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Spectral theory for nonlinear superconducting microwave systems:
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The accurate modeling of mode hybridization and calculation of radiative relaxation rates have been
crucial to the design and optimization of superconducting quantum devices. In this work, we introduce
a spectral theory for the electrohydrodynamics of superconductors that enables the extraction of the
relaxation rates of excitations in a general three-dimensional distribution of superconducting bodies. Our
approach addresses the long-standing problem of formulating a modal description of open systems that is
both efficient and allows second quantization of the radiative hybridized fields. This is achieved through
the implementation of finite but transparent boundaries through which radiation can propagate into and
out of the computational domain. The resulting spectral problem is defined within a coarse-grained for-
mulation of the electrohydrodynamical equations that is suitable for the analysis of the nonequilibrium
dynamics of multiscale superconducting quantum systems.
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I. INTRODUCTION

Engineered superconducting systems used in analog
quantum simulation [1,2], quantum sensing [3,4], and
quantum computing [5,6] are described by the electro-
hydrodynamic theory of superconducting systems, first
proposed without justification by Feynman [7] in a spe-
cial lecture he delivered in the 1960s. Few attempts
have been made to either justify [8,9] or solve [10] this
model’s equations of motion exactly, but simplified ver-
sions [11-13] have been considered via various modifi-
cations to minimal coupling. This low-energy theory can
be credited as the underpinning of Josephson phenomena,
flux quantization, and, generally, the physics of vortices.
The second-quantized version of it constitutes the basis
of the formulation known as circuit quantum electrody-
namics (QED) [14], which has been the workhorse behind
the current understanding of the physics governing super-
conducting quantum computers. As systems grow increas-
ingly sophisticated and their electromagnetic (EM) envi-
ronments become more complex, efficient computational
strategies in both the classical regime and the quantum
regime are much needed to produce accurate reduced mod-
els containing the degrees of freedom of interest. This has
given rise to an active research area at the intersection of
computational electromagnetism, circuit theory, and quan-
tum electrodynamics of superconducting devices [15—24]
to analyze and model the physics of these circuits.
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An indispensable component in the electrodynamic
modeling of superconducting circuits is the extraction of
relaxation rates. Purcell modification of radiative lifetimes
of qubits is today an essential mechanism for the protection
of qubits and plays an important role in the electromag-
netic design of the entire processor [25-28]. Additionally,
in applications that require strong rf or microwave exci-
tations of individual oscillators, new dissipative processes
and interlevel transitions can be activated [29—37]. These
processes, in turn, depend strongly on the spectral charac-
teristics of the electromagnetic environment in which the
nonlinear elements are embedded [33]. Resource-intensive
numerical simulations are needed to extract such informa-
tion for complex quantum-electrodynamic systems. Such
simulations are not only computationally demanding but
also face conceptual difficulties arising from the infinite
degrees of freedom inherent in QED [38]. These concep-
tual issues as they appear in superconducting quantum
devices [25,39] require careful analysis of the system to
avoid unphysical divergences [40—45]. The divergence
issues can be resolved effectively by one choosing the cor-
rect set of modes to expand as in Refs. [43,44]. In the
language of lumped-element circuits, this means the modes
have to incorporate the details in the couplings between
circuit elements [18,46] (e.g., the exact position of the
qubits in the resonators, and the coupling capacitances).
From the electromagnetic point of view, this boils down to
one properly handling hybridization between the modes of
subcomponents in the system (e.g., qubit modes and cavity
modes in a minimal quibit-cavity sytem), while respecting
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gauge invariance. Therefore, in principle, an approach to
modeling that is based on a rigorous spectral theory allows
the accurate quantification of limitations brought about by
noise [47—49], dissipation [50,51], and undesired interac-
tions [52,53] within the system and its electromagnetic
environment.

In the present work, we introduce a spectral theory of
electrohydrodynamics of superconductors (EHDS) from
which the relaxation rates of general three-dimensional
(3D) superconducting circuits can be obtained. This spec-
tral theory is adapted to a coarse-grained description of the
EHDS equations, known as DEC-QED, previously derived
and analyzed in Ref. [10]. DEC-QED provides the follow-
ing advantages: (1) Through its structure-preserving geo-
metric discretization procedure, known as discrete exterior
calculus (DEC), this formulation enables stable long-time
simulations. (2) By virtue of the fundamental fields being
hybridized gauge-invariant fields rather than the stan-
dard electromagnetic potentials, different materials can
be handled in a uniform fashion. (3) At a superconduc-
tor—normal metal—superconductor junction, the hybridized
field is identical to the gauge-invariant Josephson phase
across the junction. (4) For transmission lines and lumped-
element circuits and in the limit of a perfect superconduc-
tor (A; = 0), DEC-QED equations reduce to the standard
circuit QED equations.

The difficulty with developing a spectral theory stems
from the desire to solve the EHDS equations, a set of non-
linear partial differential equations (PDEs) describing the
evolution of the order parameter of a charged fluid cou-
pled to Maxwell’s equations, in a finite spatial domain.
Ideally, one would like to keep the computational domain
as small as possible, just as large as the superconduct-
ing system itself. However, this is not possible, because
we also need to keep the volume as large as possible to
allow there to be radiative relaxation of the excitations
in the superconductor. The optimal solution to avoid this
trade-off is to use a modal description for a finite but open
domain subject to transparent boundary conditions (BCs)
for EM radiation. This allows us to keep the computational
domain small enough to be computationally feasible, while
still allowing the radiative relaxation of the excitations.
While boundary conditions such as the perfectly matched
layer [54,55] or absorbing boundary conditions [56,57] are
known and very useful in classical EM problems, it is also
desirable to implement a transparent boundary so that solv-
ing the corresponding spectral problem would provide a
modal decomposition that can serve as the basis for second
quantization of the EHDS equations. This, however, has
been a difficult problem that remains unaddressed since the
full formulation of quantum electrodynamics [58] because
such boundary conditions result in non-Hermitian modes
[59-61]. Recently, it was shown that by the use of the
Heisenberg equations of motion for quantum field opera-
tors, this issue can be circumvented in the context of 1D

transmission line systems through the use of singular func-
tion expansion and a suitable spectral problem [62]. Here
we generalize the statement of this spectral problem to
the solution of the nonlinear EHDS equations (the original
spectral problem was defined [62] in the context of circuit
QED, which assumes fields do not penetrate the supercon-
ductors), and to general three-dimensional domains. We
do not address the issue of quantization, but focus on the
spectral problem that arises through the linearization of
the EHDS equations, the resulting non-Hermitian modes,
and the calculation of dissipation rates for all modes. The
dissipation rates for “qubitlike” modes are precisely their
Purcell radiative lifetimes [63], while for the more spa-
tially extended modes, they represent their losses due to
their hybridization with radiative channels in the system
[64—66].

With reference to the prior work on modeling of super-
conducting devices, our approach is within the class of
full-wave methods [67,68]. With respect to existing full-
wave methods for superconducting systems, DEC-QED
has two important distinctions: (1) Calculation of radiative
losses. The boundary conditions implemented in existing
approaches to capture radiative losses are often absorb-
ing boundary conditions. Most frequently, radiative losses
at a 3D cavity’s ports are modeled by adaptation of the
lumped-element models and termination of the ports with
50 Q matched resistors [69] or by the covering of the holes
on the cavity walls with resistive disks [20]. Although this
approach is effective in obtaining the frequencies of the
eigenemodes, it is known to fail to accurately capture the
spatial structure of the open modes. More importantly, no
known method exists for second quantization using such
modes, and therefore such EM full-wave simulations can-
not rigorously be used to synthesize a quantum mechanical
Hamiltonian or Liouvillian. Often the quantum Hamilto-
nian is derived from simulations ignoring radiative losses,
and the relaxation rates are introduced through a perturba-
tive approach. Previous efforts in improving the modeling
of radiative losses due to coupling to transmission lines
include solving the 1D wave equation in the transmission
lines with boundary conditions imposed at the ends of the
long waveguide [41,44,45] or implementation of outgo-
ing radiation at a finite-range transparent boundary [18].
In this paper, we follow the latter approach and generalize
it beyond (1 4 1)D models to arbitrarily shaped structures
and physical layouts. DEC-QED builds on prior work in
classical electromagnetic systems for the implementation
of correct open (transparent) boundary conditions [70,71],
which was recently shown to serve as a mathematically
consistent basis for second quantization of the modes of
a transmission line cavity [62]. (2) Time-dependent evolu-
tion. DEC-QED aims at numerically solving the set of non-
linear PDEs describing the electrohydrodynamics of the
superconducting condensate coupled to fields described
by Maxwell equations. This allows DEC-QED to describe
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the evolution of gauge-invariant hybridized fields existing
throughout free space and the superconductors, avoiding
issues that arise in defining boundary conditions at super-
conductor/vacuum boundaries whose accuracy is not con-
trolled. Compared with existing full-wave methods, this is
a special feature of our approach. The linearized spectral
solutions of DEC-QED then serve as a basis for expand-
ing this nonlinear dynamics. In the current work, we do
not discuss the nonlinear aspects of evolution, which are
discussed at length in Ref. [10].

