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Real-world experiments on quantum systems are always performed with measurement apparatus whose
interaction times with the systems are finite. This restricts the observable quantum states to the space
of time-coarse-grained density matrices {o(#)}, providing motivation for the time-coarse-graining (TCG)
approach that solves for p(f) without ever referring to the unobservable p(f¢) of infinite time resolution.
Phenomenologically, this implies that coherent transitions far outside the bandwidth would be filtered out,
leaving only their effective impacts on the “slow” dynamics resolvable by the finite time resolution of the
measurements. Therefore, the TCG framework provides rigorous justification for many existing effective
Hamiltonian methods in the literature that aim at capturing the unitary part of the long-time dynamics.
However, since time-coarse-graining is fundamentally irreversible, the resulting effective model allows
for secular loss of information and dissipation of energy in general, which cannot be captured by any uni-
tary effective models and has to be treated with explicit time-coarse-graining. Such incoherent effects are
particularly prominent in driven nonlinear quantum systems where exchange of information and energy
with the drive gives rise to incoherent effective dynamics at all finite time resolutions in general. While
rigorous in principle, existing TCG methods in the literature can be applied only to simple systems by one
iteratively solving superoperator equations at low orders in the coupling strengths. The complexity of such
methods prevents systematic study of the time-coarse-grained dynamics and limits analytical results to the
IR (low-resolution) limit in most cases. We address these limitations in this paper, presenting a systematic
time-coarse-graining method that overcomes the complexities and restrictions of current techniques, offer-
ing a comprehensive and accurate modeling framework for driven nonlinear quantum systems. We derive
closed-form formulas as well as diagrammatic representations for both unitary and nonunitary contribu-
tions, in the form of an effective Hamiltonian and nonunitary dissipators at arbitrary order in the coupling
strengths, and complement this with a computer-algebra software package. We demonstrate the effective-
ness of the method using several typical models of driven nonlinear systems in superconducting circuits,
and show that it generalizes and improves on existing methods by providing more accurate results and
explaining phenomena that have not been accounted for.
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I. INTRODUCTION

When a measurement apparatus interacts with the elec-
tromagnetic fields emanating from a quantum system, its
output is always a coarse-grained function of exact phys-
ical variables at precise moments in time and/or precise
locations in space. Therefore, the observable dynamics in
any quantum system depends on the time and/or spatial
resolution of the measuring apparatus. For typical quan-
tum optical systems, the most important coarse-graining
scale is the time resolution of the measuring device, which
is limited by its bandwidth (see, e.g., Appendix D in Ref.
[1]). Although not always explicitly acknowledged, the
measurement time resolution is a particularly crucial free
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parameter for driven nonlinear quantum systems, since the
exchange of information and energy with an external drive
can have long-lasting effects on the system that propagate
through different timescales and manifest themselves in
different forms due to nonlinearities. In many situations,
the finite time resolution of the measurement apparatus can
be captured by one working with the time-coarse-grained
density matrix po(#) of the measured system, as illustrated
in Fig. 1:

() = / fit—1)p)dt, (1)

where 7 () is a moving-average function with width 7 that
we call the “coarse-graining timescale.”

This issue of modeling the observable behavior in mul-
tiscale systems provides motivation for the time-coarse-
graining (TCG) approach, which aims to directly capture
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FIG. 1. [Illustration of the inherent time-coarse-graining hap-
pening during a measurement. A quantum system produces a
high-bandwidth signal. This signal drives a measurement appara-
tus that is band-limited, producing a time-coarse-grained version
of the real dynamics. The TCG method aims to produce a direct
description of the time-coarse-grained observables, which can
be captured by an effective quantum master equation for the
coarse-grained density matrix p in the appropriate rotating frame
determined by the central frequency of the measuring device.

the observable, time-coarse-grained dynamics with no ref-
erence to unresolvable degrees of freedom at any step. In
the TCG framework [2], the time-coarse-grained dynamics
of the system is described by an effective quantum mas-
ter equation, despite the microscopic dynamics being fully
unitary. This approach has both fundamental and practical
value. Fundamentally, it reflects the fact that all physi-
cal apparatus have a finite response time and inevitably
perform some type of time-coarse-graining of informa-
tion during their interactions with the measured systems.
Practically, it can also offer significant simplification of
the effective model by separating the experimentally rel-
evant observables from the unresolvable ones, while at the
same time keeping track of the latter’s impact on the for-
mer. This feature is becoming increasingly important as
recent advancements in quantum devices have focused on
precise engineering of effective interactions via parametric
driving, which often involves regimes where counterro-
tating processes, typically regarded as negligible, assume
significance, rendering the commonly used rotating-wave
approximation (RWA) or even more sophisticated effective
Hamiltonian methods, unsatisfactory [3—5].

The TCG method offers an alternative approach for
modeling such multitimescale systems, but so far the TCG
methods in the literature can be applied perturbatively
only to simple systems at very low orders in the coupling
strengths. Furthermore, existing analyses either assume
some particular coarse-graining window function or work
in the IR limit and ignore all possible dependencies on the
shape or width of the window function.

In this work, we significantly improve the TCG method
and present a fully systematic solution to the time-coarse-
graining approach. We introduce the systematic time-
coarse-graining (STCG) method, which gives a closed-
form solution to arbitrary orders for general driven quan-
tum systems, and for arbitrary coarse-graining window

functions. Our approach explicitly derives a Liouvillian
for p(¢), without having to solve for the exact dynamics
or assume any knowledge of the initial density matrix p
with infinite time resolution. Unlike previous attempts at
deriving the TCG Liouvillian, our method is completely
general, with closed-form formulas for the contributions
to any order in the expansion. In addition, we also intro-
duce a diagrammatic representation of the resulting TCG
superoperators that can not only function as a bookkeep-
ing tool for the quantum Liouvillian at each order but can
also provide intuitive guidance for designing the micro-
scopic interactions and drives to achieve certain effective
long-time dynamics.

In addition to its conceptual novelty, our approach also
has important numerical advantages. Indeed, numerically
solving the time evolution of a driven nonlinear quan-
tum system with much higher time resolution than the
measured variable dynamics can be very inefficient and
often unfeasible, as the dynamics of the system encom-
pass vastly different timescales, making the equations very
stiff and numerically unstable; to make the situation worse,
the solutions obtained in such brute-force approaches are
usually difficult to interpret. Our method, STCG, gives
an effective low-frequency quantum model leveraging the
separation of timescales as small parameters in a system-
atic expansion, giving an effective low-frequency descrip-
tion of the dynamics, which is long-time stable and effi-
cient to study numerically. Furthermore, to lower the bar-
rier to entry for the STCG method, we have developed a
JULIA package, QuantumGraining.jl, that automates STCG
to any order, generating both the effective Hamiltonian
terms obtainable through existing methods and additional
nonunitary corrections.

This paper is organized as follows: We begin with a
canonical example, the Rabi model, illustrating the con-
ceptual and mechanistic elements behind the TCG method
in Sec. II. We then delve into the theoretical background
in Sec. III, where we introduce the STCG method in the
context of other methods, presenting the essential con-
cepts of the theory, while reserving the detailed derivation
to Supplemental Material [6]. In Sec. IV, we introduce
a diagrammatic approach for deriving the TCG master
equation. In Sec. V, we showcase the method using two
additional examples—(1) the Kerr parametron and (2) the
driven Duffing oscillator. In particular, we show that the
TCG method predicts measurable modifications to the
dynamics of these models, some of which are supported
by analytical or numerical results in the literature obtained
by other methods. Finally, we present our conclusions
and discuss future prospects in Sec. VI. In Supplemen-
tal Material [6], we introduce QuantumGraining.jl, a JULIA
package that automates the TCG procedure, together with
a short code example for the Rabi model. In other work
[7], we use this tool to analyze in detail the measurement
problem.

