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Superconducting circuits comprising Josephson junctions have spurred significant research activity due
to their promise to realize scalable quantum computers. Effective Hamiltonians for these systems have
traditionally been derived assuming the junction connects superconducting islands of infinite size. We
derive a quantized Hamiltonian for a Josephson junction between finite-sized islands and predict
measurable corrections to the qubit frequency and charge susceptibility to test the theory.
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In an isolated system of two weakly linked super-
conducting islands, the maximum achievable charge imbal-
ance is determined by the total number of superconducting
charge carriers. In contrast, prevailing quantum descrip-
tions of these circuit elements [1] permit unbounded charge
imbalances, an approximation valid only in the limit of
large superconducting islands and negligible gate voltage.
The opposite regime has remained relatively unexplored
and constitutes the focus of this Letter. Here, we present a
quantum theory of tunneling between finite superconduct-
ing islands and use this theory to predict observable
departures from the typical infinite-island theories
employed in the literature.
We draw our inspiration from the Bose-Einstein con-

densate (BEC) [2]—a state of matter embodied by a
macroscopic wave function common to a collection of
bosons at low temperatures—which has been experimen-
tally observed in a variety of ultracold atomic gases [3,4]. A
striking parallel to trapped BECs is found near a super-
conductor’s critical temperature, where the bosonic quasi-
particles known as Cooper pairs [5] exhibit an effective
description via the Ginzburg-Landau order parameter [6]
that is functionally analogous to the BEC’s macroscopic
wave function. In contrast to the Gross-Pitaevskii equation
typically used to describe the evolution of BECs [7], the
Ginzburg-Landau equations are only equipped to model the
order parameter’s steady state. Nonetheless, far below the
critical temperature, two superconductors separated by a
thin insulating region [8,9] exhibit dynamics so similar to a
BEC in a double well potential [10] that both systems bear
the same name: the Josephson junction (JJ)—to distinguish
the two, the latter is sometimes called a bosonic JJ.
The literature contains semiclassical studies of super-

conducting [11] and bosonic [12] JJs that suggest compa-
rable finite-size effects, but a corresponding analysis at the
quantum level remains underdeveloped. To address this

gap, we model the quantum dynamics of a JJ between finite
superconducting islands via the two-site Bose-Hubbard
Hamiltonian,

Ĥ ¼ λ
�
ĉ†Lĉ

†
LĉLĉL þ ĉ†Rĉ

†
RĉRĉR

�þ μ
�
ĉ†LĉL − ĉ†RĉR

�
− ν

�
ĉ†LĉR þ ĉ†RĉL

�
; ð1Þ

in direct analogy with the bosonic JJ [10,13–15]. Here, ĉL
and ĉR denote the annihilation operators for the super-
conducting bosons (i.e., Cooper pairs) to the left and right
of the JJ, which satisfy ½ĉL; ĉ†L� ¼ ½ĉR; ĉ†R� ¼ 1, the only
nontrivial commutation relations. As usual, the free param-
eters λ, μ, and ν represent the on-site interaction strength,
(twice) the voltage-induced chemical potential bias, and the
tunneling amplitude, respectively. We note that while
Eq. (1) has predominantly been employed in the context
of trapped BECs, it has also seen limited application in
superconducting systems [16–18], though a systematic
treatment of its finite-size implications for the observables
central to circuit quantum electrodynamics (cQED) [1] is
lacking. We proceed by reformulating Eq. (1) in terms of
the spin operators

Ŝx ¼
1

2

�
ĉ†LĉR þ ĉ†RĉL

�
; ð2aÞ

Ŝy ¼
1

2i

�
ĉ†LĉR − ĉ†RĉL

�
; ð2bÞ

Ŝz ¼
1

2

�
ĉ†LĉL − ĉ†RĉR

�
; ð2cÞ

which satisfy the SU(2) commutation relations ½Ŝj; Ŝk� ¼
iϵjklŜl and Ŝ2x þ Ŝ2y þ Ŝ2z ¼ NðN þ 1Þ [19]. Here, we have
fixed the total number of superconducting bosons per
island N ≡ ðĉ†LĉL þ ĉ†RĉRÞ=2∈N=2, since it is a conserved
quantity ½N; Ĥ� ¼ 0. In terms of the cQED parameters
EJ ≡ 2Nν > 0, EC ≡ 2λ > 0, and ng ≡ −μ=ð2λÞ, Eq. (1)*Contact author: maldonado@princeton.edu
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now reads