The main results presented in this paper are organized
as follows: In Sec. II we discuss the electrohydrodynamic
model used to describe the dynamics of the superconduct-
ing condensate coupled to the EM environment and derive
the spectral problem to be solved. In Sec. 11 we briefly dis-
cuss the formulation of DEC-QED used in the rest of the
article for coarse-grained calculations. Next, we demon-
strate the convergence in the calculations for the spectral
profile of a sample superconducting cavity. Simplicial and
cubical meshing strategies are benchmarked in Sec. IV A.
In Sec. IV B we show how mode hybridization due to acci-
dental degeneracies can be encountered in the calculations
of the modes for a symmetric cavity and that our method
can distinguish the degenerate modes through the inclusion
of a small perturbation of the cavity shape. In Sec. IVC
we demonstrate coarse-grained calculations of hybridized
modes for multiscale systems containing multiple compo-
nents. Finally, we present two main approaches for imple-
menting open boundary conditions based on (1) Green’s
boundary integrals in Secs. VA and VB and (2) vector
spherical harmonics (VSH) expansions in Sec. V C, along
with numerical examples, to demonstrate the accuracy and
effectiveness of these methods. We have made the imple-
mentation of the formulation discussed here available as
part of an open-source DEC-QED repository [72].

II. ELECTROHYDRODYNAMIC FORMULATION
OF SUPERCONDUCTING MATERIALS

Consider a multiply connected region composed of
different dielectric and superconducting materials. Well
below the critical temperature, where most superconduct-
ing devices operate, the superconducting material can be
modeled as a charged condensate [8,9] trapped by a back-
ground of positive charge (o). The dynamics of the con-
densate are wholly determined through minimal coupling
to the dynamical electromagnetic potentials (A, V) and the
Coulomb attraction to the static positive background (U)
defining the superconductor. We refer to the resulting order
parameter equation [7] and Maxwell’s equations as the
EHDS equations

W, _ [L(—ihV— gA) +qV(r, t)+U(1‘)i|‘I"(l‘, )
ot 2m

(1)

ih

and Maxwell’s equations
V x V x A+ 0€A = po(Js + Jge) — moeVV,  (2)

0
V4 (V- A) =—§<p+pm>, 3)

where p and J; are the condensate density and the super-
current, respectively, and pg . and Jg. are the external
charge and the source current. Here ¢ = 2e¢ and m = 2m,
are the charge and mass of a Cooper pair, respectively,
which are twice the charge e and mass m, of an electron.
Generally, we include the positive background defining
the superconducting regions in pg.. Dielectric regions are
defined by €(r) = €(r)eg, where € is the stepwise con-
stant relative permittivity function, which is unity when a
dielectric is not present and is greater than 1 otherwise.
Using the Madelung representation for the condensate
wave function, W(r,?) = /p(r, )¢ ™, and introducing
the gauge-invariant hybridized field A = A — (h/q) V0,
we can write Egs. (1)~3) in the forms [10]
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These equations were derived and the resulting real-time
dynamics under specific conditions were analyzed in Ref.
[10]. Here we are interested in the spectral problem asso-
ciated with these nonlinear equations. Linearization can
be done by one splitting the condensate density o into
the mean value py that exactly balances the positively
charged ionic background and the fluctuation 8p arising
from interactions with the external EM field. The linear
sector of Eq. (4) that corresponds to the transverse excita-
tions then reproduces London theory [73] and is sourced by
the fluctuation in the source current. A derivation of the lin-
earization is provided in Appendix A. The resulting inho-
mogeneous source-field equations can be solved through
the spectral problem of a vector Helmholtz equation for
the gauge-invariant hybridized field .A:

vXVxA+( —#@W)A:Q (6)

1
A7 (r)

where the distribution of superconducting and dielec-
tric materials is given by the local London penetration

depth function A;(r) = /m/uog?0o(r) and the refrac-
tive index function n(r) = /€(r), respectively, and £ is
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the wave number. By defining a spectral problem for
hybridized fields that permeate the entire space, we can
directly address mode hybridization, which comes from the
inevitable hybridization of the electromagnetic environ-
ments of individual elements in the system such as qubits,
resonators, the substrates, or packaging. Solving the eigen-
problem in Eq. (6) with appropriate radiative boundary
conditions produces a set of modes that carries all infor-
mation on hybridization and on the radiative loss of the
full system.

III. DEC-QED FORMULATION

DEC-QED provides a spatially-coarse-grained descrip-
tion of a physical system governed by nonlinear PDEs.
The fundamental field variables are small integrals of the
original microscopic continuous fields over finite spatial
intervals. This results in a discretized model that is compu-
tationally efficient and still accurate within the resolution
of a given measurement apparatus. In this section, we pro-
vide a minimal introduction to the geometric constructions
in DEC that are needed for computing electromagnetic
modes in systems that may contain an arbitrary distribu-
tion of superconducting and dielectric materials, all within
a finite computational domain. For a more comprehensive
discussion of the formulation, see Ref. [10].

In DEC, the discretization of PDEs requires a dual-mesh
construction, within which the d-dimensional computa-
tional space is discretized by a primal mesh M that con-
forms to the boundaries of the enclosed physical domain
and the interfaces between materials. The fundamental
building blocks of the primal mesh can be simplices (i.e.,
triangles in two dimensions and tetrahedra in three dimen-
sions) or cubical elements. The vertices of the dual mesh
M7 are then circumcenters of the primal d-dimensional
cells, and the edges of M are generated by one connect-
ing the neighboring circumcenters. Throughout this paper,
we use a dagger symbol to denote a dual quantity. For
elements strictly inside the computational space, the map-
pings from vertices v, edges e, faces /', and cells ¢ in M
to cells v', faces ef, edges /' ¥, and vertices ¢, respectively
in M are one-to-one. This bijective correspondence is not
applicable at the computational boundary, where the dual
elements are truncated, which leads to auxiliary dual nodes
lying on the boundary of M [see Figs. 1(a) and 1(b)]. Dur-
ing numerical calculations, this truncation of the dual mesh
is taken care of by the appropriate application of boundary
conditions.

In this DEC framework, scalar fields lie on either pri-
mal vertices v or their dual volume v, while vectorial
quantities are projected onto the discrete primal edges e or
assigned to the dual faces e'. For example, given a vector
field A, we construct the coarse-grained edge field

(b)

FIG. 1. (a) An example primal mesh. The highlighted edges
in the lower-left corner form the boundary of an auxiliary dual
volume. (b) Close-up view of a node v that lies on the boundary
of the primal mesh. The neighboring dual nodes are shown in
dark green, while the auxiliary boundary dual nodes are shown
in bright green. The shaded volume is the truncated volume v’
dual to the node v. (c) 2D example of a vertex that lies at the
interface among multiple material regions. The material proper-
ties assigned to this node are the weighted average of the values
in the surrounding regions. (d) 3D example of an edge lying at
a material interface composed of multiple cells ¢;. The darkened
triangle is the intersection of the dual face e' with the cell ¢;, and
the shaded volume is the portion of the support volume of e that
lies inside c;.

®(e) = /de LA, (7)

where the integration is done along the primal edge e, and
given a scalar function p, we define the coarse-grained
variable

00" = / v, ®)

where the integration is done over the dual volume v'.
By solving the equations governing these coarse-grained
fields, we can probe the properties of the system.

To properly account for the distribution of different
materials within the computational domain, material prop-
erties such as the dielectric function n* or 1/A? (which
is proportional to the bulk condensate density) can be
assigned to objects lying on the dual mesh. For exam-
ple, for every edge e, a value for 1/17 is assigned to its
dual e'. This procedure is particularly convenient if e lies
at the interface between multiple materials. The dual e
in such cases would intersect with all the different mate-
rial domains that share this edge, and the effective value
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1/22 (e") there will be the weighted average of the values
in the surrounding domains [see Fig. 1(d)]. In a three-
dimensional setting, this is formally defined as followed:
Let {c;} be the list of all the cells that share an edge e. Then

1 lefne;| 1
. Ty — -
<A%>(e )= 2 e 20’ ©)

Ci

where |ef N ¢;| is the area of the intersection between e
and ¢;, and AA(e') is the area of .

This DEC formulation of the electrohydrodynamics of
coarse-grained quantities offers several benefits: (1) Since
the gauge-invariant fields (A, p) permeate all of space, the
issues related to boundary conditions at material interfaces
are simplified by the introduction of effective material
properties. (2) In addition, because the Josephson phase
is, by definition, precisely the field ®(e;) evaluated at the
edge e; defined across the junction, our method is consis-
tent with the standard description of Josephson dynamics.
(3) Moreover, this approach provides a prescription to
extend the formulation of electrodynamics with the use of
gauge-invariant, coarse-grained flux variables to any arbi-
trary medium. Therefore, this is a rigorous generalization
of the coarse-grained formulation beyond the junction and
applies to the entire discretized 3D (2D) computational
space. In this extension to the full 3D structure, the gen-
eralized flux variable @ lies on the edges of the mesh
that discretizes the entire system, while the charge Q lies
on the vertices. This approach is therefore a combination
of flux-based and charge-based formulations, which has
been shown to provide a more comprehensive descrip-
tion of superconducting circuits [22,24]. When we apply
this description of the full 3D electromagnetic problem
to the superconducting coplanar transmission line and
restrict ourselves to only the quasi-1D description of the
fluxes defined across the superconducting islands, the well-
known dynamical equations governing the flux and charge
variables are exactly reproduced without our having to
evoke the lumped-element picture [10]. (4) Physical con-
straints such as the current-charge continuity and energy
conservation are preserved by our coarse-grained formula-
tion of the electromagnetic problem. Additional geometric
constraints on vector fields are also satisfied exactly by
our approach [10] as it is based on DEC—a structure-
preserving theory of discrete spaces. Moreover, since our
formulation of the EHDS problem deals exclusively with
gauge-invariant variables, we do not need to impose any
additional constraints on the gauge field.