054042-2



SYSTEMATIC TIME-COARSE GRAINING

PHYS. REV. APPLIED 23, 054042 (2025)

II. AN ILLUSTRATIVE EXAMPLE: THE
TIME-COARSE-GRAINED RABI MODEL

To demonstrate our method, we start with a simple but
illustrative example—the Rabi model. The Rabi model
describes the interaction between a single linear cavity
mode and an atom described by a two-level system (TLS),
and can be simplified to the Jaynes-Cummings model
when the RWA is justified. In the so-called ultrastrong-
coupling regime, the Rabi model is of special interest
since the RWA breaks down when the spin-cavity coupling
strength becomes comparableto or greater than the mode
frequencies [8—10], and special approaches that go beyond
the RWA are required [11-13].

More concretely, the model we consider here is
described by the following Hamiltonian terms in the inter-
action picture:

b= % (a6, eTiocta 4 46 gmiwctoar)
i % (aTo_eti@ont 4 46 eieoary (2
where w. (w,) is the cavity (atom) resonance.

To showcase the time-coarse-graining method, we focus
on this ultrastrong-coupling regime where the coupling
strength g is comparable to the TLS and cavity frequen-
cies w, and w,. i.e., g ® w, (g = w,). In that regime, the
counterrotating terms assume significance, and the induced
dynamics depend on the time resolution of the measure-
ment apparatus. The numerical simulations reported in this
section assume the following set of parameters:

W, Wy 8
— =—=2GHz, —=— =04GHz. 3)
2 2 2

Under this set of parameters, the two-level population
displays rapid oscillations whose envelope undergoes intri-
cate evolution over a much longer timescale, as shown
in Fig. 2. When the dynamics of a coherent-state cavity
mode interacts with a single TLS, the Jaynes-Cummings
model shows collapse-revival dynamics due to the photon-
number dispersion of a coherent state. Interestingly, we
show that these collapse-revival cycles are completely
absent in the full Rabi-model dynamics (if all timescales
can be resolved), and appear only under finite time resolu-
tion. The latter is directly captured by the STCG approach,
as discussed below.

Using the STCG method, we obtain an effective descrip-
tion that gives us directly the time-averaged observables
that would be obtained from a bandwidth-limited mea-
surement apparatus, and we do not need to assume any
knowledge of the density matrix p(#) at an infinitely pre-
cise moment in time. The STCG prescription produces
a set of Hamiltonian corrections, comprising products of
the original Hamiltonian operators §; = [],,.cx h,. (e.
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FIG. 2. Bottom: Numerical simulation of the excited TLS-
state population 7 (¢), obtained by our numerically solving the
Schrédinger equations for the interaction-picture Rabi Hamilto-
nian in Eq. (2). The initial state at ; = —0.8 ns is |1),|a = 4.5),
with |1) and |o = 4.5). representing the exited TLS state and
the coherent cavity state with amplitude a = 4.5, respectively.
All TCG simulations are performed without our making any fur-
ther approximation of the perturbative TCG master equation.
Top: Numerical simulation of the time-coarse-grained excited
TLS-state population 73 () with a coarse-graining timescale t
of 0.2 ns. The coarse-grained exact dynamics is obtained by our
directly applying the Gaussian averaging function f;(7) to the
exact nj(¢) in the bottom figure, whereas the TCG results are
obtained by our numerically solving the corresponding TCG
master equations. In all calculations the cavity Hilbert space is
truncated to include the lowest 100 levels during the simulation.
The initial state of all equations is taken to be the same.

multibody transitions or multimode resonances), and their
corresponding coupling strengths g;;.

Importantly, the time-coarse-grained evolution is not
unitary in general, and the TCG effective Hamiltonian
has to be complemented with a set of pairs of operators
(iﬁ,jg) with (generally) complex coefficients yfik% such
that the time evolution of p(7) is given by the TCG master
equation:

() = — [ f1ca(,50) | + Drcs 070

=— [Z I:IT(@G(t),ﬁ(t)] + ZD(T%G(t)ﬁ(t), (4)

k=1 k=1
2 (o =i 2 )1 k
HTCG(k) = qﬁ. e ( J j) l_[ﬂih/(»b,')> (Sa)
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DRp =y 9D [iﬂ,jﬁ] o (EnmtTnm) (sp)
In the expressions above, k = [ + r is the order of the per-

turbative expansion in the original coupling strengths, and
the (pseudo)dissipator notation D[+, -] is defined such that

D [Lﬁ,Jg] p=Lipts — % { ;Lﬁ,ﬁ} . (6)
These additional, nonunitary corrections are important,
and are completely ignored by effective Hamiltonian meth-
ods, such as the Lie perturbation theory method [14].

We explain details of the calculation in the following
sections, but for now we simply assume that the TCG
effective Hamiltonian and effective (pseudo)dissipators can
be perturbatively calculated as functions of the coarse-
graining timescale 7 and the original Hamiltonian, either
manually or automatically using a computer-algebra sys-
tem, such as the symbolic software package Quantum-
Graining.jl we developed. The full explicit calculation up
to second order is shown in Supplemental Material [6].

To effectively capture the coarse-grained dynamics of
the Rabi model, we apply the STCG perturbation the-
ory up to the third order and derive the corresponding
master equation. In particular, we see that the TCG pro-
cedure reproduces the RWA Hamiltonian at the first order
(under the assumption of a simple filter function), and
goes beyond it starting at the second order. For example,
in the weak-coupling limit, realistic values of the coarse-
graining timescale t usually fall in the range 1/0w, < 7 K
(1/|we. — wg4]),2/g, and the most significant terms in the
effective Hamiltonian are found to be as follows:

A P g2l 1 3 1
HTCG’\’HRWA+§ 260“— T +m (w4 — wc)

x (1 +2a'a)é6,. (7
To first order, we get exactly the RWA Hamiltonian

Hrwa = % o~ (@a—c)*7%/2) (@06 , 4o i@am@ighs )

I~ g (e+i(wa_wc)7ao"—++e_i(wa_wc')t&ToA— ) (8)
B ).

The filter-dependent factor e~(@a=@*7*/2) in the first line
is a major difference from the standard RWA. Unlike the
RWA, we consider the coarse-graining timescale 7 as an
experimentally tunable parameter, and the result is subject
to significant modification over the RWA results once 7 is
large enough to be comparable to 1/|w, — w.|. In general,
as the coupling strength g approaches the ultrastrong-
coupling regime or when the time resolution 7~ becomes
comparable with the detuning |w, — w.|, one needs to go
beyond the simple expression in Eq. (8) and consider con-
tributions from higher-order terms. Considering such a

situation, we present the exact form of the Hamiltonian and
(pseudo)dissipator corrections calculated with the Quan-
tumGraining.jl package in Supplemental Material [6].

As mentioned, an important property of the STCG
method is that it also captures the effective nonunitary
dynamics of the system induced by the time-averaging. For
example, at the second order, we get the following set of
pseudodissipators in addition to the dispersive correction
in the Hamiltonian:

~ A 272 .
Ly=Ji=a6y, y1=—i > (We — wg)e 2@l
(%9a)
2.2
» A aba g7 L
L2 = J2 = aTO’_, Y2 = lg2 (a)c — wa)eZl(wc wa)t.
(9b)

Notice that the coefficients y; and y, are purely imagi-
nary, so the corresponding pseudodissipators do not break
the time-reversal symmetry (hence the prefix “pseudo”). In
addition, we do not expect significant secular effects from
the second-order pseudodissipators since their coefficients
are oscillatory at frequency £2(w. — w,) and vanish in the
resonant limit when w. — w,. In particular, they do not
induce any secular gain or loss of the system energy, but
rather only add small fluctuating corrections to the entropy
and energy of the system.

