics are achieved in the same region
of the parameter space around ¢; =~ 0 and x ~ 0.2k,
where k = k1 + I is the total loss rate of the squeezer
mode including the bare resonator decay rate and the
decay due to unidirectional coupler.

qubit in excited state (|1)) (28)
qubit in ground state (]0)).
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Figure 5. (a) Schematic of the modified squeezer-analyzer
setup for qubit readout application without cavity displace-
ment. The qubit is dispersively coupled to the squeezer
leading to a resonance shift x. Variation of (b) normalized
mean separation and (c) normalized Fisher discriminant ver-
sus squeezer pump phase (¢1) and qubit induced detuning
(x). The input (on the left) and output (on the right) I-Q
plots as operating points marked in (b) and (¢) are shown
underneath with the matching colors in (d-g). The optimal
operating point is shown with a star in orange and the cor-
responding I-Q plots are shown in inset (e). The coordinates
shown at the bottom-left corner of insets (d-g) correspond to
the midpoint of the plotting window, all plots corresponding
to input(output) states use identical axis ranges. The clas-
sification fidelity for output distributions in (d-g) are 0.905,
0.995, 0.995 and 0.61 respectively. The data shown in (b) and
(c) are obtained by using the analytical approximation in the
perturbative limit in Egs. (23-26) and the data shown in the
insets (d-g) is obtained by solving Eqgs. B5 with 100 sample
trajectories for each type of input state with integration time
4000/ kz.

First, the optimal value of ¢; depends on the fixed
value of ¢, therefore it is better to address this as an
optimal value for pump phase difference A¢ = ¢o — ¢;.
We have verified this by running the same simulation
with different ¢o values while keeping the remaining fixed
variables constant. In this case, the optimal value of ¢,
shifts with ¢o, with the optimal value of A¢ remaining
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the same. One can see how the performance deteriorates
away from the optimal A¢, comparing the optimal A¢
point in inset (e) to the non-optimal A¢ point in inset
(d) in Fig. 5.

Second, we observe that the optimal value of x is
smaller than the optimal dispersive shift for the stan-
dard dispersive qubit readout scheme at xopt,aisp = £/2
[1](shown in inset Fig. 5(f)) for phase-readout. The rea-
son behind this is that in this scheme, as x is increased,
the squeezer mode is tuned away from the single-mode-
squeezed frequency, leading to a decrease in the squeezing
strength. This can be seen from the input states in the
Fig. 5(e-g). At the same time as y increases, the angle be-
tween the squeezing axes of the input states gets closer to
being orthogonal. This feature of the encoding imposes
an important trade-off between the degree of squeezing
and the separation of the squeezing axes of the pointer
states as y is varied.

For two single-mode Gaussian (squeezed) states with
equal squeezing strength, their quantum distinguishabil-
ity e.g. as quantified by the Helstrom bound or state
overlap, is maximized when their squeezing ellipses are
oriented along orthogonal quadrature axes [35]. We
have analyzed such a binary discrimination task earlier
in this paper. For the current qubit readout scheme
where the qubit is dispersively coupled to the squeezer
mode, we can also find an operating regime where the
two qubit-conditioned states of the squeezer have or-
thogonal squeezing axes. An example operating point
in (¢1,x) space where this can be achieved is marked
in Fig. 5(b) with a red marker corresponding to inset
(g). However, for qubit-state encoding optimization, we
find that the degree of squeezing and the separation of
squeezing axes become competing factors that both af-
fect classification accuracy. We see that if the states have
orthogonal squeezing axes but the squeezing strength is
not large enough, one ends up with poor classification as
in Fig. 5(g). We deduce that in this case, the orthogo-
nal squeezing axes for the input states does not yield the
optimal encoding, as the degree of squeezing to achieve
the orthogonal separation becomes too small for effective
state discrimination.

Lastly, the scheme we present here for encoding qubit
states onto squeezed vacuum relies on a non-zero de-
tuning of the squeezed mode, which fundamentally re-
duces the gain (equivalently the squeezing strength) in
the squeezer. Therefore, both normalized mean sepa-
ration and normalized Fisher discriminant at the opti-
mal performance points attain lower values for the qubit
readout scheme without cavity displacement than for
our earlier scheme. Therefore, the quantum trajecto-
ries need to be integrated for a longer time to achieve
similar classification fidelity. Alternatively, one can in-
crease the squeezer pump strength (g1 ), to increase per-
formance metrics and therefore achieve similar fidelity
with smaller integration time. However, we should note
that increasing the squeezing strength also increases the
average photon number in the readout cavity, therefore



posing a trade-off.