Furthermore, because here the fundamental variables of
interest are the coarse-grained fields that hybridize light
and matter, this approach is fundamentally different from
other full-wave methods. The quantization of this elec-
tromagnetic theory can be done in spirit similar to that
for 1D transmission line circuit QED [64], but now with

fluxes lying on the edges and charges lying on the nodes
of the fully discretized 3D (2D) system. This approach,
in which all of the classical and quantum analysis is done
at the EM field level, is distinct from black-box quantiza-
tion methods [15,16,20,69]. By virtue of our method being
a full-wave method, here we do not construct the quan-
tum Hamiltonian by fitting the impedance response of the
system to a rational function, avoiding the introduction
of uncontrollable errors. We also do not seek to synthe-
size a circuit that approximates the actual superconducting
structure nor do we rely on the ad hoc classification of
“qubitlike” modes and “cavitylike” modes. We sacrifice
the simplicity brought about by these model reductions to
obtain accurate mode structure and the full transparency in
the ensuing quantization. In a multiscale system where the
qubit is embedded in a cavity, a Josephson junction can
be modeled by a single edge, in which case it is equiva-
lent to a dipole. One can also choose to densely mesh the
junction interface, and similarly the technique can handle
a double or a triple junction, a long Josephson junction, a
disordered piece of superconductor, or any geometry for
a potential qubit candidate. Because it is rooted in how
we linearize the nonlinear electrohydrodynamic equations
to obtain the spectral problem for the hybridized field \A,
the linearization of the qubit dynamics comes very natu-
rally through the equation for @ defined everywhere and
connects seamlessly with how the rest of the system is
treated. Mode hybridization, i.e., the modification of the
resonator modes due to the presence of the qubit and
vice versa, is therefore also naturally captured simply by
one solving the spectral problem. In this regard, the for-
mulation is a generalization of the approach discussed in
Ref. [18] for 1D circuits containing finite-size resonators.
The observation that the interaction of the resonator with
the qubit can significantly modify their coupling to the
external environment—a key realization needed to cor-
rectly quantify radiative losses—was also pointed out in
earlier work by Bamba and Ogawa [41] using a similar
Lagrangian analysis.

That being said, before the theory can be quantization-
ready, a rigorous spectral theory for the coarse-grained
quantities that can correctly account for radiative losses
and mode hybridization, both in the eigenfrequencies and
in the spatial profile of the modes (including and particu-
larly on the open boundaries), is needed and is the focus of
this paper. In the following sections, we demonstrate with
specific examples how this is achieved in our approach.

IV. MODES OF CLOSED SUPERCONDUCTING
SYSTEMS

A. Performance benchmarks for simplicial and
cubical DEC

We are interested in solving Eq. (6) for the electromag-
netic modes of systems composed of possibly spatially
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disjoint superconducting structures. To numerically com-
pute the modes of such systems, we derive the DEC
equation corresponding to Eq. (6):

2 2

e0€d(e) ¢y ed(el)

Al
) gen)
AA(e))

1 — AA(eh)
ot 2o 2 ) 22N T _
+ (ki (e —n2(e )k) ALE ®e) =0, (10)

where d(e') is the boundary of the dual face ef, and

{1/A2,n?} are defined as in Eq. (9). This form is universal
and is independent of the mesh elements used.

First, we investigate the numerical convergence of DEC
equations using two types of elements: simplicial and cubi-
cal. Simplicial elements are generally the preferred choice
for a meshing scheme that conforms to arbitrary supercon-
ducting domains. To analyze the convergence of simplicial
meshing, we consider shapes of superconducting cavities
for which analytical solutions are available. A good choice
is a rectangular cavity, which conforms well to cubical
elements. A comparison of the convergence of error for
simplicial and cubical meshing would illustrate the efficacy
of simplicial meshing.

Consider a three-dimensional rectangular cavity with
dimensions L, =1cm, L, =15cm, and L.=2cm,
where Ly, L,, and L, are the sizes of the cavity along x,
y, and z directions, respectively. To allow direct compar-
isons with analytical solutions, we first assume the cavity
walls are perfect superconductors (A — 0), so the tan-
gential component of A vanishes at the boundary. This is
equivalent to the boundary condition

®(e,) =0, (11)

where e; is an edge lying tangentially on the cavity bound-
ary. The eigenmodes of the cavity are computed with two
choices of meshing: tetrahedral and cubical. The conver-
gence with respect to analytical solutions is shown in
Fig. 2. As shown in Fig. 2(a), the error in the eigenval-
ues E = k? of both mesh choices converges at the same
rate as the number of edges N, in the discretized domain
increases. The effectiveness of simplicial DEC is therefore
shown to be comparable to that of cubical DEC, even when
it is applied to a geometry where cubical meshing has an
advantage due to its elements sharing the same symmetry
as the cavity. In Fig. 2(b), we study how simplicial DEC
produces accurate solutions to the edge fields of the eigen-
modes. Convergence to analytical solutions of the edge
fields is achieved.

These results help justify our shift to using simplicial
meshing onward, as its flexibility allows us to apply DEC
to complicated, realistic structures where cubical symme-
try is rarely present. Moreover, simplicial meshing allows

(a)
= (0,1,1) tetrahedron
2 —— (1,0,1) tetrahedron
107~ —— (1,1,0) tetrahedron
—— (0,1,2) tetrahedron
=== (0,1,1) cube
=== (1,0,1) cube
=== (1,1,0) cube
- === (0,1,2) cube
§
S
>~
: 107
&
‘ ————————
B =
104
0 1x10* 2x10* 3x10* 4x10* 5x10*
N,
(b) ¢
10710
'§ o 10715
5l =
<t . z
NS
'S/ 1072.0
=
10725
0 1x10* 2x10* 3x10* 4x10* 5x10*
Ne
FIG. 2. (a) Convergence in the eigenvalues E = k? of the vec-

tor Helmholtz equation applied to a perfect superconducting
cavity as a function of the number of edges N, used in the dis-
cretization. The solid lines correspond to results obtained with
simplicial meshing, while the dashed lines correspond to results
obtained with cubical meshing. The relative error is calculated
with respect to the exact analytical solution. (b) Relative error
in the edge fields of the eigenmodes with respect to the ana-
Iytical solutions. The errors are averaged over all edges and
plotted as a function of N,. The cavity dimensions are L, = 1 cm,
L,=15cm,and L; =2 cm.

the implementation of different spatial resolutions in dif-
ferent regions, an important feature needed for the efficient
application of DEC to systems comprising multiple spatial
scales.

Next we consider a rectangular cavity enclosed by a
superconducting shell that has a finite thickness. The pen-
etration depth of this shell is set to be short enough so that
the field inside the cavity decays immediately at the mate-
rial interface, i.e., the inner walls of the cavity. Instead
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of directly imposing the Dirichlet boundary condition at
the cavity inner walls as in the previous case, we leave
the values of the field floating there, and we impose only
a “hard-wall” boundary condition [Eq. (11)] at the outer
boundary of the shell, which is also the boundary of
the computational domain. The purpose of this numerical
experiment is to investigate the validity of DEC when there
are sharp interfaces, such as the vacuum/superconductor
boundary here, where the field undergoes abrupt varia-
tions. The procedure for applying material properties to
the edges lying on the interface is given in Eq. (9). In a
nonuniform tetrahedral mesh, the partitioning of the dual
faces e that lie on multimaterial interfaces to the neigh-
boring material domains is also highly nonuniform. This
leads to the effective penetration depths of each edge on
the same boundary being different from one another. One
can imagine the vacuum/material interface made of many
small patches, each with a slightly different material prop-
erty, as shown in the top-right inset in Fig. 3. We compute
the eigenmodes of Eq. (10) for an embedded cavity that
has the same dimensional ratios as in the perfect cavity
case; the convergence is shown in Fig. 3. The embedded
cavity calculation achieves a similar order of accuracy as

(E - Eexact)/Eexact

w= (0,1,1) hard wall
O (0,1,1) embedded

e (1,0,1) hard wall
@ (1,0,1) embedded

= (1,1,0) hard wall
A (1,1,0) embedded

1074}

o

1.1x10% 1.6x10*

Ne

1.6x10°  6x10°

FIG. 3. Comparison between the convergence of computed
eigenvalues for a cavity embedded in a superconducting shell
and the convergence of computed eigenvalues for a perfect cav-
ity with the hard-wall boundary condition imposed. N, is the
number of edges used in discretization of the cavity. The dimen-
sions of the vacuum regions within both cavities are L, = 1 cm,
L, =15cm, and L. = 2 cm. A schematic of the embedded cav-
ity is shown in the inset at the center top, while the inset in the
top-right corner shows schematically how the effective penetra-
tion depth is assigned on the inner boundary of this cavity via
coarse-graining.

the perfect cavity calculation, and the two converge at the
same rate as the mesh density increases.