However, this is not the case for higher-order corrections
in general. For example, we have the following third-order
contributions in the resonant limit where w, — w,:

3
A% ~ lim 9. _ g Ataats 4 He. 1
TCG wcgri)a TCG wga aa'o_ +H.c., (10)
NORPL YIS Af2A A
Dreg ~ w? (Dla*6.,a"'6.] — Dla**6.,a6_]) + H.c.,
a

(1D

from which we see that the unitary and nonunitary contri-
butions both give rise to time-independent corrections to
the Jaynes-Cummings model in the resonant limit. From
the numerical simulation in Fig. 2 (obtained with a coarse-
graining timescale t of 0.2 ns), we see that they both have
secular effects on the collapse and revival of the TLS pop-
ulation. In particular, although D(T3C)G does not cause any
dissipation of energy over long periods due to its purely
imaginary prefactor, it does have observable secular effects
on the coherence of the TLS, which affects the collapse-
revival pattern of the TLS-state population. For exam-
ple, the RWA (first-order TCG) and the third-order TCG
Hamiltonians both make the false prediction of a double-
revival pattern between ¢ = 15ns and ¢ = 35 ns, which is
removed by inclusion of the third-order pseudodissipators
in D(T3C)G. As expected, inclusion of the pseudodissipators
brings the TCG dynamics closer to the exact dynamics,
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as can be observed in Fig. 2. The TCG master equations
can be numerically simulated with much larger time steps
without one encountering any stiffness problems compared
with the exact von Neumann equation, which contains
fast-oscillating counterrotating terms. Therefore, the TCG
master equation not only offers analytical insights into the
physics of an interacting system but also allows much more
efficient numerical simulation of the dynamics.

II1. EFFECTIVE STATIC METHODS AND
TIME-COARSE-GRAINING

In this work, we focus on time-coarse-graining Hamil-
tonian dynamics, i.e., closed-system dynamics fully
described by a Hamiltonian. In Ref. [7], we delve into
the more general problem of time-coarse-graining an open
quantum system. In general terms, we consider interaction-
picture Hamiltonians A of the form

H=7" gohoe™, (12)

weR

where 2 is the set of all the frequencies appearing in the
Hamiltonian. The frequencies involved can be of vastly
different scales, and we would like to obtain an effective,
low-bandwidth description of the resulting dynamics. For
example, the RWA corresponds to one simply removing
all Hamiltonian terms &, with “fast” frequencies from the
sum, and retaining those with “slow” frequencies.

In the literature, the problem of fast-varying time-
dependent Hamiltonians is treated with a variety of tools,
as illustrated by the Venn diagram in Fig. 3. Some of
these methods rely directly on one performing the averag-
ing or ansatz at the equations of motion level [15—18], but
importantly, many methods rely on producing an effective,
low-frequency description of the Hamiltonian [19]. The
ones most relevant to this work include Lie perturbation
theory methods (also known as the “Kamiltonian” method)
[14,20,21] and methods based on a systematic perturba-
tion theory leveraging the Schrieffer-Wolff transformation
[22] and Floquet theory [23-25], as well as high-frequency
expansions [26]. These methods produce an effective static
Hamiltonian description that encodes some of the effects
of the fast dynamics in a low-frequency description. Other
methods describe the time-coarse-grained evolution in
terms of a Liouville equation; notable examples include
the Keldysh-Lindblad expansion [27] and the TCG method
[2,7,28] which can be thought of as a generalization of the
effective Hamiltonian methods. The TCG method also cap-
tures nonunitary effects that account for the information
lost during coarse-graining. This is achieved by one tak-
ing a moving average over the expanded generator, rather
than the Hamiltonian. Among other things, this allows us
to consider off-resonant virtual transitions as well as reso-
nant multibody transitions, such as two-photon processes,

Effective Lindbladian

Effective Hamiltonian Equations of motion

raging methods

FIG. 3. A Venn diagram of different methods dealing with
time-dependent driven systems. The bold black headings indi-
cate the level of operation of the method, and the gray squares
indicate different methods. TCG generalizes many current meth-
ods to include nonunitary contributions. Systematic TCG (this
work, in red) permits the TCG calculation to any order, and for
more general regimes.

which are omitted in the (first-order) RWA [29]. In addi-
tion, the resulting terms are weighted in a way that is
fine-tuned to the chosen measurement resolution and the
form of the filter function. STCG differs from effective
Hamiltonian approaches in several ways: (1) Even starting
with a Hamiltonian of a system with finite degrees of free-
dom it produces a Liouvillian that captures the nonunitary
effects due to time-averaging, as illustrated in Fig. 4, giving
a more comprehensive description of the low-frequency
dynamics. As we will show with examples, the nonuni-
tary effects can be important in the presence of strong
and/or time-varying drives, or certain initial conditions.
(2) TCG is generalizable to systems with infinitely many
degrees of freedom [30-32], producing an effective non-
Markovian dynamics of a subsystem consistent with the
coarse-graining timescale desired.

Our method, STCG, provides a systematic framework
for generalizing the RWA and other effective Hamiltonian
methods into a Lindblad-like generator, and allows TCG
to be performed to an arbitrary degree of accuracy when
suitable conditions are satisfied. Time-coarse-graining was
introduced in Refs. [2,28,33,34], and the time-coarse-
grained generator has been explicitly derived up to the
second order in the coupling constants, under the assump-
tion that the transition frequencies are either much greater
or much smaller than 7~!'. Our method, as presented in
this work, is fully systematic, supported by a diagram-
matic expansion, and is capable of explicitly calculating
the effective TCG Liouvillian at any order in the coupling
constants, while allowing for the most general coarse-
graining timescale 7. Furthermore, our method has addi-
tional advantages over standard TCG approaches—STCG
is more general than standard TCG methods, allowing for
arbitrary filter functions f; (w) applied by the measurement
device.
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FIG. 4. Top: The TCG Liouvillian can be written as a sum of
contraction superoperators W;_, ., each representing a superop-
erator with / operators to the left and » operators to the right of p,
such that / 4+ » = k. Middle: The contribution of each superoper-
ator term is weighted by the contraction coefficients C;,, which
encode the contributions from all the different ways one can parti-
tion the operators into groups. We represent these partitions with
“bubble” diagrams (note that the order is inverted). Bottom: The
contribution of each diagram is computed in STCG through a
closed-form formula, where each bubble contributes a factor to a
product.

IV. SYSTEMATIC TIME-COARSE-GRAINING BY
DIAGRAMMATIC EXPANSION

Since the time-coarse-graining procedure inherently
erases information, the time evolution of p(#) cannot be
generated by a Hamiltonian in general. We can only
assume that the equation of motion for p(#) is linear and
trace-preserving, since these two properties are respected
by both the time-coarse-graining process and the under-
lying von Neumann equation. Consequently, the correct
ansatz is a Liouville-like equation that we refer to as the
“TCG master equation”:

0
ia—tﬁ(f) = Lp(0). 13)

Because the time-coarse-graining operation on p(#) does
not commute with frame transformations in general (i.e.,

slow frequencies in one frame may be fast in a different
frame), the TCG master equations obtained in different
interaction pictures are physically distinct in principle.
However, the choice of the interaction picture is partially
determined by the measurement channel through which the
quantum system is observed. Take a nondegenerate para-
metric oscillator for example: if one performs a double
homodyne measurement with limited time resolution, the
measured observables are obtained from the TCG density
matrix p(f) in a static frame where the signal and idler
modes are referenced to their respective frequencies; for
a single heterodyne measurement using a common local
oscillator, the corresponding frame is instead a symmetric
frame where both modes are treated on an equal footing.

For the degrees of freedom that commute with the
measured observables, one indeed has some remaining
freedom in choosing the interaction picture. However, this
choice of the reference frame does not affect the measured
observables predicted by p(?), but affects only how fast
(or whether) a perturbative expansion of the Liouvillian £
converges as it affects whether the Hamiltonian £ can be
regarded as “small.”

o(t) e e
TCG TCG
A P

The resulting dynamics of the observables can be shown
to be equivalent to the dynamics observed through a band-
limited measurement apparatus with a filter function £, (),
with T parameterizing the coarse-graining timescale. The
choice of the interaction picture is thus rendered con-
sequential for the observed physics as it represents the
dynamics measured by a given measurement apparatus.
We explain this in greater detail in Appendix A in Ref. [7].
In STCG, this determines the frequencies w € 2 and the
associated forms of the different operators he in Eq. (12).
These operators appear in conjugate pairs he = iziw due to
the hermicity of the Hamiltonian.