VI. CONCLUSION

We have shown that quantum amplifiers operated be-
yond the linear regime can yield a measurable advan-
tage for single-shot quantum state classification when the
measurement chain is optimized for task-specific objec-
tives rather than SNR alone. Our analysis is grounded
in a realistic superconducting readout architecture com-
prising experimentally accessible components, including
a SNAIL-based oscillator for state preparation and a sec-
ond SNAIL oscillator functioning as a nonlinear cryogenic
amplifier.

Within this framework, we identify optimal operat-
ing points for the externally tunable parameters of the
nonlinear amplifier and provide a physical interpretation
of these optima, clarifying the mechanisms that enhance
classification fidelity. We further analyze the impact of
downstream classical noise from an electronic amplifier
and outline strategies to mitigate its effect, thereby pre-
serving the performance gains enabled by nonlinear am-
plification.

Our results motivate deliberate operation of quantum
amplifiers in the nonlinear regime and establish their po-
tential as functional primitives for quantum information
processing. While the present analysis focuses on per-
formance metrics derived from second-order moments, it
naturally extends to the processing of information en-
coded in higher-order moments of quantum signals, a
regime of direct relevance to non-Gaussian quantum in-
formation protocols.

We further establish the feasibility of qubit readout
without cavity displacement enabled by nonlinear ampli-
fication, showing that two zero-mean cavity states can be
discriminated via phase information contained in their
higher-order statistical moments, even when their first
moments are identical. Building on this observation, we
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introduce a readout protocol that operates without cav-
ity displacement and encodes the qubit state directly
in these higher-order moments, thereby enabling dis-
crimination in the zero-cavity-displacement regime. The
present treatment does not account for measurement
backaction, motivating future work that incorporates a
realistic model of qubit—squeezer coupling. Moreover,
the architecture we propose for qubit readout without
cavity displacement is preliminary and could be further
optimized, providing a natural direction for future work.
More broadly, our findings provide a foundation for sys-
tematic, end-to-end, resource-constrained optimization
of nonlinear quantum amplifiers for quantum informa-
tion processing applications.
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Appendix A: Derivation of the system Hamiltonian in the most general form - Hamiltonian including third-
and fourth-order nonlinearities of SNAIL

Here, we want to establish the most general Hamiltonian to model a SNAIL amplifier including all effects of third-
and fourth-order nonlinearities, driven at resonance frequency of the SNAIL (w;) and twice of resonance frequency
(wp = 2ws). We start with the Hamiltonian of the single SNAIL:

Hsnarp =wsala+gs (a+a ) + g4 (a+ &T)4
+ VEsep (€7 pemi2wst 4 ei%eﬂ“a‘t) (a+ dT) (A1)
+ VEsNsig (eii‘z’“’-‘?e*i‘*’slt + ¢i¥sia ei“’st) (& + ELT) .

Then, we represent both the resonant SNAIL mode at ws and the pump mode at 2w, within the mode a.

a=35+p. (A2)
We plug in this ansatz and go to a rotating frame with § = Seiwst p = ﬁe‘iQwst, where wy = w,/2, and keep only
non-rotating terms, and we end up with the following Hamiltonian:

Ha—a = (—ws + 2494) PP + (2494) 575 + 33 (pT85 + psTsT) + 694 (579" pp + 575783) + 2444 (pTp575)

(A3)
+ sy (670 pT + €0 p) + \fignig (671008 4 €700 5)
If we assume the pump is stiff, the Hamiltonian will be simplified in the following way:
H = (2494 (1 +|P|?)) 875 + 395 (P*35 + P31s") + 694578785 + \/Hgnsig (€7 91951 + €'Pwi03) | (A4)
with P = 72‘\/@5,,@:% .
ws— 5=
When we match the parameters here with the analyzer in the main text we have:
Ay = —24g, (1+|PP), (A5a)
A = —12g4, (A5D)
$2
g2€
€ = |————7—|, Abc
P ‘ 16g3+/K2X2 (A5¢)
¢2
g2€
= —argq————«— ¢, Abd
6 = —arg {22 (A5d)
Nd,2 = Nsig» (ASe)
¢sig = ¢d,2 - 7T/27 (A5f)

with x5 ' = —ilg + 7.
We can also model the system in the main text, consisting of an squeezer SNAIL unidirectionally coupled to an
analyzer SNAIL, in this way. The Liouvillian can be split into three parts as follows:
‘cnon—stiff = ['sq—non—stiff + ‘Can—non—stiff + ‘Ccoupy (AG)
and Lcoyp is as in Eq. (9). The squeezer Liouvillian is modified to include non-stiff dynamics to:
ity = —i[’?iﬁ(?”, p] + k1D[51 + p1]p, (A7)
with