B. Detection and removal of hybridization between
degenerate modes

In symmetric structures such as the rectangular cav-
ity discussed earlier in this article, there is a possibility
of hybridization of degenerate modes in the numerically
obtained eigenspectrum. These degeneracies are some-
times called “accidental” because they are not predicted
by the symmetry group of the Hamiltonian but originate
from a hidden symmetry of the system [74]. In such cases,
numerical solvers tend to face difficulties in distinguishing
these degenerate modes. For a rectangular superconduct-
ing cavity, the eigenvalues corresponding to each field
component A; of the field A read

n? 2

o\ o)

with the corresponding eigenfunction that is separable in
Cartesian coordinates

(12)

Ai = Xi(0)Yi(0)Zi(2). (13)
If the ratio between any two of the three lengths L., L,, or
L. is an integer, then there can be degeneracies. To numeri-
cally lift these degeneracies, the hidden symmetry needs to
be eliminated. In this specific case, we can do so either by
extending the cavity boundary to have a finite thickness, as
was done in our earlier discussion on the embedded cavity,
or by introducing a small perturbation of the cavity shape.
To demonstrate this, we consider again the perfect cavity
with dimensions L,:L,:L. = 1:1.5:2. In Fig. 4(a), where
the third and fourth modes of the unperturbed cavity are
plotted, we can see that each field component of the two
modes is characterized not by any single set of quantum
numbers (ny, n,,n;) but rather by a linear combination of
the two accidentally degenerate modes. In Fig. 4(b), we
plot the same modes, but the cavity is now slightly per-
turbed by an amount AL, = 0.01 along the z direction, so
now L, = L, + AL, = 2.01. The degeneracy is then lifted,
and each of the two modes is now well-described by a dis-
tinct set of quantum numbers, which helps demonstrate the
sensitivity of our numerical scheme to small changes in the
geometry of the system simulated.

C. Calculations for closed multiscale systems

So far in this article, we have validated the accuracy
of DEC by applying the method to simple systems with
a large degree of symmetry and comparing the results with
analytical solutions. The strength of DEC, however, lies
in its ability to correctly capture the properties of systems
containing multiple spatial scales through coarse-graining.

064009-7



PHAM, LI, and TURECI

PHYS. REV. APPLIED 23, 064009 (2025)
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1.0

FIG. 4. Demonstration of the appearance and removal of
hybridization between degenerate modes in a system with hid-
den symmetries. (a) The degenerate third and fourth modes of a
rectangular cavity with perfect superconducting boundaries and
dimension ratio of 1:1.5:2. (b) The third and fourth modes of
a perturbed cavity when the dimension ratio is 1:1.5:2.01. The
two modes are now well-characterized by their respective set
of quantum numbers, which are schematically shown below the
field distributions.

The ability to simulate the full multiscale system is espe-
cially important for analyzing package modes and how
they affect the on-chip operations [53]—a study that
requires a computational mesh capable of encompassing
multiple spatial scales to cover the volume of the entire
package while simultaneously resolving the fine details on
the quantum chip. Another example of a multiscale system
is a three-dimensional superconducting cavity containing
one or a few superconducting chips. The dimensions of
a 3D cavity are typically on the order of approximately
1 cm, while a dielectric substrate holding the qubits has
a size of a few millimeters, and a qubit itself can have
its smallest components in the range from micrometers to

tens of nanometers. To model such systems, one possi-
ble workaround to avoid computational bottlenecks is to
divide the problem into individual simulations of sepa-
rate parts. However, because of hybridization, the spectral
characteristics of the entire system composed of these
devices being in the vicinity of each other can be vastly
different from those of the individual components. Hence,
it is imperative to be able to model the entire structure and
directly extract its modes.

A schematic of the system we consider is shown in
Fig. 5(a). It consists of a 3D cavity containing two dielec-
tric substrates. A transmon qubit is mounted on each
substrate. Each transmon qubit is composed of two super-
conducting capacitor pads connected by a Josephson junc-
tion. It is a well-known property of Josephson junctions
that their dynamics are well-characterized by the coarse-
grained phase across it [75]. In other words, to an observer
outside and away from the junction and who can make
measurements with only limited precision, the detailed
dynamics inside the junction is unimportant to the dynam-
ics that results from its interaction with the surrounding
electromagnetic environment. This property can be used in
coarse-grained calculations using DEC to reduce the com-
plexity of the mesh needed; this is done by one modeling
a junction by a single edge instead of finely meshing the
junction geometry. In the calculations of electromagnetic
modes, this is equivalent to the linearization of the junction
across the edge. To obtain modes whose wavelengths are
orders of magnitude larger than the longitudinal size of the
junction, the fine details of the material distribution within
the junction are irrelevant and do not need to be resolved
during meshing. In Figs. 5(b)-5(e), a few example modes
of this multiscale system are shown. In this calculation,
we set the size of the cavity to be 1160 x 160 x 550 mm?,
while the sizes of the two identical substrates are both 25 x
50 x 3 mm® and they are separated by a distance of 600
mm. The size of the capacitor pads of the qubits is 6 x 3 x
0.1 mm?, and the two pads belonging to the same qubit are
connected by a 0.2-mm-long bridge. We show the results
for different types of mode that the system supports: In
Figs. 5(b) and 5(c), single-qubit modes are shown, where
the hybridization with the other qubit and the cavity field
is suppressed. On the other hand, there can also be modes
in which both qubits participate, such as the one shown in
Fig. 5(d). Finally, in Fig. 5(¢), we demonstrate a hybridized
mode in which both the qubits and the cavity participate.

V. CALCULATIONS OF OPEN MODES

So far in this article, we have considered only closed
systems, i.e., systems that support only modes that decay
exponentially beyond their boundaries (e.g., a system sur-
rounded by a superconducting enclosure much thicker than
the relevant penetration depths). Here we extend DEC-
QED to allow a mathematically rigorous consideration of
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FIG. 5.

(a) A system consisting of a three-dimensional superconducting cavity containing two spatially separated chips. Each chip

is a dielectric substrate on top of which a Josephson qubit is mounted. The qubit is made of two superconducting capacitor pads
connected together by a bridge containing a Josephson junction (JJ) of micrometer size. A few exemplary modes of the system are
plotted, such as (b) the mode where only qubit 1 participates, (c) the mode where only qubit 2 participates, (d) the mode where both
qubits are activated, and (e) a hybridization of the two qubits and the cavity field. The unit for all the axes in (b)—(e) is millimeters.

radiative losses. The correct modeling of open systems,
where fields can propagate into and out of a confined
domain, is of great interest since it is directly related to
the quantification of qubit lifetimes and radiative losses. A
superconducting qubit placed in an open cavity acquires a
relaxation rate through hybridization of the qubit with the
electromagnetic modes of the cavity. Therefore, its relax-
ation rate is given by the imaginary part of the complex-
valued eigenfrequency of the qubitlike mode, while the
difference between the real part in the frequency of a
hybridized mode and the internal natural frequency of the
qubit gives the Lamb shift [64]. In a similar vein, radia-
tive loss of cavity modes is given by the imaginary parts
of the cavitylike modes and is modified through hybridiza-
tion with the qubit. Beyond the realm of superconducting
microwave circuits, the problem has also been important to
the broader scope of electromagnetic devices. We are par-
ticularly interested in the implementation of finite, open
boundaries that are transparent so that fields can propa-
gate through them without any reflection. Moreover, the
formulation needs to be compatible with the eventual sec-
ond quantization of the electromagnetic field everywhere
within the system, including the boundary itself. Here we
provide the derivations of two such approaches and present
numerical demonstrations.

A. Green’s boundary integral formulation for
scalar fields

First, we discuss an implementation of open boundaries
using Green’s boundary integral formalism. The definition

of radiative boundary conditions is analytically stated only
at spatial infinity (» — 00). However, our goal is to state
a mathematically equivalent condition at a finite distance
from the cavity to keep the computationally volume as
small as possible. We refer to this imaginary boundary
that includes all material systems within its volume as
the “surface of last scattering” (SOLS). We then use the
analytically known free-space frequency-domain Green’s
function to “propagate” back the boundary condition at
infinity to the SOLS chosen.

Consider a domain D consisting of possibly multiple
disjoint regions all enclosed by an imaginary boundary sur-
face. Before considering the spectral problem associated
with the vector Helmholtz equation (6), we consider the
warm-up problem of the Helmholtz equation for a scalar
field ¢ (r):

V2 (r) + n> (k¢ (r) = 0, (14)

where n(r) is the dielectric function of the ith region I,
and k is again the wave number. The Green’s function of
the Helmholtz operator reads

i , o
—~H" (nik|r —¥'|) in two dimensions,
/ —
G(r,r, k) = einiklrfr/l
in three dimensions,

(15)

where Hél) is the Hankel function of the first kind. At
first glance, the Green’s functions in Eq. (15) and their

dxir — /|
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derivatives diverging at r = r’ might seem to be a prob-
lem. This difficulty can be circumvented by one casting
the boundary condition in an integral form to regularize the
Green’s function singularity [76,77]. On applying Green’s
second identity and taking the limit as ¥ — dI';, we find
that the field value at a point r’ that lies on the boundary
ol'; of a domain is given by [71]

¢’y =2P"" / [6 VG, v, k)

ar;

— G(r, Y, k)Ve(r)] - ds, (16)
where P?~! indicates the (d — 1)-dimensional Cauchy
principal value integral, with d being the dimension of
the domain. A detailed derivation of Eq. (16) is given in
Appendix B for completeness. In Eq. (16), the field at a
point on the boundary is determined by the field and its
gradient everywhere else on the same boundary. Equation
(16) is applicable to smooth boundaries of any form and
shape. They can also be made up of different disjoint but
closed segments.