In most nontrivial cases, one can obtain only a perturba-
tive formula for £, and for that purpose we assume that this
Liouvillian can be expanded as a Dyson series in powers
of the interaction-picture Hamiltonian

8 o0
i) = Lp(0) = > Lip(o). (14)

k=1
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Our goal here is to find a closed-form formula for the
partial Liouvillian £; at each order &, which gives us an
effective master equation describing the TCG dynamics as
long as the Hamiltonian can be assumed to be “small”
for the part of Hilbert space we are interested in. Note
that here “small” means that the coupling strengths g,, are
small either in comparison with all energy differences or in
comparison with the time-coarse-graining scale 7:

8o K |lw— | forall w, o, (15a)

gw K 1/7 forall w. (15b)

In particular, we note that the second condition implies
that if too much information is coarse-grained away
with an exceedingly large t, important dynamics may
be ignored and the perturbative TCG expansion loses its
predictive power.

Low-order formulas for £; have been obtained by iter-
ative and perturbative solving of the coupled equations
of the maps p(0) — p(¢) and p(¥) — p(0) [2,32]. The
increasing complexity of the coupled equations prevents
efficient calculation of L; for k > 3, and the resulting
expressions for £ are seemingly structureless nested aver-
ages of the form

C3ﬁ=ﬁﬁzﬁ—ﬁﬁzﬁ—ﬁAlﬁAi+2IA{015AI+"‘,
(16)

where we use the overline to denote the time average of
any function of ¢ defined in the same fashion as in Eq. (1),
and U,(?) is defined as the nth-order term in the Dyson
series

U,(H) = —i / drH (U, ()

0
o e . A
:Z(_i)l/...f dty - -diy x H(ty) - H(py).
= 0 0

(17)

However, if one explicitly calculates the nested averages in
Eq. (16), one would immediately find massive cancellation
among the terms, as shown in Supplemental Material [6].
This massive cancellation becomes much more significant
at higher orders, which indicates hidden structures in the
nested averages that can be used to significantly simplify
the algebra.

In this work, we develop the TCG method into a sys-
tematic perturbation theory where the structure of L is
explored in detail, leading to an explicit closed-form for-
mula for £, that can be calculated by computer-algebra
systems to arbitrary orders. The first crucial step toward
achieving this objective is the following recursive formula

for L (the derivation of which can be found in Supple-
mental Material [6]):

k
Luwp =Y (AU-PU_ 0 - U-pU_ A o)
=1

k—K

k—1
=3 Le® Y UpU;_ (18)
K'=0 =0

where we define L£yp = 0 for any density matrix p. Start-
ing from Eq. (18), one can show that the terms in £; can
be rearranged into “contraction superoperators” that allow
both diagrammatic representation and closed-form formu-
las. The following subsection is dedicated to the discussion
of these contraction superoperators.

A. Diagrammatic expansion and the contraction
coefficients

In Ref. [28], the corrections AU,7 and —HU, 5 in
Lop are grouped together and denoted by the contrac-

1
tion HU; p for convenience. The same is true for two-

1 _— _ —
point contractions of the type I:Iﬁf/T = I:Iﬁfflr — ﬁﬁi/?.
Assuming a Hamiltonian of the form in Eq. (12), we first
observe that the cancellation pointed out in the previous
section occurs within each such a contraction in £,. Fur-
thermore, each of the surviving superoperators will have
a frequency equal to the sum of the frequencies of the
operators involved, which is not true for the individual
nested averages constituting the contraction. We show in
Supplemental Material [6] that the contractions must be
generalized to exhibit this mass cancellation and homo-
geneous time dependence at all orders. An unexpected
byproduct of this finding is that a closed-form expression
can be found that is amenable to symbolic computation
in a generic manner. Here we summarize the key steps in
the derivation, and the interested reader is referred to the
Supplemental Material [6].

According to Eq. (18), the nested averages in L;p
always have A (¢) at either the left end or the right end of
the product. Therefore, we make the ansatz that the partial
Liouvillian £ at order £ > 1 can be expressed as a sum
over all such generalized contractions with weights (7, )
such that/ +r = k:

k
Lip(®) =) Wier,(0[P] — He,

r=0

(19a)

where each contraction W,,.(f)[p], whose form is to be
found, is the sum of all nested averages that have / ()
operators to the left (right) of p, with the leftmost oper-
ator being . These contractions can always be written as
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a sum of operator products with a simple homogeneous
harmonic time dependence.
We next write each contraction in the following form:

Wl,r(t)[p] = Z Cl,r(/l: {;) X ilul o 'ilulﬁilul Tt ilv

(i) €P,[Q]

i( i it T i)t
b

”

xe (20)
where we split the frequencies into two vectors /& (V) for
the frequencies of the modes to the left (right) of the den-
sity matrix, while the notation P;,[2] denotes the set of
all possible pairs of vectors 1 and v whose elements are
chosen from the Hamiltonian frequencies. Apart from the
combinatorics involved in the summation, calculation of
the contraction coefficients C;, (i, v) is the central element
of STCG as each of the resulting coefficients encodes con-
tributions from the many different nested time averages in
L to a particular superoperator in the sum [6].

The harmonic expansion in Eq. (20) allows us to derive
the main result of the STCG method. Using the harmonic
ansatz, we can interpret every diagram as contributing a
simple term to the contraction coefficients for each combi-
nation of mode frequencies involved. We are able to obtain
the following closed-form expression for the contraction
coefficient C;,.(fi, v):

Cr(iiv) = )

dediagrams(/,r)

X nfr (Zz /M(b) + 2 Vi(b))

u®1p®) ’
bed PV

(—1)+ldi-1 (Z M@W)

i

@n

where d = (b1,bs,...,bq)) represents a particular dia-
gram d by the ordered set of bubbles in d, with ||d|| being
the total bubble number, and the vector factorials ;2*! and
v®1 are defined in Eq. (22),

-

A= (e, o, i)

= (14 -+ ) - (U + p2) X pre (22)
Note that the denominator can vanish for certain frequen-
cies, and the limit must be taken carefully. An explicit
formula for the limiting case is given in Supplemental
Material [6].

In other words, we sum over the diagrams in the set
“diagrams(/,7)”, which include all partitions of the fre-
quencies into bubbles {b} with frequencies 1 and v®;
for each diagram, we then calculate the product of all the
bubble factors, and multiply the result by an extra factor

of ), ,ufb”d”) and an overall sign. For a detailed proof of

Eq. (21), see Supplemental Material [6]. Note that the con-
traction coefficients are always real if the frequencies of

all the original Hamiltonian terms are real. This property
ensures that the corresponding TCG effective Hamiltonian
and effective (pseudo)dissipator in Sec. [V B are Hermitian
at any order k.

Plugging the expansion of the contraction superopera-
tors [Eq. (20)] into the TCG master equation (19), we can
write the Liouvillian in terms of the contraction coeffi-
cients:

k

Lo =)

I=1 fLiePy Q]

[Cl,k—l(ﬁ, l_)')eii(ZiﬂiJrZivi)t

~

X hy, -

by, = Hee . (23)
Note that, in general, if we have a number of |2| unique
frequency-operator pairs in the original Hamiltonian, then
foreach!/ € {1,2,...,k}, the contraction would be a sum of
[P, [R2]] = || = || unique terms. To a large extent,
this is where the complexity of STCG stems from, and why
we complement the analytical formula with a symbolic

computational tool.