Hf“” —w51p1p1+3931(1 181+ p §I§D+\/ ep,( “ﬁf’lp + eiPrap ) (A8)
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Finally, the analyzer Liouvillian is as follows:
Lintp = —i[HIs", p] + k2D[32 + palp, (A9)
with

HIW = (—ws o + 2494) Phpo + (2494) 5582 + 3932 <p’;,9252 +pzs£sz) + 694 (pzpépzpz + 83525252)

_ _ _ _ (A10)

+ 2491 (5Ba582) + Viaepa (79020 + 002pn ) + Vi (e 700 25] 4 0025,
One can similarly match the pump strength and phase for the squeezer with the stiff-pump approximation as in
Eq. (A5¢) and Eq. (A5d), simply by changing indices 2 to 1.

Appendix B: Cumulant expansion method and STEOMs of the system

In this section, we explain the relation between the moments of a multimode quantum system and their cumulants
and then show how we use this relation to derive a finite set of equations of motions of the cumulants of our system.
An n-order moment of an arbitrary multimode system can be written in terms of cumulants as follows:

(0102--0) =Y [ Coyiicns (B1)

T Bem

where 7w defines the set of possible partitions of operators in the n-order moment, and B indicates elements in this set
of partitions.

We show this on an example derived from the SQME describing our system, which is introduced in the main text
in Eq. (11). If we derive the equation of motion for (32)¢ = tr{Lp°} from the SQME we end up with the following
equation:

We notice two things from here. First, the measurement operator couples this first-order moment equation to second-
order moments. We know C,,,, = (0102) — (01){02), so we can replace the terms of second-order moments with
cumulants in the measurement terms.

The second and more important observation is that the Kerr term (associated with A), couples this first-order
moment equation to a third-order moment. This coupling to the higher-order moments will lead to an unclosed set
of equations as the equations of motions lower-order moments include terms with higher-order moments. In order
to prevent this and end up with finite number of equations, we truncate our cumulants at second-order, meaning we
assume cumulants of order three and higher are all zero. This approximation means that we assume that our states
are Gaussian, which is a good approximation in the case of weakly nonlinear systems with Gaussian inputs, as in our
case. We now show how this is done using the third-order moment associated with the Kerr term. First, we write it
in terms of cumulants:

(882820 = € 205 (382)° + Cly (81)° + (D)7 (52)°(52)° (B3)

Then we assume that the third-order moment is zero ( sfé o = 0), thus we can write the third-order cumulant in
25252

terms of second and first-order cumulants. After doing these conversions we end up with the following equation which
only contains first and second-order cumulants:

K/Q"—Fl

d(55)° =dt< LT (8 4 <m2 - ) (32)° + A <2CATA (32)° + (sh)e (<§2>C +c:m)) —igaei® (1)

(B4)
- \/@nd,Qewd»z) /5 (Con + €5, ) W - z\/f (Chuna — €31, W
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We apply the same procedure to all the other first- and second-order moments’ equations of motion and end up with
15 coupled closed set of equations, STEOMSs, for this system:

a.\¢ r Ttk - % aT\c c c . K c c
d(s1) :dt( S ) A () —Zgle¢1<31>>+,/ (Cen+ 05y, ) aWi+—iy |5 (C5 L, = €5, ) dWa,

(B5a)

d(82)° =dt< ~Ta (1) + (A -~ ;Fl) (520 0 (205 (52)° 4+ (50)° ((82) + €L, ) ) — igaei® (s])°

- V@nd,zei¢d’2> + \/7 (05282 05282) aWr - Z\/7 (Csczsz B 05’232) dWQ’

(B5b)

'+~ ) K K
e 1 1 . € i ,—id1/z \C 2 (e c —_id2(ce. _ce
d(s) ( (3D A (3]) +igre 1<s1>>df+ﬁ (Copes + i) =iy 5 (€5, = Cig) WV,