To use Eq. (16) for application of the boundary condi-
tion at the domain boundary 9D, we need to numerically
evaluate the normal gradient of the boundary field in a way
that is self-contained within the field lying on the bound-
ary itself. To do so, consider a secondary boundary 3D’
that is formed by one contracting 9D by an amount Ar
along the normal direction everywhere on the surface, as
shown schematically in Fig. 6. There is now a thin layer
bounded by 0D U 3D’ over which Green’s identity can
be performed to obtain Eq. (16) that determines ¢ (r’) for

y/ n f\\\\\\
7/ N
s/ AN\
72527 \l\l
f /
1! Arf/
/) e
//// \\\\
\

AR ng n /
N /4/
\\ D ;/
| i
W 1!
\\\\ / 7!
\\i\alD //——:ﬁ/

N -
oD \\:\\ 2

FIG. 6. An open system D consisting of multiple material
regions with refractive indices n;. The SOLS, the imaginary
(transparent) boundary 3D (the dashed contour) containing all
material systems, can have an arbitrary shape as long as all
regions of interest are enclosed within it. The secondary bound-
ary 9D’ is created by one contracting everywhere the original
boundary 9D by an amount Ar.

every point r' € 3D. The surface integration is now done
over 3D U 9D’. Note that during the evaluation of Eq. (16)
the unit normal vector i on 3D’ points into D.

The application of open boundaries using Eq. (16)
results in a boundary condition that depends parametrically
on k. To solve for the eigenmodes of Eq. (14), we rewrite
it as the following matrix representation:

[H,(k) + K] @ =0, (17)

where H (k) is the scalar Helmholtz operator, and the vec-
tor @ contains the scalar field evaluated at all vertices in
the computational mesh. The task of finding the eigen-
values of H(k) can be cast into a singular value decom-
position problem [78]. The eigenvalues k, correspond to
locations of local minima in the lowest singular value of
M (k) = H (k) + k2.

We demonstrate the formulation presented here through
calculations of the open modes of Eq. (14) applied to
a 2D dielectric disk placed in a vacuum. The disk has
radius R; = 5 mm and n = 1.5, while the boundary is cho-
sen to be a concentric circle with radius R = 8 mm. The
results for the lowest singular value of M (k) are shown
in Fig. 7(a) for k£ within the range 0 < Re(kR;) < 4w and
—3.57 < Im(kRy;) < 0. Since the system supports incom-
ing and outgoing modes equally, we need to focus only
on the outgoing modes, whose real part of & is positive.
The distribution of the eigenvalues has a mirror symme-
try across Re(k) = 0, and the incoming modes are different
from the outgoing ones only by the sign of Re(k). The local
minima in Fig. 7(a), whose locations correspond to the
eigenvalues k,, are collected and plotted in Fig. 7(b). Note
that since all modes are radiative, their eigenvalues are
complex, with the imaginary parts giving the correspond-
ing relaxation rates. We also compare these numerically
computed eigenvalues with the semianalytical solutions
obtained by our solving the transcendental equation aris-
ing from matching the continuity condition of the field and
its normal derivative at the edge of the disk. As seen in
Fig. 7(b), the numerically obtained eigenvalues (orange)
agree with the eigenvalues obtained through the analytical
equation (blue) over a wide range of k.

The field distributions of a few eigenmodes are pre-
sented in Fig. 8, where the real part of the fields, Re(¢), is
plotted. The numerical labeling of the modes is done first
in ascending order of Im(k,R,;) in the range {—3.57,0},
then in ascending order of Re(k,R;) in the range {0, 47w }.
The features exhibited by these distributions can be under-
stood through analytical considerations; in polar coordi-
nates, one can write the fundamental solution to the scalar
Helmbholtz equation as ¢ (r,0) = R(r)®(0). The angular
dependence of the fields is of the form ®(f) ~ e*"?,
which is confirmed by the curves in red in Fig. 8, where
the angular dependence of the fields is plotted at a fixed
radius. The radial component, on the other hand, is given
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FIG. 7. (a)Lowest singular value (SV) of M (k) computed for

a sample range of k. The physical system is a dielectric disk with
radius R; = 5 mm and refractive index n = 1.5. A schematic of
the system is given in the top-left corner. (b) The eigenvalues
k, of H(k) are indicated by the locations of the local minima
of the lowest singular value of M (k). The semianalytical results
are plotted in blue, while the numerically computed values are
plotted in orange.

by R(r) ~ Z,,(nkr), where Z,, is the Bessel function of the
first kind J,,, the Bessel function of the second kind V,,, or
the Hankel functions H(?. Inside the dielectric disk, the
radial component of the field is given by J,,,, while the field
outside the disk is described by H/" (H.?) for an outgo-
ing (incoming) wave. This radial dependence is shown by
the blue curves in Fig. 8.

B. Green’s boundary integral formulation for vector
fields

A problem of greater interest is, however, the imple-
mentation of open boundaries for vector fields. For this,

we have extended Green’s boundary integral method for
scalar fields to address the vector Helmholtz problem as
well. Consider a divergence-free vector field A(r’) that
satisfies Eq. (6) defined over the domain D. The depen-
dence of the field value at a location r’ € 3D on the field
everywhere else on the same boundary is given by

A(r) = —2p-! / {Gr,Y, ) [(V x . A) x i
aD

— VG(r,r, k) (A 1) — VG x (A x i)} ds,
(18)

where G(r,r’,k) is again the scalar Green’s function as
defined in Eq. (15), and the principal value integral is gen-
eralized to the vector case. A detailed derivation of Eq.
(18) is given in Appendix B.

We demonstrate the implementation of the boundary
condition in Eq. (18) in DEC by calculating the modes of
Eq. (6) applied to the same 2D dielectric disk studied in
the scalar case. Consider a discretization of the computa-
tional domain into a polar grid that has Ny and Ny vertices
along each radial ray and circle, respectively. In the case
of the open BC, it is natural to allow the mesh to also be
“open” such that there are additional edges on the phys-
ical boundary of the system that protrude outward in the
direction normal to the surface, as shown in Fig. 9(a). A
primal edge e in this setup is identified by n, and ny, its
radial and angular indices, accompanied by a superscript »
or 6 indicating the direction of the edge. In DEC, the appli-
cation of BCs to a vector field translates to the application
of BCs for the normal and tangential edge fields ® (e}, ,,,)
and Q(e%R’n ,) lying on the boundary edges. The condition
in Eq. (18), when applied to a 2D circular boundary, then
becomes

P (g ny) = —P(hp_1,)
2 9G A 0 P (0)|RAS
+Zej = (PN 0) + @3, 6)]

oG

AR
S le el B a0

for the radial boundary edge, and

(e, ) = — Bl 1)
—~ ;{me [G(r, v, k) (1 + &) - R%—ﬂ
x (@ (R) + @), _|(R))
— 2G%(¢39 (R—AR)+®), _,(R—AR))

A6O2 3G
_ZR_

7 30 L2t ) + 2, (0)]
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FIG. 8. Selection of open modes of the scalar Helmholtz equation on a dielectric disk whose radius R; = 5 mm and refractive index

n = 1.5. In each panel, the surface plot shows the distribution of Re(¢) in the entire domain inside the boundary radius R. The blue
curve shows the value of Re(¢) at fixed angle & = 4s/5 as a function of the radial coordinate ». The unit for the horizontal axes is
millimeters. The vertical orange line indicates the edge of the disk. The red curve shows the field at fixed radius » = 4 as a function of

the angular coordinate 6.

RA[
AR

— @, (60— A9>—<I>§VR<9—A9>]} (20)

-G Dy, 10 + AG) + @Y (6 + AD)

for the angular boundary edges, where AR and A6 are the
spacing between consecutive grid points on a radial ray and
a circle, respectively.

Similarly to the scalar problem, to search for the eigen-
values, we compute the lowest singular values of the
operator M., (k) = H, (k) — k?, where H, (k) is the vector
Helmholtz operator. The distribution of the local min-
ima of M, (k) in k-space is shown in Fig. 9(b). The field
distributions of a few randomly selected eigenmodes are
presented in Fig. 9(c), where the plotted vector fields
exhibit the correct behavior of how radiations permeate
and escape a dielectric disk.

To demonstrate the versatility of DEC in computing
radiative modes of arbitrarily shaped systems, we apply
the formulation to the modeling of a superconducting qubit
chip placed in the region between two cylindrical capac-
itors, as schematically shown in Fig. 10(a). The qubit is
made of two superconducting islands that are separated
by a distance of 0.75 mm and connected by a bridge
that contains a Josephson junction. The width of both the
bridge and the junction is 50 wm, and the qubit is mounted
on a circular dielectric disk that has radius R; = 4 mm
with refractive index n = 1.5. We assume the two ideal
superconducting cylindrical capacitors extend indefinitely

toward both ends, and the qubit is placed in the middle of
the slit separating them. The width 4 of the vacuum spac-
ing between the two cylinders is taken to be very small
compared with their radius R.. This allows us to effec-
tively discretize the distance between the surfaces of the
two cylinders by two edges. Because of mirror symme-
try at z = 0, the amplitude of the coarse-grained field on
one z edge is identical to that of its mirroring edge. This
allows us to decouple the in-plane field component from
the out-of-plane component, and we can focus on solving
for the modes of Eq. (10) applied to the 2D in-plane field
on the z = 0 slice, where the substrate containing the qubit
is located. We choose the computational boundary to be
a circle whose radius R = 8 mm is half that of the cylin-
drical capacitors R.. There are two notable types of mode,
for which examples are shown in Figs. 10(b) and 10(c).
Because of the geometry of the qubit being two islands
connected by a bridge, it can act as a dipole. A mode that
behaves in this way is shown in Fig. 10(b), where the field
lines exit in the normal direction from one island and enter
the other island. The field also decays in the bulk of the
islands at a rate determined by their penetration depths.
In another scenario, because of their separation, the two
islands can behave as individual superconducting objects
around which the field lines flow with no normal compo-
nent at the surfaces of the islands. A demonstration of such
a mode is shown in Fig. 10(c). Finally, in Fig. 10(d), we
show how one can tune the internal resonance frequency of
the qubit through a cavity resonance, exposing the Purcell
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FIG. 9.