B. The effective TCG Hamiltonian and
pseudodissipators

The structure of the contraction superoperators allows
us to separate the different terms in the Liouvillian into
Hamiltonian terms and pseudodissipator terms, akin to a
Lindblad-type equation. The contraction coefficients sat-
isfy the following symmetries:

Cr(—ji, —v) = (=D)*71C (i1, V), (24a)
Cl,r(/la {;) = Cr+1,171 (_(vla V2,...5Vp, /’Ll)
— (1 L2s e+ ey 1)) - (24b)

Using Eq. (24b), we can write the TCG partial Liouvillian
at order k as £ = LI + LV, with

LD =M1, 7], (252)
L{p =iD{lep
k—1

> ¥

I=1 @ieP €]

iy e DL JeTp,
(25b)

where Hj and D(ch)G can both be explicitly written in terms
of the contraction coefficients C;,(i,V) in Eq. (21). As
usual, this decomposition of £; into Hermitian Hamil-
tonian terms and trace-preserving (pseudo)dissipators is
not the only option, and alternative representations also
exist. One option is to absorb the anticommutator terms
into the Hamiltonian, portraying the dynamics as a (gener-
ally non-Hermitian) Hamiltonian with virtual jumps. This
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representation can be convenient for specific problems, but
it does not alter the underlying physics.

The Hamiltonian terms in Eq. (25) are one-sided, hav-
ing operators multiplied only to the left or the right of the
density matrix. In the rest of this work, we represent Hy
as three vectors of equal length, where the nth elements of
the vectors represent the coefficient, the operator, and the
frequency of the nth contraction term in Hy, respectively:

1
qi’ = 5 (Ceo@ + Ceo(—™) [ [ 20 (262)
w€eL
~(k) ~oa ~
i Mkhuk—l "hﬂl’ (26b)
Q=) (26¢)
i€

where i € Pyo[R2], 1™ := (s, k-1, - - - » 1) denotes the
reverse of L = (w1, (2, - - -, i), and Py, [2] is defined as
the set of two-vector pairs of lengths / and », where each
component is drawn from Q with repetition. The total
effective Hamiltonian to order & can then be written as

k
(0 =" Hu(

=1

k
(kJ —i Wi 7
= Z Z 8 ¢ =it hﬂk’hﬂk’—l'“hﬂl’

K=1iePy [Q]
(27)

The (pseudo)dissipator terms, on the other hand, are gen-
eralizations of Lindblad dissipators that assume a more
general form and can be written as D[L,.J] for some oper-
ators L and J so that it acts on any density matrix p
as

. o 1 oaa
DIL,J]p = LpJ — E{JL,p}. (28)

Notice that these (pseudo)dissipators become the usual
diagonal Lindblad dissipators if J = LT, but this form
is not generally possible. The Hamiltonian terms appear
only on one side of the density matrix, while the gener-
alized Lindblad dissipators D[LM,J ] act on both sides of
p(1). Therefore, for each dissipator term, we need to spec-
ify a pair of operators (L,L,J ). Using similar notation as
before, we can represent the kth-order effective dissipa-
tor terms by three vectors of the coefficients, the oper-
ator pairs {(l:ﬁ,jg)}, and the corresponding frequencies,

respectively:

k N _}
l)/fﬁ 1_)5 = (CI,’”(M; V) Fl( rev _Mrev))

x [T []gu! i) ePulQly, (299)
o ViEV
(iﬁ’jﬁ) = {(i’u/ilM—l o 'ilﬂl’ilvlilvz o 'ilvr>
x | (ii,D) € Pi,l9}, (29)
Qg =1 mi+y vil(iv)ePLQt,
Wi€/L v;ED
(29¢)

where we range over all positive integers (/,7) such that
I+r=*k

According to the Gorini-Kossakowski-Sudarshan-
Lindblad theorem [35,36], a necessary condition for the
evolution of p(¢) to be a completely positive map is that
the matrix [y;;] is positive definite. It is important to note
that this condition is not satisfied by the TCG effective
dissipators in general. This is not a problem as not all
Hermitian positive semidefinite density matrices are pos-
sible in the coarse-grained world. For example, when the
interaction-picture Hamiltonian 4 is time dependent, there
is no time-independent pure state p that commutes with
H, and consequently the resulting coarse-grained 5(7) can-
not be a pure state in general. Indeed, one must keep in
mind that p(¢) does not represent the quantum state of the
system at any particular moment in time; rather, it is a
phenomenological object that allows one to calculate the
time-coarse-grained observables. Therefore, even when
[vi7]1is not positive definite, the corresponding TCG mas-
ter equation can still describe well-behaved time evolution
without generating negative probabilities if the initial state
is allowed in the time-coarse-grained picture [37—39].

Summing over all these terms up to order &k, we obtain
the following total effective (pseudo)dissipator:

k—1
1= > v xDllsJslp

I=1 (,9)eP, 9]

(S A
< e I(ijlﬂj 21 v])t.

D(ch)G [0
(30)

Note that for £ = 1, we get no effective dissipators since
there are no double-sided terms, and the corresponding
effective Hamiltonian is simply the time-coarse grained
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original Hamiltonian:

ﬁ%d0=2ymwﬂwu=/mmﬁa—oﬁwy
) G1)

For a physical coarse-graining window function £, (¢), the
Fourier transform f; (w) = f_oooo dt x f,(t)e™" can be con-
sidered as a low-pass filter in the interaction picture,
which manifestly suppresses the coefficients of the high-
frequency terms in H (?). In the laboratory frame, however,
the function f; (w) effectively applies a bandpass filter to all
the terms in the Hamiltonian. Therefore, our ignoring the
small terms in ﬁ]%lc)G (#) (rather than the “high-frequency”
terms by some ambiguous standard) would give us the
RWA Hamiltonian. In this sense, the RWA can be consid-
ered as the lowest-order TCG with suitable choices of the
coarse-graining timescale to suppress the high-frequency
terms.

In higher orders of the theory, one typically begins to see
the appearance of effective (pseudo)dissipators. Depend-
ing on the quantum system, these (pseudo)dissipators may
either account for microfluctuations in the entropy and
energy due to time-coarse-graining, or represent secular
energetic loss or gain through high-frequency channels or
nonadiabatic effects, depending also on whether the rates
are real or imaginary. According to our experience, the lat-
ter situation usually occurs in systems with resonant drives,
parametric time dependence, or external heat reservoirs.
These (pseudo)dissipators are an important aspect of the
STCG method, since they cannot be properly accounted
for by any effective Hamiltonian approaches commonly
used in such situations, such as Floquet or Kamiltonian
methods. Rather, they represent corrections of a different
type, which are usually ignored in effective theories but can
prove to be important for modeling the long-time dynamics
of certain quantum systems.

V. EXAMPLES

To showcase the capabilities and use cases of STCG,
we demonstrate it on two select examples. The driven Kerr
parametron, where we show how it can be used to analyze
adiabatic and nonadiabatic effects, and the driven Duff-
ing oscillator, where we show that STCG produces all the
terms produced by the Kamiltonian methods, while com-
plementing them with additional nonunitary corrections.

A. Driven Kerr parametron

The Kerr parametron is a phase-locked parametric oscil-
lator, which bifurcates between two possible opposite
phases when driven by an oscillating pump field at approx-
imately twice their natural frequency. In the quantum
regime, the parametron can exist in a superposition of

these two phase states, known as a cat state, acting as an
effective biased-error qubit [40]. The cat state generated is
fragile, and the parametron decay causes it to quickly deco-
here, necessitating rapid controls. These rapid controls
must adhere to two conflicting requirements. On the one
hand, they require a large pump field to prevent unwanted
nonadiabatic transitions. On the other hand, large pump
fields degrade qubit coherence by introducing unwanted
nonresonant rapidly oscillating terms (NROTs). This is a
prime use case for the time-coarse-graining method, which
allows us to generally consider the contribution of these
NROTs. This trade-off and optimization was studied by
Masuda et al. [4], and we show here that our method repro-
duces their numerical results and generalizes their effective
model to capture unitary and nonunitary corrections.