Ĥ ¼ EC

�
Ŝz − ng

�
2 −

EJ

N
Ŝx

¼
XN
n¼−N

ECðn− ngÞ2jnihnj

−
XN−1

n¼−N

EJ

2N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN þ 1Þ− nðnþ 1Þ

p
ðjnihnþ 1j þH:c:Þ

ð3Þ

up to a constant shift in energy with H.c. short for
Hermitian conjugate. In the second equality, we have
introduced the finite orthonormal basis of eigenstates
satisfying n̂jni ¼ njni with n̂ ¼ Ŝz the number operator.
The eigenvalues are given by n∈ f−N;…; Ng with con-
secutive elements differing by 1.
For reasonably sized islands N ≫ 1 with quantum states

jψi featuring a relatively small expected charge imba-
lance hψ jn̂jψi ≪ N, the off-diagonal matrix elements in
Eq. (3) will be well-approximated by −EJ=2, and the
dynamics iℏ ˙jψi ¼ Ĥjψi will be effectively described by
the charge qubit Hamiltonian Ĥ ≈ ECðn̂ − ngÞ2 − EJ cos φ̂
with ½φ̂; n̂� ¼ i. In the appropriate limit, Eq. (3) thus
reproduces the standard cQED description of a JJ [1]—
often summarized by a lumped-element model such as that
shown in Fig. 1—while still marking a clear departure for
finite islands. If true, the proposed correspondence between
JJs in superconductors and BECs would thus yield meas-
urable corrections to standard observables like the qubit
frequency and charge susceptibility. While experiments in
the saturation regime jngj ∼ N are uncommon, spectro-
scopic probes and single-electron transistors used to mea-
sure these quantities have already been well-developed by

experimentalists in the field of quantum information
[20,21]. It is thus of fundamental interest to compute these
corrections.
We first calculate the qubit frequencyωq ≡ ðE1 − E0Þ=ℏ,

where Ek denotes the kth largest eigenvalue of Ĥ. The first
three eigenvalues are plotted in Fig. 2 for a range of N and
EJ=EC ratios. The numerical results showcase convergence
to the predictions from the Mathieu equation [22]
for jngj ≪ N and a loss of anharmonicity for jngj ≫ N
(energy eigenvalues become equally spaced by ≈2ECjngj).
Extensive experimental efforts have been dedicated to the
fabrication of qubits in the transmon regime EJ=EC ≫ 1,
where the reduced sensitivity of ωq to ng [e.g., the flattened
bands in Fig. 2(i)] yields an increased resilience to charge
noise. To this end, we calculate the qubit frequency for a
standard transmon (EJ=ℏ ¼ 10 GHz and EC=ℏ ¼ 0.2 GHz
[23]) comprising 1 × 109 electrons (N ¼ 109=4 Cooper
pairs per island) and report a frequency shift of
ωqðng ¼ �106Þ − ωqðng ¼ 0Þ ≈ −8 kHz, which may be
measured with standard spectroscopic probes developed
for quantum computing [24] by applying a gate voltage of
Vg ≡ ng · ð2e=CgÞ ≈ 1 kV (assuming a gate capacitance of
Cg ≈ 2e=mV [25]) to aluminum islands of volume V ≡
N=ns ≈ 0.005 μm3 [assuming a zero-temperature Cooper
pair density ns ≈me=ð2μ0e2λ2LÞ determined by the London
penetration depth λL ≈ 16 nm [26] ]. We note that this final
assumption—a volume-independent Cooper pair density
derived from the material’s bulk properties—becomes
unreliable for sufficiently small islands. In particular,
superconductivity is expected to break down when the
average level spacing of the Fermi sea δ ≈ ϵF=ðneVÞ
exceeds the superconducting energy gap Δ [20]; here, ϵF
and ne denote the Fermi energy and electron density,
respectively. We thus require Δ≳ δ or equivalently