Open-mode calculations of the vector Helmholtz problem for a dielectric disk placed in a vacuum. The disk has radius

R; =5 mm and refractive index n = 1.5. (a) The polar grid used in the calculation. (b) Surface plot of the lowest singular value
(SV) of the operator M, (k) as a function of k. The local minima indicate the eigenvalues of the vector Helmholtz operator H, (k).
(c) Distributions of Re(.A) in a number of radiative modes (the unit for all axes is millimeters).

enhancement of the qubit relaxation rate [63]. The relax-
ation rate due to radiative loss of a qubitlike mode, i.e.,
the spontaneous emission rate, is plotted as a function of
the qubit frequency. We observe a finite peak as the qubit
frequency is resonant with a cavitylike mode, signifying
an increased emission rate due to the hybridization of this
qubit mode with the cavity field [43]. In this case, the Pur-
cell enhancement factor with respect to its value away from
resonance is not large, because we intentionally chose a
very (radiatively) lossy cavity represented by our placing
two cylinders facing each other, a situation that corre-
sponds to the regime of overlapping resonances (finesse
much less than 1).

As mentioned earlier, the formulation for calculating
radiative fields using the Green’s function method is flexi-
ble in terms of the shape and topology of boundary surfaces
to which it can be applied. The physical boundary of the
system can be made of multiple, possibly disjoint, but
closed segments that bound a non-simply-connected struc-
ture. However, the vector field being calculated has to be
divergence-free as a prerequisite. Although this restriction
is not a concern in many useful cases, such as the cal-
culation of the electric field in a sourceless region or of
the magnetic vector potential in the Coulomb gauge, it is
sometimes helpful to have the freedom of not necessarily
having to choose a divergenceless field. In the follow-
ing section, we introduce an alternative formulation that
achieves this.

C. Vector spherical harmonics expansions

In this section, we discuss the implementation of open
boundaries using VSH expansions. VSH [79] are an exten-
sion for vector fields of scalar spherical harmonics. There
are three subclasses of these vectors, defined in spherical
coordinates (7,6, ¢) as

Ylm = Ylm(ga ‘P)f', (21)
lIJlm = l"VY[m(Q, 90), (22)
<I)lm =rX VY[m(Q, §0) (23)

that altogether form an orthonormal and complete basis.
Any vector field can then be expanded as follows:

o0 /
Ar) =D ALY+ AW+ A @,
1=0 m=—1

24

where the coefficients A; , AV, and A} are functions
of the radial coordinate r. In Eq. (24), of the three mutu-
ally orthogonal terms, the first term on the right-hand side
is the radial component of the field, while the remaining
two terms are angular contributions. Note that neither of
the angular terms aligns with azimuthal or polar directions
but is a linear combination of both. Using Eq. (24) as an
ansatz for the field, we can split Eq. (6) into three decou-
pled ordinary differential equations, each for one of the
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FIG. 10. Calculations of radiative modes of a transmon qubit sandwiched between two cylindrical superconducting capacitors.
(a) The system considered. The qubit is mounted on a circular dielectric disk with radius R; = 4 mm and refractive index » = 1.5. The
qubit is composed of two superconducting islands that are 0.75 mm from each other and connected by a bridge containing a junction
in the middle. The width of both the bridge and the junction is 50 wm. (b) Example of a “dipole” mode. The qubit acts like a dipole,
with the field lines starting from the surface of one island and ending on the surface of another island. (c¢) Example of a mode where
the field lines flow around the individual capacitor islands with no normal component at each island’s surface. The boundary of the
qubit is shown in yellow in the enlarged insets, and all the axes of the plots have the unit of millimeters. (d) Spontaneous emission rate

of a qubitlike mode as a function of the qubit frequency.

three coefficients. Their solutions are

r_ Zipp(kr)

Im — }"3/2 ) (25)
1 Z, (kr) k
1) I+1/2
— —\Zi_ 1 (kr
b 1(1+1){ pr T ﬁ[ -172(87)
Lo ()] } , (26)
2 g
A2 — S 2k, @27

where Z, in general, can be the Bessel function of the
first kind J, the Bessel function of the second kind Y, or
the Hankel functions #». For the outgoing (incoming)
waves, the Hankel functions of the first (second) kind pro-
vide the appropriate description. After the VSH expansion
in Eq. (24), the implementation of the open boundary con-
dition on the field .A now reduces to the BC on each of the

three field components A", A and A®. Here we dis-
cuss the BC for A" as an example, while the details for the
BCs for AD and A® are given in Appendix C.

Consider a spherical boundary of radius R. The series
expansion for the radial component of the radiating field
on the sphere is given by

A'R,0,9) = @, 47, (R)Yim(R,6,0)
Lm

— ~r
- Im

Im

YT, (28)

where a;, are the expansion coefficients. Performing inte-
gration over the surface of the sphere and using the
orthonormality condition of VSH, we arrive at an expres-
sion for the expansion coefficients as follows:

ay, = g, Hip12(kR)

m =
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= R? / dQA" Y},

=R2Y"A(R,0,9)Y;,

if

where [ d is the solid angle integral that covers the entire
sphere, and the last line of Eq. (29) is the discretized
version of the integral written as a sum over all the tri-
angular patches f whose centers are located at (6;, ¢;) on
the spherical boundary. To apply the BCs, consider the
sphere beneath the boundary that has radius R — Ar (i.e.,
the second-to-last layer). The radial derivative of A" is
given by

A"R,0,¢9) — A"(R— AR,0,¢)
AR
k
= Z 2R5/2H1+1/2(kR) + 3/2H/+1/2(kR) Yim,

(30)

which allows us to write the field at the boundary
A"(R, 6, ¢) in terms of the expansion coefficients aj, and
the field at the layer with radius R — AR. Using Eq. (30)
and the expression for a;, derived in Eq. (29), we find that
the boundary condition for A" is then

A"(R,0,¢)
AA
=Y Y AR—ARO,9)Y}, 0 0) —>— (f)
Im ij
3 Hi_12(kR) — Hiy 32 (kR)] }
1+ AR k
{ " [ R 2Hrs 12 (kR)
X Y (0, ). 31)

Equation (31) is for the radial component of the field,
which in DEC is a scalar lying on vertices of the primal
mesh. To arrive at the appropriate BC for the edge field
®(e) governed by the discrete vector Helmholtz equation
given in Eq. (10), we need to rewrite A"(R,0,¢) and
A"(R — AR, 6;,¢;) in terms of the edges belonging to the
vertex located at (R, 0, ). This means two consecutive
spherical layers beneath the boundary are needed to com-
pute A"(R — AR, 6;,¢;). The procedure as a whole can be
substantially simplified by one designing the mesh so that
the boundary surface and the two layers beneath it have
identical triangulation patterns. This ensures that for any
vertex vp located at (R, 6, ¢) on the boundary surface, there
is an edge ¢" oriented radially that connects v, with the
vertex v, at (R — AR, 6, ¢) that has the same angular coor-
dinates as vp. Similarly, there is always an edge connecting
v, with a vertex v, at (R — 2AR, 0, ¢). Note that we need
only the three outermost layers of the mesh to be spherical

and have identical triangulation patterns, while the rest of
the internal domain can be freely and randomly discretized
with tetrahedra. Similarly to the discussion on the Green’s
function approach in the previous section, here, for open
boundaries, it is convenient to use an open mesh such that
there are radial edges that protrude out of the boundary sur-
face. The BC applied to these boundary radial edges e is
then

oy =—oe)+Y Y 3 e

e’ fovjvce Im

H_ R) — H| R
x {H—AR[ 3 Tyl 1/2(kR) — Hiysp0 (k )}
2R 2H; 112 (kR)

Y, (M) Ym0, 9)} (32)

where eZ, is the other radial edge that shares the boundary
vertex with e;. In Eq. (32), the first sum is done over all
radial edges €" lying in the two layers beneath the boundary
surface, while the second sum is done over all faces f that
share a vertex with e”. This concludes our derivation for the
open BC applied to a radial edge in the DEC framework.
The boundary conditions for edges lying tangential to the
surface are discussed in Appendix C.