The parametron is composed of a superconducting quan-
tum interference device array resonator with N super-
conducting quantum interference devices, which can be
represented in the interaction picture in the rotating frame
at w, /2 by an effective Hamiltonian,

H=(A+y)ala— X (&eii(u’l’/z)’ + cAlJ(e”(“"’/z)’)4
12
+2B(ae”" PP ate! P2 cos(wyt),  (32)

where A =o® — x —w,/2 is the detuning from the
“bare” resonance frequency (") = /8ECE;/N. In addi-
tion, x = E¢/N? is the nonlinear coefficient strength and
B = 0 (8E;/8E;) is the pump strength. This form of the
Hamiltonian is correct in the regime xf < (w”)?. As
explained in Ref. [4], both the pump strength § and the
detuning A can be made time dependent by one simulta-
neously tuning @? and SE,. In particular, Masuda et al.
[4] consider a particular driving schedule for 8 and A for
0<tr<T:

ﬂ@=m% MD=MO—%> (33)

Although it is shown that the fidelity of the process
depends significantly on the non-RWA terms in the Hamil-
tonian (also referred to as the “NROTs”), there is no
analytical formula that quantifies their long-term effects
over a timescale much greater than o, ! Moreover, in addi-
tion to the non-RWA terms, nonadiabatic effects also play
a significant role in the performance of the device, and
are considered in the literature to be completely indepen-
dent of the non-RWA effects. Here we perform the analysis
using STCG, and show how both effects can be captured
by it, and that the two are not entirely separate phenom-
ena. Following Masuda ef al. [4], we assume the following
numerical values of the parameters:

Ay/2m = —67MHz,
Xx/2m = 68 MHz,

wy /2w = 16 GHz,
Bo/2m = 200 MHz,
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with 7 = 50 ns. Although the linear time dependence in the
coefficients A and  may appear incompatible with STCG,
which assumes that the Hamiltonian can be written as a
discrete Fourier series as in Eq. (12), time dependent terms
of the form gte’’ can nevertheless arise in the limit:

i(w+8)t __ iwt

ge
5—0 6 (35)

Using that expansion, we can represent 4 by the following

three lists of coefficients, rotating-frame frequencies, and
Hamiltonian operators:

_ ! Bo Bo Bo Bo B Bo  Po
g =

ST 8T 8T 8T’ 8T isT’ 8T

Bo  2B0 2P0 2P0 2P0 A Ay Ag

ST 8T 8T 8T 8T~ 2i87° 28T

- la_ls_l’_és_l’_i9 X } (363)
2 2 3 2 3 12° 12
Q= {6,0,2w, +3,2w,, 8,0, 2w, — 4,
—2w,, —w, — 8, —w,,w, +8,w,,0,8,

- 5303 _wpn_wpva’wpa_zwpyzwp}ﬂ (36b)

ho = {a",a", 6", 6%, 4%, 8%, 8%, a%, d'a,a'a,a'a,a'a,

a‘a,aa,aa,aa?,@?a'a’, a6 a,at, aMy .

(36¢)

The number of TCG contributions is huge; however, the
highly oscillatory terms at frequencies of order w, are
exponentially suppressed, and can therefore be ignored in
the TCG master equation. The long-term effects of the
high-frequency transitions are captured by slow-varying
corrections to the RWA Hamiltonian as well as emergent
high-order pseudodissipators. Therefore, we set a thresh-
old and keep only the TCG contribution with coefficients
greater than 0.08 MHz for a coarse-graining timescale 7 of
0.125ns. The TCG effective Hamiltonian and dissipators
can be written as

Hreo(t) = gna'a + gnaa® + ga®

&3
a+Hece), (37

+ (gzoffr2 + gz’

Dreg(t) = Tag02DIa", a8 + TonpoDId%, a™]
+ (T2020D[a",a"] + Tap0.Dla™, a"a%]
+ ToppoD[a?,a%a*] + T oDl a,a™]
+ I'io2Dla’a,a®] + He!), (38)

respectively, with the notation D[-,-] used as defined in
Eq. (28). The analytical expressions for the (super)operator

coefficients are given in Supplemental Material [6]. As a
baseline, we note that after truncation of terms exponen-
tially suppressed by factors of e @pr?/ | the first-order
TCG master equation is identical to the von Neumann
equation under the RWA. The corresponding RWA Hamil-
tonian can then be written as

Hrwa(h) = gWVAGTa + gRWVAGT? + (g?OWA&Tz + H.C.) ,
(39)
with the following effective couplings:
X
g™ =20, ==, g =p0. (0

The additional corrections in Egs. (37) and (38) come
from the higher-order TCG perturbative expansion. Let us
focus our discussion on three representative Hamiltonian
coefficients for the renormalized detuning. We focus on
these three because they represent three important cases:
211—a Hamiltonian term with nonadiabatic and non-RWA
contributions; I'; o.0 »—a fully nonadiabatic dissipator; and
"1 1.2,0—a pseudodissipator with both non-RWA and nona-
diabatic contributions. From the analytical expressions for
the corrections, one sees that the non-RWA effects and
the nonadiabatic effects are not completely separable. By
considering the dependencies on T" and w,, we can iden-
tify which contributions come from nonadiabatic effects
and which come from non-RWA effects. Here, we present
the corrections to the effective couplings in Eq. (40), as
obtained from STCG:

2807+ B@P) 4y

Wp Wp

gn =A@ -

+ AoB(1)? (207:2 + 1—12> — ADB(1)? (2612 + 1-2)
Za)p w;)

‘EZAO 3 ﬂ
—( T) <o+§p4ﬂm
B® Po
2(@?A“‘?G@)X
2 2
(o2 - (22),
wp Wp

2 3
151
+8(L)A@_ x
Wy 6w,

(41)

Let us consider g;; as an example: The correction
—(2B()?*/wy) in g; is purely a non-RWA effect as
it comes from the high-frequency Hamiltonian terms
B(Hat2e*r! and B(f)a*e %*r!, and does not vanish in
the adiabatic limit 7 — oo. However, the correction
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20A¢B(7)*t? is purely a nonadiabatic effect as it
involves no high-frequency Hamiltonian terms and van-
ishes as 8%(7) o« T2 in the adiabatic limit. The correction
—(2B(1)? /wp), however, is a joint effect of the non-RWA
and nonadiabatic terms in the Hamiltonian since it is
produced by the contraction of the high-frequency terms
B(Hat?e*rt and B(t)a*e ! but vanishes as 72 in the
adiabatic limit. The dissipator terms are particularly inter-
esting, since they are unique to the TCG approach. We
focus on a select set of dissipative contributions that reveal
unique effects captured by the STCG approach. We begin
with a purely dissipative contribution:

002 = 'BT (2 + 2—2> B@®). (42)

Interestingly, T0.0.D[a?,a*] is a fully nonadiabatic
effect that receives corrections from the counterrotating
terms in the Hamiltonian. Importantly, it has the stan-
dard Lindblad form together with a positive transition rate.
Therefore, it represents effective dissipative phenomena in
the form of two-photon absorption that cannot be analyzed
efficiently with only effective Hamiltonian approaches.
The non-Hamiltonian contributions arising from STCG do
not necessarily follow the standard dissipative forms typi-
cally encountered in open quantum systems. They are often
non-standard and complex, as illustrated by the following
example:

458,
2Ta)3

2‘(2,30
Tw,

(B®? + B(1)?)

Ciipo=—

(381)* +28(x)%)

5 ZA
-—5(250)—ﬁ%)TT0X

p

1980x*  4rx?