(B5c¢)
ahe 2 . ke + 1 aT\e . c aT\e a\c Aty c? c . —i¢2 /5 \C
d(s)¢ =dt I‘1<s Ye— [ iAq + 5 (85)¢ —iA (QCS;SZ (85 + (82) (<s2> + CstE)) + igoe (82)
(B5d)
—ip K2 c c . [k2 c
~ Vignage e |+ [ (cs e Y awy - i[5 (cf - 08 ) dWa,
’ 2 8582 8554 2 5282
Cgl 5 = ( I'y — k1 +12A )091€1 2/@20913205551 — iglei¢1(1 + 205{51), (B5e)
C K + K - C C (& C (&
05162 = FlCém (—Fl _ 5 2 + Z(Al + AQ)) Céléz HQOalbch’r — HQC””OS fsy
> (B5f)
A (cc Oty + 205,05, + Cy (82)7 +2C5,,,(52)° <g;>6) —ige Y |~ igae'®Ct
2 18
ngéz = 2F10§152 ( —I'1 — ko + Z2A2)082é2 QHQOC 05232
; c c c ane? c a\c? c a\c/aTve c (B5g)
il (C +6C5,,C + (32 205 (52)° +4CE,, (32)°(8)) ) igaei® (1 +2C°, ) ,
C¢ = (-T1—r1)C%, — kaC Clry, = /2055, C oy — ig1e" 1 C% y +igre” 1 CE (B5h)
$181 181 $182 838 152 S18g 8181 151
: c K1+ K . c c c c c
O = =10 + (-1 — =2 +i(=A1 + A2))C% = raCS C = kol 1,
8182 S$181 2 818 st 182 Sg82 818 (B51)
A (205,05, + Oy O, + Oy (82) 205, (32)°(8)°) +igne ™1 O, — igac'2C5 1,
152 1 152
. + .
O =_T,C% + (—F1 _EBTR L A, — A2)> Ce = raCY CY — aCE,, CY
5251 5151 3281 S Sl S 5252 (B5J)
—iA (QCCT CC +C§152CCT + + QCCT <§2> < > +C§152<A > ) +192€ Z¢2C§132 — iglei(blccf ty
S451 s So LN Shs1 5189
CC.T = — FlccT - FlCCT + (*Fl — K',Q)CCT — K?QOCT CC]\ — /4/203282001 +
5252 5152 5251 8282 5252 S 5252 (B5k)
+iA (Cscfsf (82)" — szag<§£>62) —iga€' P CC 4 +igae” 2 CE,
252 252
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CC.T = ( Fl — K1 — Z2A )C«c* + 2/%20% C«ch + + igleiid)l(l + 2CCT ), (B51)
5181 5182 818y 5181

S11

K1+ K2

CC} f == FlchsT + <_F1 — — Z(Al + AQ)) CCT = HQCCT TCCT — HQCCT CCT +
s1s) 151 5189 5185 5352 5152 8584 (B5m)
—A (zcgfsfc;w + O, Oy + 207 (B sy + 0fy | (sh)e )—Hgge_“b?CC ., TigeT e

$182  S585 6 -51

Ol == 20 ¢+ (FT1 =k —i280)C5 4 = 2620 Oy

(B5n)
. ~ ~ ~ 2 ~ 2 . —1 2
— ZA (C;;sg + 605;3205262 =+ 405232 <82> <S;> + <5;>c + 20:;32 <S;>C ) —+ 1gs€ i¢ (1 + 2C§;s2>

We can also derive the complete set equations of motion for the unconditional dynamics of the cumulants, i.e.
noise-averaged equations of motion, as follows:

i+ k1

(§1) =~ (81) +idi(8) — g (3]), (B6a)
(bo) =~ Tu(sn) + i8s — 22500 ) () 1 in 20,1, (82) + (33) ((82)% + Cunsa) ) — ig2e™2 (8) — \/Ramazei®s
2 2
(B6b)
<§I>:_F1;K1<§I>—2A1< ) +igie” " (31), (B6c)

2 . . +T . . . . . ide A i
(35) = —Tu(sh) - <ZA2 +2 ) (3) —iA (20,5, (51 + (32) ((85) + Cpp) ) + 0™ (30) = VVrgmaze™ %2,