N ≳ ϵF
Δ
ns
ne

: ð4Þ

Using Δ ≈ 0.34 meV, ϵF ≈ 11.63 eV, and ne ≈ 18.06 ×
1022 cm−3 for aluminum [26], we find a lower bound of
approximately N ≳ 1.0 × 104, so the aforementioned
parameters reside safely within the theory’s regime of
validity. Experimental challenges include the fabrication
of small islands while maintaining standard values for EJ
and EC, as well as the application of a large external voltage
in a way that does not damage neighboring circuit elements
(e.g., via a bias tee).
Despite the favorable OðNÞ runtime of the above

computation, representative analytical formulas are desir-
able. To this end, we treat the off-diagonal terms in Eq. (3)
as a perturbation with EJ=EC ≪ 1 the perturbative param-
eter and apply degenerate perturbation theory at the
degeneracy points ng ∈ f−N þ 1=2;…; N − 1=2g. In the
degenerate (low-energy) subspace spanfjbngci; j⌈ng⌉ig
with bngc≡ supfn∈ f−N;…; Ngjn < ngg and ⌈ng⌉≡
inffn∈ f−N;…; Ngjn > ngg, the Hamiltonian reads

FIG. 1. The circuit diagram depicts two superconducting
islands (dashed lines) separated by a Josephson junction with
Josephson energy EJ and capacitive charging energy EC.
A voltage proportional to the (dimensionless) offset charge ng
is applied via capacitive coupling, where the constant of
proportionality and all other device parameters are related to
the geometric and material properties of the islands via the
predictions in [11]. We formulate a quantum theory for the
population imbalance n̂ ¼ ðĉ†LĉL − ĉ†RĉRÞ=2 in a circuit with
N ¼ ðĉ†LĉL þ ĉ†RĉRÞ=2 bosons per island, where ĉL and ĉR denote
the annihilation operators for bosons in the left and right islands.
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Ĥ ≈ ECðn̂ − ngÞ2 −
EJ

2N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN þ 1Þ − bngc⌈ng⌉

q
σx ð5Þ

with the effective number operator

n̂ ≈
bngc þ ⌈ng⌉

2
þ bngc − ⌈ng⌉

2
σz: ð6Þ

Explicit diagonalization of Eq. (5) yields two nondegen-
erate energy eigenvalues whose difference is given by

ℏωq ≈
EJ

2N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2NÞ2 − 4n2g

q
; ð7Þ

a good approximation at the aforementioned degeneracy
points in a Cooper pair box EJ=EC ≪ 1. The elliptic
structure of this band gap is illustrated in Fig. 2(a), and
the expected result limN→∞ðℏωqÞ ¼ EJ is recovered in the
infinite-island (i.e., thermodynamic) limit [27].
Analytical formulas for the transmon EJ=EC ≫ 1

[23] are obtained via the Holstein-Primakoff

transformation [28,29]

Ŝx ¼ N − â†â; ð8aÞ

Ŝy ¼
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N − â†â

p
âþ H:c:

�
; ð8bÞ

Ŝz ¼
1

2i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N − â†â

p
â − H:c:

�
; ð8cÞ

with the bosonic operators satisfying ½â; â†� ¼ 1. In the
low-energy subspace of the transmon, the expected bosonic
excitation number remains much smaller than the di-
mension of the physical Hilbert space: EJ=EC ≫ 1 ⇒
hâ†âi ≪ 2N þ 1. To exploit this, we first apply a Taylor
expansion to the square root term in Eq. (8c),

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N − â†â

p
¼

ffiffiffiffiffiffiffi
2N

p �
1 −

â†â
4N

þO
�
â†â
2N

�
2
�
; ð9Þ

FIG. 2. Energy eigenvalues Ek (first three levels, k ¼ 0, 1, 2) of the finite-island Hamiltonian [Eq. (3)] vs offset charge ng are plotted as
solid colored curves for a range of EJ=EC ratios (labels to the right of each row) and total number of bosons 2N (labels at the top of each
column). The N → ∞ limit of each band is plotted as a dotted curve of matching color. For jngj ≪ N, the infinite-island spectrum is
recovered. For jngj ≫ N, anharmonicity is lost, since Ek ≈ n2g þ 2jngjk asymptotically. Changing 2N by�1 yields parity switches: half-
integer shifts in the local extrema of each band [e.g., compare (b) and (c)]. For EJ=EC ≪ 1 [see (a)–(d)], the first band gap [Eq. (7)] takes
the form of an ellipse [solid black curve of energy EC=4� ℏωq=2 in the inset of (a)].
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and partition the Hamiltonian Ĥ ¼ Ĥ0 þ δĤ into its lead-
ing order component Ĥ0 and a correction term δĤ that
collects all higher-order contributions,

Ĥ0 ¼ EC

� ffiffiffiffi
N

p
p̂ − ng

�
2 −

EJ

N
ðN − â†âÞ; ð10aÞ

δĤ ¼ EC

�� ffiffiffiffi
N

p
p̂ − ng

�
δŜz þ H:c:

�þ ECδŜ
2
z : ð10bÞ

In the above equations, we have introduced the bosonic
momentum operator p̂≡ iðâ† − âÞ= ffiffiffi

2
p

and the deviation
of the spin z component from its leading-order form
δŜz ≡ Ŝz −

ffiffiffiffi
N

p
p̂. We now treat δĤ as a perturbation, since

for sufficiently large EJ=EC, the total Hamiltonian Ĥ will
be well-approximated by Ĥ0. The latter takes the form of a
harmonic oscillator

Ĥ0 ¼ ϵb̂†b̂; ð11Þ

with level spacing ϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ECEJ þ E2

J=N
2

p
. To arrive at

Eq. (11), we have introduced the bosonic operators
½b̂; b̂†� ¼ 1 via the affine Bogoliubov transformation

�
b̂

b̂†

�
¼

�
uþ u−
u− uþ

��
â

â†

�
þ u0

� −i
þi

�
; ð12aÞ

u� ¼ ðEJ � NϵÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4NϵEJ

p
; ð12bÞ

u0 ¼ ng

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E2

CEJ=ϵ3
q

; ð12cÞ

and dropped the zero-point energy. Before proceeding to
the perturbative corrections, we note that the level spacing
in the infinite-island limit agrees with the well-known result
limN→∞ϵ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ECEJ

p
[23]. We now apply first-order per-

turbation theory to approximate the qubit frequency,

ℏωq ≈ ϵþ h0jbb̂δĤb̂†j0ib − h0jbδĤj0ib
≈ ϵþ 2Re

�h0jbb̂�EC

ffiffiffiffi
N

p
p̂0δŜz; b̂

†�j0ib�
≈ ϵ −

EC

2
Re

�h0jbb̂�p̂0â†p̂ â; b̂†
�j0ib�

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ECEJ

p 	
1 −

�
ng
2N

�
2


: ð13Þ

In the first line, we have introduced the vacuum of
Bogoliubov quasiparticles j0ib satisfying b̂j0ib ¼ 0; in
the second line, we have dropped the higher-order δŜ2z
term and introduced the shifted momentum p̂0 ≡ p̂ − ng=ffiffiffiffi
N

p
; in the third line, we have truncated the Taylor

expansion [Eq. (9)] at first order to yield δŜz ≈ −â†p̂ â =ffiffiffiffiffiffiffiffiffi
16N

p
; and in the final line, we have expanded â and â† in

terms of b̂ and b̂†, evaluated the vacuum expectation value,

and approximated the result with the assumption
1 ≪ EJ=EC ≪ N2, which is easily satisfied by a typical
transmon used in the field of quantum information. We note
that the presence of ng in δĤ renders higher-order correc-
tions to Eq. (13) increasingly important as jngj increases. A
numerical verification of this perturbative result [Eq. (13)]
is given in the End Matter. We conclude our analysis of the
qubit frequency by emphasizing that Eq. (13) may be tested
by sweeping the gate voltage of a transmon and measuring
the redshift in qubit frequency.
We now calculate the (dimensionless) charge suscep-

tibility dhn̂i=dng by first computing the ground state
jψ0ðngÞi of Ĥ numerically and then computing the
expected population imbalance hn̂i ¼ hψ0ðngÞjn̂jψ0ðngÞi.
Evaluating over a range of ng and differentiating with a
finite difference scheme yields the results in Fig. 3. The
numerical results showcase convergence to the predictions
from the Mathieu equation [22] for jngj ≪ N and charge
saturation for jngj ≫ N. Once again, representative ana-
lytical formulas are desirable.
For the Cooper pair box regime EJ=EC ≪ 1, we again

employ degenerate perturbation theory at the degeneracy
points ng ∈ f−N þ 1=2;…; N − 1=2g. Taking the expect-
ation value of Eq. (6) in the ground state of Eq. (5) yields