3B — - B()
3Ta)2 p

2
T [312 <(T—?°> _ 4ﬁ(r)2) B(0)
2 2
4 (T TA‘)) Bo

+ 2t8(7) (

2A0X

) 1?(m>ﬁ®

3 2B8(DA
ﬂ(t) 9< )5(1)— /B(t)2 (t)X

P

132%B0Aox (X
-+—E%Z——<:>ﬁ®} 43)

The effective dissipator F1,1;2,0D[&T&, a'?], on the other
hand, does not assume the standard Lindblad form, and has
both real and imaginary parts in general. The real part of
I'1,12,0 originates from nonadiabatic effects and vanishes
in the 7’ — oo limit, whereas the imaginary part of I'; 1.2
contains purely non-RWA contributions as well—the
third-order terms —17i(8(1)° /@), —i(x/w,)*B(2), and
—i2B(1)A(1)/w;) x survive the T — oo limit. These gen-
eralized (pseudo)dissipators are important in the strongly
driven regime, but most of them vanish when By — 0,
leaving only some remnants from the time dependence of
A(D).

We emphasize that the symbolic calculation of these
coefficients is highly involved, even with the closed-form
formula in Eq. (21). It is therefore important that the com-
putation is done fully automatically by a computer-algebra
system such as QuantumGraining.jl, in a process that is
completely generic and applicable to a very wide range of
problems.

An important benefit of the TCG effective master
equation is that it allows efficient numerical simulation of
the system dynamics, since the effects of virtual transi-
tions to and from the high-energy states are captured by the
effective Hamiltonian corrections and emergent dissipa-
tors, without requiring detailed knowledge of the dynamics
of the those high-energy states and their coherences. As a
result, accurate numerical simulation can be done at much
lower time resolutions (on the order of 7 rather than w, D,
and truncation of the Hilbert space in the TCG framework
is, in general, more forgiving.

Assuming the parameter values in Eq. (34) and taking
the coarse-graining timescale t to be 0.125ns, we can
truncate the Hilbert space at the 20th level and numeri-
cally solve the TCG master equation at different orders.
Note that truncation at much higher levels will not increase
the accuracy since the quartic expansion of the cosine
potential starts to break down above the 20th level for
the given parameters. The coarse-grained exact dynam-
ics, on the other hand, is obtained by application of the
Gaussian window function on the numerical solution to
the von Neumann equation with the original Hamilto-
nian H (1). We emphasize that, compared with the TCG
master equations, much smaller time steps have to be
taken to overcome the stiffness of the exact equation of
motion due to the fast-oscillating nonlinear terms in H (0.
In addition, solutions to the TCG master equations are
more accurate than the RWA solution when benchmarked
against the coarse-grained exact dynamics, with the accu-
racy increasing with the order of the TCG perturbation
theory.

We plot the coarse-grained instantaneous ground state
population pg as a function of time in Fig. 5. In particu-
lar, we notice that contrary to the RWA result, higher-order
TCG predicts an approximately linear decay in py(¢) during
the later half of the time evolution. For the relatively short
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TCG ground state population pg(t) for 7 = 0.125ns

1.000
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coarse-grained
exact dynamics

f(u\)“-,"

fourth-order TCG

Po

0.990 Ll third-order TCG
—Apr .
— — second-order TCG
0.985 / T RWA
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FIG. 5. Instantaneous ground state population p as a function

of time, with the use of p at different orders in TCG. py(50 ns)
is defined as the fidelity of the cat-state generation process. The
exact p is assumed to be in the pure ground state at time ¢ =
—1I ns, and the initial condition for p(¢) at t = 0 is obtained by
our time-averaging the numerical solution to the non-TCG von
Neumann equation from = —1nsto = 1ns.

ramping time 7 and large initial detuning |Ag|, this linear
decay is the dominant source of the loss of cat-state fidelity.
This has been observed in existing high-time-resolution
simulations of the cat-state fidelity (e.g., in Fig. 2 in Ref.
[4]), although to our knowledge no explanation for the
different behaviors of py during the earlier half and the
later half of the time evolution has been provided in the
literature.

Using our analytical TCG results, using leading-order
perturbation theory for the estimation of 9;|0(#)), we obtain
the following approximate expression for po(f):

Do) = Vinert (1) + ydynam(t)
= Tr[3; (10@)) (0 ) p(O)] + Tr[|0())(0()|0:0(D)]

~ Z ((”(f)|HTCG(t)|O(f))
Eo(H) — E, ()

(0@ [o()In@®) + C-C-)

n>1

+(0(8)| Drca (O (1)|0(D)), (44)

where E,(?) is the energy of the nth instantaneous Hamil-
tonian eigenstate |n(¢)) for ﬁTCG (1), and we have used the
immediate corollary that (O(t)l[—i[:ITCG(t),ﬁ(l)]lO(t)) =0.
We observe that the change in po during the earlier half of
the time evolution is dominated by the time evolution of
the instantaneous ground state |0(7)) [with its contribution
to po(?) defined as the inertial rate of change yinert (£)]. Dur-
ing the later half of the time evolution, the change in py is
dominated by the emergent TCG dissipators [with the cor-
responding contribution to py(#) defined as the dynamical
rate of change Yaynam(#)], as shown in Fig. 6. We provide
below the expressions for the two contributions to the rate

of change of the ground-state population:

Vinert ()

~ Z ((n(f)|HTCG(t)|0(l))
Eo(t) — E, (1)

OOIBO D) + c.c.) ,

n>1

Yaynam (1) = (0()| Drca (D (1)|0(2)).
45)

In particular, we see in Fig. 6 that the inertial rate et
is approximately symmetrical around the zero axis, and is
responsible for the initial slow oscillations in py(#). It dom-
inates over ygynam at early times, but decays toward zero as
the pumping power increases into the strong-drive regime.
The dynamical rate ygyanm ,0n the other hand, is induced
by the emergent TCG dissipator. We notice that ygyanm
is almost always negative, with its magnitude increasing
at early times and oscillating with increasing frequency
around a certain negative mean value at late times. Since
the mean value of ygyanm is negative and comparable with
the magnitude of the oscillating yi,ert, its secular effects
dominate over the effect of iyt at late times. From either
the analytical formula for bTCG(t) or numerical simu-
lations, one can predict that increasing the nonlinearity
x will significantly increase the secular effects of Ygyanm
while suppressing the transient oscillations due to Vinert;
having more rapid state preparation by decreasing 7, on
the other hand, will increase both ygyanm and Yinert.

B. The driven Duffing oscillator

The Duffing oscillator is a damped oscillator driven
by a nonlinear force, cubic in the displacement of the
particle. Despite its simple description, it shows rich phe-
nomena, such as bistability, chaos, and hysteresis. The
quantum Duffing oscillator similarly can show a variety
of rich quantum phenomena, such as tunneling, squeez-
ing, and entanglement. It has been studied extensively in
recent years as a model for a variety of physical systems,
including superconducting circuits, trapped ions, and opti-
cal cavities, and it is also a popular model system for
studying the effects of quantum mechanics on nonlinear
systems. Importantly, it has been studied in the supple-
mental material for a paper by Venkatraman et al. [14],
showcasing the capabilities of an effective static Hamilto-
nian method, based on a Lie algebraic approach known as
the “Kamiltonian approach.” We use that same example to
demonstrate here that the STCG algorithm is not only able
to reproduce the effective static Hamiltonian in Ref. [14]
as the effective TCG Hamiltonian but is also capable of
calculating the non-Hamiltonian corrections resulting from
time-coarse-graining.
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(@)

Inertial rate of change of po(t)

(b)

Dynamical rate of change of p(t)

“Yinert (10_3)

—— third-order TCG]

“Ydynam ( 1 0_4)

— RWA

—— third-order TCG

0 10 20 30 40 50
t (ns)

FIG. 6.

The quantum Duffing oscillator is described by the
following Hamiltonian:

ﬁl — S&T& +g (efi(S/G)wdt& 4 ei(5/6)wdta'f‘ 4 e*iwdtl—[

+ @) (46)
For comparison with the results in Ref. [14], we define
wg = 6w and round numerical coefficients to the nearest
integers. Assuming that 1/g4,1/8 > 7 > 1/w and ignor-
ing terms exponentially suppressed by factors of e=@*7*/2),
we can write the fourth-order effective TCG Hamiltonian
as

AP0 = kWata+ kP + kPl

+KPatat + kPt (47)
the coefficients, rounded to the nearest integers, along with
the exact analytical formulas, can be found in Supplemen-
tal Material [6].