2
(B6d)
Cs.lsl — (7]_—‘1 — K1 + iQAl)Cslsl — iglei¢1 (1 + 208151)’ (B66)
. K1+ Ko .
C5152 = — Flelsl + (Fl — B + Z(Al + Ag)) 05152
(B6)
+ A (Cs;slcszsz + 20818205252 + ngsl <‘§2>2 + 2055, <§2><§£>) - iglez¢1 05152 - ig?eubzcsgsl’
03.232 = — 2F105152 + (—Fl — Ko + i2A2)05232
. f (B6g)
il (O +6C1,0,C,p,, + (52)% 20,1, (82)% + 4Cu, 0, (52) (8 2>) —igyel® (1 +20,, )
Csi& = (—T1 — k1)Cq Ter ™ lglewlc fst +igie” i¢1051317 (B6h)
. K1+ Ko .
CSTS = — FlcSTS + (*Fl — —+ Z(*Al + Az))csfs
v o ’ (B6i)
A (20515205552 + Oy Cozos + Oy (52)2 +2C1 (5 ><§£>) +igie 1 Cyys, —igae 0y
. K1 + Ko .
ngsl = — Flcs’lfsl + (—Fl I —|— ’L(Al — AQ)) Cs;sl
(B6j)

- 'LA (20323108232 + 0518203235 + 2Cs£sl< >< > + C(‘5'1«52 <82> ) + ’Lg2€ id)QCsls? o ig1€i¢lcsll‘s;7
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C’S}S = — Flcsj-s — FlCSTS + (—Fl — KZQ)CSTS

282 152 251 292 (Bﬁk)

+ A (Cslsg (32)? = Cpsy <§;>2) N ig2ewzcs§sl +igae " Clyy,
Cyot = ("T1 = k1 —i281)Cp 1 +igre (1420 ), (B6)

. K1 + Ko .
C,tstz—rlcsTsT‘F -I'y - —i(A1 4+ Ag) ) Cyr i
sish 151 2 s1o2 (B6m)
— A (203155 CS;SQ —+ 051{52 ngsg —+ QCsIs; <§2><§£> + 05132 <,§;>2> + i9237i¢2 CSISQ + i916*i¢1 ngsl’
CsTsT = — 2F1Csfs’r + (*Fl — R2 — i2A2)CSTST
283 152 272 (BGD)
A (Cs;sg +6C,1,, O +4C, 1 (32)(80) + (3))7 +2C; <§;>2) +igse (1420, ).

Appendix C: Filtered single-shot measurement mean and variances for linearized systems

Here we present the calculation of filtered mean and covariance results for a more general system with k modes,
starting from the measured trajectories. The mean value of filtered single-shot measurements in the infinite-shot limit

is given by:
i =2[(G0)] = 7 [, +=[(32)] @

Tolt) = &2, () + v ((Ie(t)) + €57(0)) + Viags, (b), (C2a)

with

Qu(t) = €0, (t) + vAm ((Qu(1)) + €57 (1)) + ViAa€d, (1), (C2b)

We should note that £z,o, (t) = dwd/i'Q where dW; g are the Wiener increments that we introduce in the SQME of the

system. Secondly, E%Qk are white noise random variables which represent classical noise contribution to the system
after Heisenberg-von Neumann cut. Then we plug in Egs. C2 into Eq. C1 and get:

pilf) = \/g/t; " ééi((i))é ' (G3)
In the steady-state limit (¢ — oco), <(IA7 Q)k(t)> will settle to a fixed value <(f, Q)k>:

i = i pug(1) =/ 2T <<é>> . (1)

The covariance matrix for modes j and k of filtered single-shot measurements in the infinite-shot limit is as follows:
1t ¢ )\ (Te(m)\ " () T(\]"
Sin(t) = == d dr'{E (7 § ~E|( 7 E|(ZF 5
w0 =57 [_r [ { (67) (37) |-=[(87)]=[(&5)] o

1 t t .
= m-/t—TdT /t_TdT/Sjk(T/,T), (C6)
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where
$iu (7, 7) = 0,0 (7" — T)(1 + fiey) o + MjC(T',T)MkT, (Cn
with
[C(r', )]y = G 2()25(7) ) = (2a(7)) (25(7)) (C8)
Z=(by bl ... by bl .. bx i), (C9)
Mk\/TH<O \(L 0>’ (C10)
kthelem
1 11
(1) e

and bg) are creation and annihilation operators for intracavity modes, K is the total number of modes in the system.
Plugging these in, we get:

1 1
Tik(t) = 25]k(1+ncl)}12—|— T dT/ dr' M;C (', ) M. (C12)