We apply the formulation developed here to calculate
the modes for a three-dimensional dielectric microsphere
surrounded by a vacuum. The radius R; of this dielectric
sphere is kept fixed at 12 wm throughout all calculations
discussed in this section. The computational boundary is
an “imaginary” spherical surface at finite radius R > Ry,
as schematically shown in Fig. 11(a). The results of the
eigenvalue search found through singular value calcula-
tions are shown in Fig. 11(b), where we chose R = 24 um.
With a primal mesh of approximately 2900 vertices and
approximately 18 000 edges, the local minima of the small-
est singular value are on the of order 10~7, proving them to
be reliable indicators of the eigenvalues of the system. The
dielectric microsphere is chosen to demonstrate our for-
mulation because there exist semianalytical solutions that
can be obtained by one solving the transcendental equation
arising from enforcing the continuity of the field and its
normal derivative at the dielectric/vacuum interface. We
use these solutions to investigate the efficacy of our method
in a number of ways. First, the numerical implementation
of the series expansion in Eq. (28) requires a truncation
of the number of terms considered. We, therefore, investi-
gate the dependence of the convergence rate on the number
of Bessel functions included while keeping the mesh size
fixed. The results can be seen in Fig. 11(c), where we show
the error of the numerically obtained lowest eigenvalue
computed with the semianalytical solution. With a man-
ageable number of L, = 10, where L, is the largest
ordering of Bessel terms in the expansion, the error reduces
to below 4%. Another important factor is how large the
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FIG. 11. Results for the open-boundary modes of a dielectric
microsphere. (a) The system studied: a sphere of radius R; =
12 pm. (b) Lowest singular value (SV) of M, (k) as a function of
k. (c) Error of the lowest eigenvalue as a function of the largest
ordering of Bessel terms. (d) Error of the lowest eigenvalue as a
function of the boundary radius R.

computational boundary needs to be in order to achieve
precise solutions, since accuracy is expected to increase
as the boundary is moved further away from where the
devices are concentrated, but one doing so also increases
the mesh complexity, and hence the computational burden
is increased. In Fig. 11(d), the convergence as a function of
the boundary radius R of the lowest eigenvalue is plotted.
We see that even with a tight boundary when R = 16 pm
(while the dielectric sphere is kept at 12 wm) the error
is relatively low at 15%, and for R = 2Ry, it is reduced
to below 4%. These results verify that our coarse-grained
implementation of open boundaries using VSH is able to
produce accurate solutions using a boundary of reasonable
size.

The formulation based on VSH expansions introduced
here allows effective calculations of open modes while
also removing the requirement of divergenceless fields.
However, unlike Green’s boundary integral formulation,
which is adaptable to arbitrarily shaped boundaries, this
approach needs to be implemented on a spherical surface.
This makes the formulation most suitable when applied to
three-dimensional structures that have comparable lengths
along the three directions, such as 3D cavities. In some
other specialized cases, this requirement may limit us from
drawing the tightest boundary possible, which, in turn,
might cause the computational domain to be larger than
it needs to be. An example is a coplanar waveguide whose
length is much larger than its planar width, which, in turn,
is much larger than the thickness along the cross section

of the waveguide. In such a case, replacement of a spheri-
cal boundary with an ellipsoidal one is preferable since an
ellipsoid has three tuning parameters that allow squeezing
and stretching in three directions. Fortunately, the series
expansion—based approach discussed here is extendable
to ellipsoidal coordinates. This relies on the fact that the
Helmholtz equation is separable in ellipsoidal coordinates
as well, which allows the expansion of functions, now
in terms of ellipsoidal waves. Although a mathematically
intensive discussion on how to generalize our method to
ellipsoidal coordinates is beyond the scope of this article,
in Appendix D we provide a preamble by discussing a brief
proof of the separability of the Helmholtz equation.

VI. CONCLUSION

In this article, we have introduced a spectral theory
for the modeling of mode hybridization and relaxation
rates in general systems composed of superconducting and
dielectric materials. In doing so, we have demonstrated the
following important points:

(1) We have shown that the coarse-grained formula-
tion of electrodynamics using discrete exterior calculus
is adaptable to simplicial and complex meshing strategies
with equal precision. Although based on the calculations
of coarse-grained quantities, the numerical scheme can
still display the high sensitivity to small changes in the
geometry and topology of the system that is needed, for
instance, in the categorization of degenerate modes aris-
ing from hidden symmetries when a small perturbation is
introduced.

(2) The method, which maps the problem of model-
ing vector fields to the calculation of averaged projections
lying on discrete edges, is particularly effective when
applied to systems composed of objects of multiple spatial
scales, such as those used in superconducting electronic
circuits. Since the method keeps track of the average vari-
ables, it allows more-efficient meshing strategies that take
into account the sizes of the Josephson junctions as well
as the finite resolution imposed by a given measurement
apparatus. This is an important advantage that this formu-
lation offers because here the mesh does not need to be
finer than the size of the Josephson junctions or the mea-
surement apparatus. Future work will focus on adaptive
meshers that adapt to the finite spatiotemporal resolution
provided by the measurement apparatus interrogating a
particular dynamics, allowing the efficient and accurate
simulation of only what is measurable.

(3) We have introduced two implementations of open
boundaries for the vector wave equation that are applicable
to a wide range of electromagnetic systems. By drawing
“imaginary,” transparent boundaries that are reasonably
sized, we are able to faithfully produce the open modes that
agree well with analytical solutions. We also demonstrated
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the flexibility of the formulation by applying it to the
calculation of radiative modes of a superconducting qubit.

(4) Because the formulation we developed deals with
the gauge-invariant field that hybridizes light and mat-
ter and pervades the entire system, solving the spectral
problem associated with it naturally gives us modes that
hybridize all the modes of individual components in the
circuit.

The spectral theory presented here is suitable for the sec-
ond quantization of the electromagnetic field and the time-
dependent numerical simulation of the nonlinear dynamics
of open superconducting systems with arbitrary complex-
ity. We expect the ability to accurately and efficiently
extract relaxation rates, as well as the quantification of
mode hybridization demonstrated here, to be useful in the
modeling and optimization of superconducting circuits.
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APPENDIX A: LINEARIZATION OF THE EHDS
EQUATIONS

In this appendix, we provide a derivation for the lin-
earization of the EHDS equations that leads to the spectral
problem analyzed in this article. We start with the gauge-
invariant form of the EHDS equations [Egs. (4) and (5)]
and impose the condition that charge conservation is indi-
vidually respected by both the charged condensate p and
the source pgc, meaning that the last two terms in Eq.
(5) cancel each other. Consider a time-harmonic source

current Jg. = Joe'® that, to first order in frequency, results
in fluctuations in the gauge-invariant field A = Age'".
According to Eq. (5), this, in turn, leads to a fluctuating
condensate

p = po+ 8poe'”, (Al)
where 8py < po. While the quadratic term 9,V|.AJ?> does
not have a first-order contribution and can be ignored, the
last term on the left-hand side of Eq. (4), which is related to
the rate of change of the quantum pressure, needs careful
consideration:

o€oh? EV [Vz(\/ﬁ)}
2mg Ot JP

_ uoeoﬁ2V 12, IVpl?  V?p  Vp-V\dp
 4mg p o3 P> p ) ot
h2
- Wl gy 4 (A2)
m

where in the last line of Eq. (A2) we have used the ansatz
(A1) for p with py being a stepwise constant function,
used Eq. (5) to replace the time derivative 9;p, and kept
only the leading-order terms. For transverse excitations,
the operation on A in Eq. (A2) vanishes, resulting in the
inhomogeneous source-field equation

VXVXA0+( —nz(r)k2>.A0=J0, (A3)

A7 (r)

where Az (r) = /m/uog?po(r) is the London penetration
depth, n(r) = /é(r), and k = poeow?.

APPENDIX B: DERIVATION OF GREEN’S
BOUNDARY INTEGRALS

In this appendix, we provide the derivations of the inte-
gral forms of the boundary fields that obey the scalar and
vector Helmholtz equations as shown in Egs. (16) and (18),
respectively.

For a homogeneous domain I'; bounded by the bound-
ary oI';, the Green’s function is the solution of the impulse
response of the scalar Helmholtz operator and is defined
by

[V? + i k] Gr, ¥ k) = 8(r — 1)), (B1)
where §(r — r’) is a d-dimensional Dirac § function. Mul-
tiplying Eq. (13) by G(r,r’, k) and Eq. (B1) by ¢(r), and
then applying Green’s theorem, we obtain

p(r') = / [¢(VG, ¥, k) — G(r,r',k)Vé(r)] - ds,
ary;
(B2)
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(a)

FIG. 12. Sketches showing how deformations are done to
evaluate diverging integrals containing the Green’s function.
(a) Deformation on the boundary to include the boundary point.
(b) Insertion of a hollow region internal to I'; surrounding the
point of interest. (¢) Deformation of the boundary to exclude the
boundary point of interest.

for r’ strictly inside the domain boundary aT";. As we take
the limit ¥’ — 9T, both G(r, 1, k) and its normal gradient
diverge. However, we can show for the 3D case that Eq.
(B2) is still integrable. A proof for two dimensions can be
found in Ref. [76]. We first consider an infinitesimal half-
spherical deformation C of the boundary at r’ such that the
surface now avoids and encloses the singular point inside
the domain I'; as seen in Fig. 12(a). If radius of the defor-
mation is €, then at the limit € — 0, the integral of the
second term in Eq. (B2) over C vanishes,

lim | G(r,¥,k)Ve(r) - ds
e—~0 Jo

1 /1
— <—+in,~k+...)2n62=0,
€
(B3)

while the integral of the first term over C gives

, G , L emike Lk 1 )
o fc%—n“’s =T (? B —) ae

= 390, (B4)

where in the maneuvers above we have used the series
expansion of the Green’s function, which reads

ein;klr—r/l 1
£ __ e+ ).
Al —r| <|r—r’|+m + )

(B5)

G, x k) =—

From the results in Eqs. (B3) and (B4) it follows that the
integral in Eq. (B2) when r’ € 9T'; evaluated over the entire
boundary surface is indeed of the form shown in Eq. (16).