Similarly to the models discussed previously, the TCG
effective Hamiltonian (as well as the pseudodissipators)
is dependent on the coarse-graining timescale 7 in gen-
eral, and what we present here should be understood as
the “IR”-limit results, where 7 is much greater than 1/w.
In particular, we are able to reproduce all the classical and
quantum corrections in the effective Hamiltonian derived
in the supplemental material in Ref. [14], demonstrat-
ing that the STCG method generalizes the Kamiltonian
method, yielding the same time-averaged Hamiltonian for
a simple filter function with sufficiently large 7. The
agreement between the high-order Hamiltonian corrections
obtained by the two distinct methods leads us to con-
jecture that the effective Kamiltonian can, in general, be
obtained by one taking the IR limit of the TCG effective
Hamiltonian.

Unlike the parametron control model discussed in the
previous subsection, here the coefficients are purely imag-
inary and, in general, do not have a significant impact on
the system dynamics, since the drive on the Duffing oscil-
lator is not resonant with any internal transitions, and there

0 10 20 30 40 50
t (ns)

Time dependence of the inertial and dynamical rates of change for the instantaneous ground state population py (7).

is no parametric time dependence of any sort. In this case,
the TCG pseudodissipators provide only quantitative cor-
rections in their range of validity (i.e., when the condition
1/g4,1/8 > © > 1/w is satisfied). In the following, we
numerically simulate the coarse-grained exact dynamics
and compare the results with those obtained using TCG
and the RWA. The simulations use the following parameter

(a) 0 10 20 30 40 50
49.0 49.2 49.4 49.6 498 50.0 ' :
e SR +;,0.340-__~\\
F : 10.4
+4++ 0.338 .
+++++ r;k
-~ 0:336 /”’ {0.3
P Al R T 5+
-~ r - 10.334..--"
.e porH
~ 410.2
coarse-grained exact dynamics
0.1
RWA
- fourth-order TCG Hamiltonian
— fourth-order TCG Hamiltonian and dissipators 10.0
(b) M {0.15
P
Ve "
vd pa %
/:\ 0 NPT ©-0.10
~ | ¥ eaeeemmmTT \ :
P 49.0 49.2 494 49.6\ 49.8 50.0
< T —— b :
\I/ iy 0.1030.05
F
Pe e 0.102
g PRy 0.101
‘S— 4+ coarse-grained exact dynamics +++ 10.00
¥ s
= rwa ¥ OXZ‘OO
~ fourth-order TCG Hamiltonian 0. 9_ ~0.05
—  fourth-order TCG Hamiltonian and dissipators t (IlS)
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FIG. 7. Time evolution of the (a) quadrature variable (¢) and
(b) the correlation (¢pn) — (¢)(n) simulated with the lowest 25
levels and an initial microscopic (as opposed to coarse-grained)
pure coherent state with displacement o = —0.48i at time ¢ =
—3ns. The insets show the late-time dynamics in order to show
the subtle differences between the different approximations.
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values:

g4/2m = 0.5MHz,
wq/27w = 12 GHz,

8/2m = —58.4 MHz,

with driving amplitude IT = 2i and time-coarse-graining
scale T = 0.5ns. The numerical simulation of the micro-
scopic von Neumann equation and the TCG master
equation (Fig. 7) gives us the following dynamics of
the quadrature variable (¢) and the second-order corre-
lation (¢n) — (¢)(n), where ¢ = (a +a’)/v/2 and n=
(a —a')/~/2i: Compared directly with coarse-grained
dynamics with infinite time resolution, the fourth-order
TCG quantum master equation gives much better predic-
tions than the RWA method. However, differently from
the parametron example, where the TCG effective dissi-
pators significantly modify the late-time fidelity, here the
dynamics is mostly generated by the effective Hamiltonian,
with the (pseudo)dissipators giving only minor improve-
ments during later periods of the time evolution. This kind
of situation where the effective dynamics is dominated by
its coherent part generated by some effective Hamiltonian
usually occurs when the external drives have amplitudes
that are time independent and frequencies that do not res-
onate with any internal (virtual) transition processes until
very high order in the nonlinearities.

VI. CONCLUSIONS AND OUTLOOK

In the laboratory, the observable dynamics is always
time-coarse-grained, due to the finite time resolution of the
measurement apparatus. To effectively model these observ-
able dynamics, we introduced the STCG framework, a
perturbative series expansion that directly describes the
time-coarse-grained observable dynamics of a quantum
system. STCG generalizes existing TCG methods to any
order, and extends beyond the description given by static
effective Hamiltonian approaches [5,14,41] by including
nonunitary contributions to the dynamics, which we have
shown to be crucial for a correct effective model of the
system.

STCG allows a more accurate description of quantum
systems in non-RWA regimes and when effective Hamil-
tonian methods become inadequate, e.g., under strong
and fast parametric drives. It gives a description of the
time-coarse-grained dynamics in the form of multibody
Hamiltonian corrections and (pseudo)dissipators, provid-
ing us with an analytical method to identify and study the
important emergent processes in regimes where the coun-
terrotating and parametric time-dependent terms become
significant. In addition, the diagrammatic representation
developed in this work can also help with the design and
engineering of the nonlinearities and parametric drives
in order to achieve certain effective long-time dynam-
ics. Importantly, the time-coarse-grained description is not

only important for analytical studies but is also crucial
for numerical analyses, since deep non-RWA regimes are
not numerically stable. If the counterrotating terms are
included, the equations of motion can require very high
time resolutions, with strict constraints on the truncation
of the Hilbert space, which can make solving them com-
putationally prohibitive. In addition, these equations can
become very stiff and unstable due to the involvement
of vastly different timescales and numerous modes. The
STCG description, on the other hand, effectively filters the
dynamics around a certain frequency band, and accounts
for the effects of high-frequency (virtual) transitions in
the Hilbert space without needing to keep track of their
intricate time evolution. This allows a very efficient numer-
ical study of driven nonlinear quantum systems deep into
the non-RWA regime or even when more sophisticated
effective Hamiltonian methods fail.

To showcase the STCG method, we used it to study a
few problems—the Rabi model, the quantum parametron,
and the quantum Duffing oscillator. We have shown that
STCG generalizes the existing treatments of these prob-
lems, reproducing well-known corrections while revealing
nonunitary contributions that are not captured by other
methods. Moreover, we have shown that our results match
the exact time-coarse-graining of the non-RWA solutions,
with the agreement improving for higher orders of approx-
imation. Specifically, we have used the examples to show-
case important properties of the STCG method. Using
the quantum parametron example, we demonstrated the
importance of the nonunitary contributions captured by
STCG, which prove to be crucial for correct modeling of
the system fidelity and for capturing nonadiabatic effects.
Using the quantum Duffing oscillator, we showed that
the effective Hamiltonian produced by STCG completely
reproduces the effective static Hamiltonian generated by
perturbative Lie series approaches, which suggests that
effective Hamiltonian approaches may be considered as
certain limits of the STCG approach.

The STCG calculation is complex and involved, since
it requires the calculation and bookkeeping of many dif-
ferent superoperators that can easily be in the hundreds
for a third-order expansion. To aid this situation, we envi-
sion the STCG framework as part of a computational
framework where the repetitive, intricate procedure is done
automatically by a symbolic computation package, aiding
the numerical and analytical study of the system. STCG
is accompanied by the JULIA software package Quantum-
Graining.jl [42], which automatically calculates the emer-
gent terms, their coupling strengths, or pseudodissipation
rates to help automate analytical and numerical calcula-
tions. We hope that the utility and generality of STCG,
in addition to the low bar for entry by use of symbolic
computation (e.g., with use of QuantumGraining.jl), can
make it a valuable tool for theorists and experimentalists
alike.
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