For linear and linearized systems the following statements hold:
C(r+6,7)=e’C(7), (C13)
C(r—0,7)=C(r— Q)eJT. (C14)

We can break down the double integral into two as:

¢ t ¢ T ¢ t
/ d’T/ dr’ :/ dT/ dT/-i-/ dT/ dr'. (C15)
-1 Jt-T t—1  Ji-T -7 Jr

See in the first integral 7/ < 7 so we can define 7/ = 7 — 6 and in the second integral 7’ > 7 so we can define 7/ = 7+0
and rewrite the integrals in terms of 7 and 6.

t t t —(t=T) t t—r
/ dT/ dr' M;C (', )M z/ dT/ dHMjC(T—G,T)Mk.T—F/ dT/ dOM;C (T + 0, 7) M
t—=T t—=T t—=T 0 t—T 0

t T—(t=T) t t—7
= / dr / dOM;C (1 — 0)e” P MT + / dr / dOM;e”C(r)MF
-7 0 t—T 0
(C16)

Then, we go to the steady-state limit as ¢t — oo, C(t) =C(t—0) =C
t t t T—(=T) T t t—T1
/ dr / dr' M;C (7', )M = / dr / doM;Ce” M + / dr / doM;e’’ O M. (C17)
T 0

We use the diagonal representation of matrix J to continue our calculation, J = PNP~'. With this representation
then we rewrite e/? = PeN?P~1 where N is a diagonal matrix

t t—T1 t t—T1
/ dr / doe’? = p { / dr / deeN‘)] p1!
t—T 0

= PN™ / dT N(t=7) _ ]1} p! (C18)
=PN? 11] -TJ !
=2 ”*ﬂ T,
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where we used J” = PN"P~! for all n € Z. Next, we can use J! = PT ‘NPT,

t T—(t=T) T t T—(t=T)
/ dr / dpe’ ¥ = (PT)~1 / dr / doeN? pT
t—T 0 t—T 0

— (PT)~IN-1 /;T dr {GN(Tf((th) _1l pT (C19)
— (PT)—lN—Q [eN'T _ H} PT _ T(JT)—I
= ()2 T 1) - T

Plugging these in, we get:

1 _ 1 -1 _ 1 —2 T _
ik = 501+ na)ls — 5 M; [CJT +J7lC+ 7 (CJT (11 —e’ T) +J72(1-¢T) C)} ME. (C20)

In the limit where the integration time is very long (7 — o0), we end up with the following expression for the
covariance matrix (as the eigenvalues of J have all real negative parts)

. 1 _ 1 —1 _ 1 2 _
Jim S = Sl +na)ls = 5 M, {CJT +ITCH (cam" 4 20)} MY

1 i 1 L 1
= S0+ na)ls — 5 M, [CJT iy 10} MT + 0O (T) :

(C21)

Appendix D: A non-traditional perturbative approach to evaluate cumulants in weak nonlinearity limit

In this section, we present a perturbative treatment on the TEOMs. The correct ansatz of the perturbative
expansion depends only on the type of nonlinearity in the system, so in order to find the correct expansion coeflicients
we start with the TEOMs of a single Kerr oscillator, which is much simpler than the system that we work with but
still gives us the correct expansion coefficients:

§=(iA — K/2) s — VEne'? + il (sTss + Cyes’ +2C,1,5) (Dla)
Cos = (2 = k) Cys +iM (Cys (14 6C1, +4sst) + 5% (1+2C41)) (D1b)
Oty = —1C4t g +iA (CSTSTSZ - Cssst) . (Dlc)

Then, we expand the first order cumulants with the following ansatz:
s =A% 4 AP (D2)

with 8 > a, which guarantees that s(9) is the leading order term. Then we expand the second order cumulants with
the following ansatz:

O = APC® 4 A0 (D3)

similarly with ¢ > p, which guarantees that ng) is the leading order term. Now, we plug in these expressions in
Eq. (D1):

A%O 1 AP = (A — K /2) (Aas(o) + Aﬁs(1)> — Vrne'?
1 [A1+3as(o)281<0> 4+ AlH20+8 (28T<0>s(0)8(1) +8(0)28T(1)) 4+ Altet28 (28(0)8(1)810) n ST<0>S(1)2) +A1+355(1)257(1)}
i [T (COST 4 2050 ) 4 AR (C@s1Y 42050 4 At (O 420 s0)