For the vector case, we start by introducing the vector
analog of Green’s identity

/(u-Vxva—v-Vxqu)dV
I

= VvxXxVxu—uxVxv)-ds,
ar;

(B6)

where u and v are vector fields. We now choose v = A(r),
our field of interest, and u = G = G(r,r’, k)v, where v is
a unit vector that has a randomly selected, but constant,
orientation. For a point r’ outside I';, Eq. (B6) reduces to

/ ®»-VG V- AdV
L

=/ (6-VO)(A-i) +A

ar;
x (VGx9)—GxVx.A}-ds

=/ (- VO(A- i)+ (5 A)VG- )
ar;

- (»-0)(VG-A)-G-[(Vx.A) xi]}ds,
(B7)

where 1 is the unit normal vector on 9T';. Since v is a com-
mon factor in all the terms, it can be dropped, and we arrive
at

/VG(V~.A)dV=/ {VG(.A~ﬁ)—|—VGx(.Ax n)
r; ar;

— G[(V x A) x i)} ds. (B8)
We are interested in, however, the evaluation of the field
inside T';. To proceed, consider when 1’ is inside the mate-
rial region enclosed by 0I'; but there exists an infinitesi-
mally small spherical hole S of radius € centered at r’. The
boundary of I'; now consists of the original outer surface
oI'; and the boundary of the sphere, as seen in Fig. 12(b).
At the limit € — 0, each term in Eq. (BS) evaluated on the
sphere gives

lim | G[(V x A) x i]ds
s

e—>0
inj ke 5
= 611_13(1)— o [(V x A) x 1] ) 4dre
=0, (B9)
and also
lim | {VG(A-#)+ VG x (A x i)} ds
€— S
1 injke
= lim (— — in,k) ¢ Ads
=0 Jg \ € e
= A(r). (B10)
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Therefore, the integral form of the field at r’ inside I'; is given by
A') = / {G[(VxA) xii] - VG(A- 1) — VG x (A x 1)}
aTy

+f VG(V - Aydy, (B11)
1".

1

(

where the volume term on the right-hand side is an  paif gphere, we arrive at the self-consistent integral form
improper integral. However, this term vanishes if the field  for the boundary field shown in Eq. (18).

is divergence-free, in which case the field anywhere strictly

inside I'; is determined by the field on the boundary 9T;. APPENDIX C: COARSE-GRAINED OPEN
Finally, to find the 1ntegral’ form of the ﬁejld on the BOUNDARY CONDITIONS USING VSH

boundary, at ' € dT';, we consider a half-spherical defor-

mation of dI"; such that the boundary avoids r’ and leaves In this appendix, we derive the boundary conditions

it outside the enclosed domain I';, as shown in Fig. 12(c).  for the angular components of the field A(r) satisfy-

Note that this deformation is in the direction opposite that ~ ing th? vector He.lmholtz equatior'l.. We also discuss the
in the scalar case discussed earlier, where r’ was included ~ DEC implementation of such conditions on the tangential
into I';. By following a similar limiting procedure as laid ~ boundary edges. o

out above for r’ strictly inside I'; but now applied to a The series expansion of the A"~ component is

J

AV ,0,0) =Y a), AL Vin(r,0, 9)

Im

~ 1 Hiptkr)  k
= G L (Hyy p ) — Hyys () | Wi (.6, ).
U D) |: Gt ﬁ( 1—1/2(kr) — Hiy3/2( V))} m(r,0,9)

The coefficients a}, (R) in the expansion of the field on the boundary surface are then given by

- 1 H, (kr) k
a,,(R) = a}mA;,L)(R) 20+ D) [ l+;3//22 + ﬁ (Hj—12(kr) — H1+3/2(kr))]

1
dQAY .k
l<l+1>/ AT,

R AA(f)
NESY) Z R2

A - W, (), (C1)

S

where A, is the component of A(r) tangential to the boundary surface, and the sum is performed over all the triangular
faces / on the boundary. In the last line of Eq. (C1) we have used the orthogonality between A" and W to switch

Im
to using A, instead of A" in the computation of a}, (R), since the former is more readily accessible during numerical

implementation. The field LA‘" can be decomposed into azimuthal and polar contributions, for each of which we derive
the boundary condition. The radial derivative of the polar component of A" at the boundary is given by

AV (R,0,0) — AV (R — AR,6,9)
AR
B 1 H, kr !
=Y"al [ kg2 )+k«/l_’(H1—1/2(k7’)—H1+3/2(kr)):|

- A 1/2
T 21+ 1) r

(VYlm)G: (CZ)
R
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from which the expression for .A((,l) on the boundary surface can be extracted:

AP (R,0, ) =

Za,”(R)

[H1+1 J2(kr)

372

X |R+AR{1+R

+f(H1 172(kr) — Hl+3/2(k7))]/

A (VYIm)Q:

R3/2

where (VY},,)e 1s the polar component of VY, and a}m (R)
is given as in Eq.(C1). The expression for the azimuthal
component AP (R,6,¢) is similar, with replacement of 6
by ¢ in the subscripts in Eq. (C3). Similarly to the steps
for AWM, the derivation of the BC for A® starts with the
expansion

@ =5 gy (kRY® 1 (1,0 4
A Z“zmsz 1112(KR) @1 (r,0,0),  (C4)

(2)

from which the coefficients g;,’ can be computed:

pa T

i (R) = G, 2kR

——Hy12(kR)

2) *
l(l+ D /dQA i

1 AA(f)
I+ Xf: R2

Alf) - @, (CH)

We also write the boundary conditions for Aéz) and .Afpz)
separately using their discrete form of the radial derivative
at the boundary. This leads to

AR
AP R0,0) = ap (R) {R +
ILm
» [1 n kRHl—l/Z(kR) — H1+3/2(kR)]}
Hiy1/2(kR)
X (F X VYin)e, (Co6)

and by replacing 6 with ¢ in the subscripts, we obtain the
expression for Aff) (R,0, ).

The boundary conditions given in Egs. (C3) and (C6)
are for vector individual components, which are scalars
lying on vertices of the primal computational mesh. We
would like to translate these BCs to fields lying on the
edges that lie on the boundary surface. First of all, the
practical computation of the expansion coefficients in Egs.
(C1) and (C5) requires knowledge of the tangential field
A, defined on the centers of the triangular faces f* that dis-
cretize the boundary surface. In DEC, however, vectors are

|: H[+1/2 (kR)

(C3)
+I(Hl 12(kR) — Hl+3/2(kR))]

(

replaced by their projections onto the discrete edges, which
are quantities that we have access to. Therefore, at each
triangular face, given the edge fields that are on the three
sides of the triangle, we need to determine the value of the
vector A, at the circumcenter f . This mapping from pri-
mal edge field to dual vector field is done through a sharp
(#) operator, whose formal definition is given in Ref. [80].
Now given that the coefficient expansions are obtained,
for every vertex on the boundary, the polar (azimuthal)
component of A, is the sum of projections from A" and

A@:

Aoy (R.0,0) = AL (R,60,0) + ASZ) (R.0,9). (CT)

For an edge e[v;, v2] lying on the boundary, where v, and
v, are the starting and ending vertices of the edge, the edge
field is given by

[A ) + A(v)]
2

@ (e[vi, 1)) = “(v2—wv1), (C8)
where v; and v, are the locations of the vertices vy and vy,
respectively, with the components of .4, on the boundary
given in Eq. (C7). Equation (C8) is the boundary condi-
tion to be imposed on the edges lying tangentially to the
boundary surface.

APPENDIX D: SEPARABILITY OF THE
HELMHOLTZ EQUATION IN ELLIPSOIDAL
COORDINATES

The ellipsoidal coordinate system is based on the
equation

$2 y2 22
52—a2+52—b2+§2—c2:1’ (D1)

where a > b > cand i = 1,2, 3 such that
&l >a>&6>b>&>c (D2)

Equation (D1) represents three families of confocal
quadric surfaces sharing the same foci. In the discussion
here, to simplify the algebraic manipulations we consider
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the case where ¢ = 0. The relationships between the ellip-
soidal coordinates (&1, &,, £3) and the Cartesian coordinates
are given by

o \/ (& — )& - )(E — a)

a2(a2 _ bz) ’
G =D (E - P)(E - D) (D3)
r= Db — @) ’
§16263
z = s
ab
with the scale factors being
b \/ & —&)@E — &)
(& —a)) (& — b))’
(D4

- \/ & - eDE -8
& —a)@E - b))

The Helmholtz equation [Eq. (13)] is separable in 11
three-dimensional coordinate systems, with the ellipsoidal
coordinates being the most general of them and the remain-
ing ten—including the spherical coordinates used in the
main text—being derived from them through limiting pro-
cesses [81]. The separability in ellipsoidal coordinates can
be shown by one using the ansatz

¢ (61,62,83) = Y1 (ED)Y2(82)¥3(63)

for the field in Eq. (13), resulting in separated ordinary
differential equations of the form

(D5)

d dyr;
4 f(Ki)% (vf (Ki)d_:f + (A1 + Aok + kzlcl-z)> Y =0,
(D6)

where f () = /(i — a?)(? — P);, with &; = &2 On
performing a change of variables

b2
k; = b*sn® <a, —) s
a2

where sn(u, m) is a Jacobi elliptic function, we can write

b? b? b2
S (ki) = b'a*sn’ (05, _2> dn’ (Oh _2> cn? <Ol, —2) )
a a a

(D8)

(D7)

with dn(u, m) and cn(u, m) also Jacobi elliptic functions.
Equation (D6) can then be written in terms of the new
variable as

Yy [y A L, b\ K, b
W—l_ [;—F;Si’l (a, a_2> +a—2S7’l <a,a—2)] I/IZZO

(D9)

Equation (D9) is the ellipsoidal wave equation, whose
solutions are known as ellipsoidal wave functions. With
the Helmholtz equation being separable in ellipsoidal coor-
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