dhn̂i
dng

≈
2NEC

EJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2NÞ2 − 4n2g

q ; ð14Þ

FIG. 3. The expected population imbalance hn̂i ¼
hψ0ðngÞjn̂jψ0ðngÞi in the ground state jψ0ðngÞi of the finite-island
Hamiltonian [Eq. (3)] vs offset charge ng is plotted as a solid blue
curve in (a) with 2N ¼ 10, EJ=EC ¼ 0.2. TheN → ∞ limit of hn̂i
is plotted as a dotted blue curve. For jngj ≪ N, the infinite-island
expectation is recovered. For jngj ≫ N, the staircase saturates at
hn̂i ≈�N. The corresponding (dimensionless) charge susceptibil-
ity dhn̂i=dng vs offset charge ng is plotted in (b). For EJ=EC ≪ 1,
the magnitude of the peaks occurring at ng ∈ f−N þ 1=2;…; N −
1=2g are given by Eq. (14) (solid black curve).
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a good approximation at the aforementioned degeneracy
points with EJ=EC ≪ 1. In the infinite-island limit, the
susceptibility [Eq. (14)] reduces to the well-known result
limN→∞ðdhn̂i=dngÞ ¼ EC=EJ [27].
As with the qubit frequency, an analytical expression

for the charge susceptibility in the transmon regime
EJ=EC ≫ 1 may be obtained via the Holstein-Primakoff
transformation. To first order, the expected population
imbalance reads

hn̂i ≈ h0jb
ffiffiffiffi
N

p
p̂j0ib þ h0jbδŜzj0ib þ 2Re

�h0jb ffiffiffiffi
N

p
p̂jδψ0i

�
;

ð15Þ

with the first-order correction to the ground state jψ0i ≈
j0ib þ jδψ0i given by

jδψ0i ¼
X
k>0

ðb̂†Þkj0ibh0jbb̂kδĤj0ib
−k!kϵ

≈
X
k>0

ðb̂†Þkj0ibh0jbb̂k
�
EC

ffiffiffiffi
N

p
p̂0δŜz þ H:c:

�j0ib
−k!kϵ

≈
EC

4ϵ

X4
k¼1

ðb̂†Þkj0ibh0jbb̂kðp̂0â†p̂ âþH:c:Þj0ib
k!k

: ð16Þ

In the second line, we have dropped the higher-order δŜ2z
term, and in the third line, we have truncated the Taylor
expansion [Eq. (9)] at first order. After applying the same
truncation to the second term in Eq. (15) and evaluating the
relevant vacuum expectation values, we once again assume
1 ≪ EJ=EC ≪ N2 to extract the simple relation

dhn̂i
dng

≈ 1 −
3EJn2g
4ECN4

; ð17Þ

which reduces to unity in the infinite-island limit, as
expected. A numerical verification of this result is given
in the End Matter. This concludes our presentation of the
main results.
We have formulated a quantum theory of the JJ between

finite superconducting islands, and we have used this
theory to predict finite-island corrections to the qubit
frequency and charge susceptibility. These predictions
immediately motivate experiments in the jngj ∼ N regime.
While we have here focused on superconducting circuits,
the present predictions are equally applicable to experi-
ments involving trapped BECs. Finally, it is certainly
possible and in fact experimentally observed (via parity
switching [30]) that N may not remain a conserved quantity
for all time. A modification to the present analysis capable
of including such fluctuations is therefore desirable.
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End Matter

Appendix—Analytical formulas for the qubit frequency
and charge susceptibility in the transmon regime 1 ≪
EJ=EC ≪ N2 are verified numerically in Figs. 4 and 5,
respectively. We note that the requirement EJ=EC ≪ N2

may be lifted straightforwardly, though in this case,
Eqs. (13) and (17) will become significantly more
complicated. Evaluation of the relevant vacuum
expectation values was performed using an in-house
contraction algorithm.

FIG. 4. Panel (a) depicts the numerical verification of Eq. (13)
(dashed curve) by a representative example in the regime 1 ≪
EJ=EC ≪ N2 (solid line) obtained via numerical diagonalization
of Eq. (3). Panel (b) depicts the curvature of the charge dispersion
at zero offset charge for a range of N, each converging to the
analytical result (dashed curve) for sufficiently large EJ=EC.
Parity switching of the curvature is emphasized.

FIG. 5. Panel (a) depicts the numerical verification of Eq. (17)
(derivative of the dashed curve) by a representative example in
the regime 1 ≪ EJ=EC ≪ N2 (solid curve) obtained via numeri-
cal diagonalization of Eq. (3). While better agreement can be
found for larger values of N2EC=EJ, this example highlights the
ability of perturbative corrections to capture the saturation
occurring at jngj ≳ N. Panel (b) depicts the curvature of the
charge susceptibility at zero offset charge for a range of N, each
converging to the analytical result (dashed line) for sufficiently
large EJ=EC. Parity switching of the curvature is emphasized.
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