+ A (oDt 4200
(D4)
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The lowest-order term for this equation has A% coefficient and the terms on this order only include leading-order
terms for first-order cumulants and a drive term and is equivalent to the normalized equation of motion of the Kerr
oscillator in the classical limit:

A% 50 = (1A — 5/2) s — \/rnA~ e + A2 (07 H O] (D5)

In order to have all the prefactors matching, we need 1 + 2a¢ = 0, which fixes prefactor of the leading- order mean
value:

a=-1/2. (D6)

Notice that, in this case, the drive is normalized by the nonlinearity 7’ = nv/A. This means that for a fixed value of
7, one ends up with identical dynamics even if the nonlinearity (or drive) is changed. We should also notice that this
coeflicient will always be decided by the type of nonlinearity one has in the system dynamics.

Moving forward, by plugging in « = —1/2, we write down the second largest terms in this expansion, which are
scaled with A#:

AP 15D = GA — k/2) s + 1251 s 4 507 gt 4 jAz+P=B (ng%ﬂm + QCigis(O))} . (D7)

Here, we keep the lowest-order term coming from the second-order cumulant contribution, which forces % +p—pB=0.
We have a new condition for the perturbative coefficients:

ﬁ:p—l—%. (D8)

Now, we plug in our perturbative ansatz into the second-order cumulant equation of motion:
. . ) . 0
APCO 4 AICD) = (12A — k) (APCS;) n chgp) ti [Ap“cgg” + AT CL (1) 4 6AT 2O )
+ GALHPH (ng’)qfi; + o;?gogy) +6A1T20CM W L AN OO 5051
+ g\ TPHB (ng) (S(O)Sﬂm T er(O)S(l))) + 4A1+p+25C§2)8(1)81(1) + 4Aq0§§)8(0)8T(0)
1 4AE OB (c< ) ( (0) gt +ST(°)S(1))) +4A1+q+2ﬁcgi)3(1)3T(l>} H[ (0 4 9AB+E 4(0)4(1)
A28 4 APoC(0) (0% 4 AF+PHBQ(0) 5(0) 5(1) | AL+PH2B90(0) 5(1)?

+ A720 (D507 4 Az tatAoc(D) 50 5(1) +A1+q+2520§;)8(1)2} _

(D9)
Ww write down the lowest-order components:
AP |CO) = (i2A — k) CO 4+ 4CQ @51 L AP507 4 2C;2>s<0>2} . (D10)
This equation fixes the value of p and S, by forcing —p = 0:
p=0, (D11)
1
B=3 (D12)
Finally, to find ¢ we write down the second lowest-order terms in this equation:
A1 Cgi) = (i2A — k) C(g? + z’A“%Cﬁ?Cﬁ?i + iA17q4C'§S) (s(o)sT(l) + ST(O)S(l)) + i45(0)5T(O)C$)
(D13)

+iA7925O s AL a4 005051 4 z’25(0>20§§)} .
This finally fixes ¢ by forcing 1 — g = 0:

qg=1. (D14)
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We plug these coefficients into Eq. (D2,D3), and then use this ansatz to evaluate the TEOMs for the system in the
main text.

Notice that this perturbative expansion gives us hierarchical equations of motion starting from determining the
zeroth-order solution of the mean value, which is equivalent to the equation of motion of the system in the classical
limit, where the mode amplitude is normalized by the nonlinearity. Also, notice that this is the only nonlinear
equation that needs to be solved. Compared to the traditional perturbative expansions, this is a major difference, as
this derivation takes into account the effect of nonlinearity in the zeroth-order terms for mode means.

The solution of this equation is then used to determine the linear equations of motion for the zeroth-order con-
tribution to the second-order cumulants. This solution, along with the previous solution, is then used to determine
the linear equations of motion for the first-order contribution to the mean. All of these solutions are then used to
determine the linear equations of motion for the first-order contribution to the second-order cumulants. This is where
we stopped our expansion but one can start with an ansatz including higher-order terms to extend this approximation.
The same procedure needs to be done to find the coefficients for the higher-order perturbative terms and the same
pattern would apply to those higher-order terms in the same hierarchical fashion.

In the main text result for the performance metrics (Eq. (23,24 and 26), second-order cumulants are approximated
by their zeroth-order contribution only (C' ~ C(©), and we denote s(®) as 5 and C®) as C' in order to avoid confusion
with the superscript denoting the input state type.
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